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Long-term values in Markov Decision Processes and
Repeated Games, and a new distance for probability spaces.

Jérome Renault*, Xavier Venel

Abstract

We study long-term Markov Decision Processes and Gambling Houses, with applica-
tions to any partial observation MDPs with finitely many states and zero-sum repeated
games with an informed controller. We consider a decision-maker which is maximizing
the weighted sum >, 6¢7¢, where r; is the expected reward of the t-th stage. We prove
the existence of a very strong notion of long-term value called general uniform value, rep-
resenting the fact that the decision-maker can play well independently of the evaluations
(0¢)e>1 over stages, provided the total variation (or impatience) >, |0s+1 — 6| is small
enough. This result generalizes previous results of Rosenberg, Solan and Vieille [35] and
Renault [31] that focus on arithmetic means and discounted evaluations. Moreover, we give
a variational characterization of the general uniform value via the introduction of appro-
priate invariant measures for the decision problems, generalizing the fundamental theorem
of gambling or the Aumann-Maschler cavu formula for repeated games with incomplete
information.

Apart the introduction of appropriate invariant measures, the main innovation in our
proofs is the introduction of a new metric d. such that partial observation MDP’s and
repeated games with an informed controller may be associated to auxiliary problems that
are non-expansive with respect to d.. Given two Borel probabilities over a compact subset
X of a normed vector space, we define d.(u,v) = sup;cp, |u(f) —v(f)|, where D1 is the
set of functions satisfying: Vz,y € X,Va,b > 0, af(z) —bf(y) < |lax — by||. The particular
case where X is a simplex endowed with the L'-norm is particularly interesting: d. is
the largest distance over the probabilities with finite support over X which makes every
disintegration non-expansive. Moreover, we obtain a Kantorovich-Rubinstein type duality
formula for d.(u,v) involving couples of measures («, 8) over X X X such that the first
marginal of « is u and the second marginal of § is v.

Keywords: Gambling Houses, Partial observation Markov decision processes, Repeated games,
Wasserstein metric, Uniform value, Characterization of the value.

1 Introduction

The standard model of Markov Decision Processes (or Controlled Markov chains) was intro-
duced by Bellman [6] in the 1950s and has been extensively studied since then. In this model,
a decision-maker perfectly observes at the beginning of every stage what is the current state,
and chooses an action accordingly. The current state and the selected action induce a stage
payoff and the law of the next state. The most common ways to aggregate the infinite stream
of expected payoff into a global evaluation are the discounted evaluation (where the stream of
payofls is evaluated with a discount factor) and the finite evaluation (where the stream of pay-
offs is evaluated by the arithmetic average of the payoffs of the first T' stages). More generally,
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for any sequence § = (6;);>1, with 6, > 0 and ), 0; = 1, one can define the #-evaluation as
the problem where the payoff at stage ¢ has a weight 6;. The supremum over the strategies of
the decision maker of the expected payoff under a #-evaluation is then called the #-value.

There are two traditional ways to study long term values in MDP. The first one called the
asymptotic approach focuses on the convergence to the same limit of the discounted values
when the discount factor goes to 0 and of the finite values when the number of stages goes
to co. Whenever this joint limit exists, it is called the limit value. The second one called the
uniform approach is stronger than the limit value and focuses on the possibility for the decision
maker to guarantee the asymptotic value in any sufficiently long game. The value is then called
the uniform value. When the sets of states and actions are both finite, Blackwell [9] proved the
existence of a strategy which is optimal for all discount factors close to 0 (sufficiently patient).
It implies the existence of the limit value and of the uniform value. Denardo and Fox [15] and
Hordjik and Kallenberg [19] (see Remark 4.7) later provided a characterization of the limit
value by the introduction of the “Average Cost Optimality Equation”.

This model was generalized into several directions. Some authors tried to relax the finiteness
assumption under some ergodicity conditions (Runggaldier and Stettner [37], Borkar [10],[11],
see Arapostathis et al. [1] for a survey of the different results and techniques). Under such
conditons, the limit value is independent of the initial state and satisfies the ” Average Cost
Optimailty Criterion”. Contrary to a large part of the literature, we won’t assume any ergodicity
condition. The model was also generalized to POMDPs where the decision-maker no longer
observes the current state. At the beginning of each stage the decision maker receives a signal
which depends on the previous and current states and on his previous action. In order to
study such problem a natural approach is to go back to the standard model of MDPs with full
observation on the new state, with new state space the space of beliefs on the original state (see
Astrom, K.J. [3], Sawaragi and Yoshikawa [38] and Rhenius [34]). Using the structure of the
belief state, Rosenberg et al. [35] proved the existence of the uniform value in POMDPs when
the sets of states, actions and signals are finite. Renault [31] gave another proof and extended
their result by removing the finiteness assumption on signals and actions.

Shapley [39] introduced an extension of standard MDPs to 2-player called stochastic games:
the state variable is now simultaneously controlled by 2 players having opposite interests. Both
the notion of limit value and uniform value can be defined in this new framework. Whenever
states and actions are finite, the existence of the limit value is due to Bewley and Kohlberg [7].
A few years later, Mertens and Neyman [24] proved in this setup the existence of the uniform
value. Naturally the model of stochastic games also generalizes to partial information (see
Mertens [26]), but the existence of possible private information for the different players implies
a very complex structure on the auxiliary state space. Following Harsanyi [18], Mertens and
Zamir [25] introduced the universal belief space which synthesizes all the information for both
players in a general repeated game: their beliefs about the state, their beliefs about the beliefs
of the other player, etc. So far, the results of the literature always concern some subclasses of
games where we can explicitly write the auxiliary game in a “small” tractable set. A lot of work
has especially been done about games with one fully informed player and one player with partial
information, and we will only consider such games here. In the simplest model introduced by
Aumann and Maschler (see reference from 1995), a state is initially chosen and remains fixed for
the rest of the game. Renault [30] extended the analysis to a general underlying Markov chain
on the state space (see also Neyman, [28]). Renault [32] proved the existence of the uniform
value when the informed player can additionally control the evolution of the state variable (see
also Rosenberg et al. [36]).

In this paper, we study the existence of long-term values with respect to a more general set
of evaluations than finite and discounted evaluations. We will consider the case of a “patient”
decision-maker optimizing in the long term, in the sense that given an evaluation 6 = (6;),
its total variation, TV (6) = >,~; |0¢+1 — 0] is sufficiently small. We say that the MDP has a



general limit value if vy converges uniformly as TV () goes to 0. We say that it has a general
uniform value if the limit value exists and for each ¢ > 0, there exists a strategy which is e-
optimal for each evaluation 6 such that TV (0) is sufficiently small (so that if TV () is small, it
is possible to play well without knowing exactly #). For MDP with finitely many states and ac-
tions, Blackwell’s result [9] immediatly implies the existence of these stronger notions of values.
For POMDPs and repeated games with an informed controller, Rosenberg et al. [35], Renault
[31] and Renault [33] only prove positive results concerning discounted and finite evaluations.
We will study here four different models: Gambling Houses introduced by Dubins and Savage
[16], Markov Decision Processes (where contrary to gambling houses, there is an explicit set
of actions), Partial Observation Decision Processes and Repeated Games. Moreover, we will
provide a new characterization of the limit value with the introduction of appropriate invariant
measures.

In Section 1, we first consider Gambling Houses defined by I' = (X, F,r), where X is
the state space, r : X — [0,1] is the running payoff and F : X = A(X) is the transition
multifunction. Given an initial state x¢ in X, a decision-maker, or player, has to choose u; in
F(z0), then z; is selected according to u; and there is a payoff r(z1), etc. We show in Theorem
2.10 that if X is metric compact, r is continuous and F' is non-expansive with respect to the
Kantorovitch-Rubinstein metric, then the problem has a general uniform value v* characterized
by:

Vo e X, v*(z) =inf {w(z),w:A(X)— [0,1] affine continuous s.t.

(1) Yy € X, w(y) > :l;p() )w(u) and (2) Vu € R,w(u) > r(u) }.

where R is a suitably defined set of invariant measures for the Gambling House I" (see Defi-
nition 2.9). Hence in addition of strengthening the usual existence result, we also provide a
characterization of the limit value. Note that no ergodicity condition is assumed, and in general
the limit value v* does depend on the initial state.

Unfortunately, this result does not allow us to go beyond and to study Partial Observation
Markov Decision Processes or Repeated Games with an informed controller, where the basic
state space is a finite set K. The natural state space to study these problems becomes the
simplex X = A(K) of probabilities over K, and one can try to apply Theorem 2.10 to the
induced Gambling House. However it turns out that the KR distance is not small enough
to make the transitions non-expansive (see example 3.12 later), so even in simple cases of
incomplete information the hypotheses of Theorem 2.10 won’t be satisfied. Section 2 is dedicated
to the introduction and the study of a new metric, which will be well adapted to the study of
POMDPs and Repeated games with an informed controller in Section 3 and Section 4. Given
X a subset of a normed vector space, we introduce the pseudo-metric over A(X) given by:

di(u,v) = sup |u(f) —v(f)l,
feD,
where Dy is the set of functions satisfying: Vr,y € X,Va,b > 0, af(x)—bf(y) < |laz—by||. This
metric is smaller than the KR metric and induces the same topology. We prove in Theorem 3.5
a first duality theorem expressing d. as the infimum on some couplings. When X = A(K) is a
simplex endowed with the L!-norm, we show that d, is a metric metrizing the weak-* topology
and describe several equivalent formulations of this metric. In Theorem 3.10, we provides a
duality theorem for probabilities with finite support: given u,v € A¢(X),

di(u,v) =~ min > eate,y) —yBa, ),
(@heMalur) o NeUxv

where My (u,v) is the set of couples (a, ) of probability measures on supp (u) x supp (v)
such that the first marginal of « is u and the second marginal of 5§ is v. Finally, one can



characterize the metric d, by introducing disintegrations of probabilities. For any finite set .5,
define the disintegration mapping s on A(K x S) by ¥g(m) = > g 7(5)d,(s) Where for each
s, p(s) is the posterior on K given s. The mapping g is 1-Lipschitz from (A(K x S),].|[1) to
(Af(X),ds). Moreover, d, exactly is the largest distance such that any of these mappings is
1-Lipschitz (Theorem 3.13). This is a desirable property (not shared by the KR metric), since
7 contains some information on s, and certainly more information than 1g(7).

In Section 3, we use the metric d, in order to study standard MDPs that we will later
use in Section 4. A standard MDPs ¥ is given by a set of states X, a non empty set of
actions A, a mapping ¢ : X x A — A;(X) and a payoff function g : X x A — [0,1]. At
each stage, the player learns the current state x and chooses an action a. He then receives
the payoff g(x,a), a new state is drawn accordingly to ¢(z,a) and the game proceeds to the
next stage. We assume in Theorem 4.5 that X is a compact subset of a simplex A(K), and
moreover that Vo € X,Vy € X,Va € A,Vf € D1,Va > 0,V8 >0, |af(q(z,a)) — Bf(q(y,a))| <
lax — By||1 and |ag(x,a) — Bg(y, a)| < ||ax — Byll1. Then we prove that ¥ has a general uniform
value v* characterized by: for all x in X,

v*(z) =inf {w(z),w: A(X) — [0,1] affine continuous s.t.
(1) Va' € X, w(z') > supw(q(z’,a)) and (2) V(u,y) € RR,w(u) >y },
acA

where RR is a suitably defined set of invariant couples for the MDP ¥ (see Definition 4.4).
This result can in particular be applied when X is finite and provides an alternative formulation
for the limit value in the simplest case (see Remark 4.7). To prove Theorem 4.5, we use the
properties of the metric d, introduced in Section 2.

Finally, in Section 4 we apply the result of Section 3 to any POMDP with a finite set of
states (without assumptions on the set of actions), and to any repeated game with an informed
controller with finitely many states and actions. Hence proving the existence of the general
uniform value in these models. Finally, we recall an open problem showing the difficulty to
compute v* in general.

2 Long-term values for Gambling Houses

In this section, we study Gambling Houses that are non-expansive for the Kantorovitch-Rubinstein
metric and we prove the existence of the general uniform value.

Given X a compact metric set, we denote by C = C(X) the set of continuous functions from
X to the reals, and by C; the set of 1-Lipschitz functions in C. We denote by A(X) the set of
Borel probability measures on X, by Ay(X) the set of Borel probability measure with finite
supports and for each x in X we write §, for the Dirac probability measure on z. It is well
known that A(X) is compact for the weak-* topology, and this topology can be metrizable by
the (Wasserstein) Kantorovich-Rubinstein distance:

Yu,v € A(X), drxgr(u,v) = sup u(f) —ov(f).
fet

The standard Kantorovich duality formula reads (see e.g. Villani 2003, p.207):

dicr(u,v) = sup [u(f) —v(f)| = min / d(z,y) dv(z,y),
fet YEI(u,v) (zy)eX xX

where II(u,v) denotes the set of transference plans, or couplings, of u and v, that is the set of
probability distributions over X x X with first marginal u and second marginal v.



2.1 Model

The model is the following. There is a non empty set of states X, a transition given by a multi-
valued mapping F' : X = A¢(X) with non empty values, and a payoff (or reward) function
r: X — [0,1]. The interpretation is that given an initial state zo in X, a decision-maker (or
player) has to choose a probability with finite support u; in F'(z¢), then z; is selected according
to u; and there is a payoff r(z1). Then the player has to choose us in F(z1), x2 is selected
according to us and the player receives the payoff r(x2), etc. Note that there is no explicit
action set here, and that the transitions take values in A¢(X) and hence have finite support.

We say that I' = (X, F,r) is a Gambling House. We identify the elements in X with their
Dirac measures in A(X), and in case the values of F' only consist of Dirac measures on X, we
view F' as a correspondence from X to X and say that I' is a deterministic Gambling House
(or a Dynamic Programming problem). An element of Ay(X) is written u = ) u(x)d,.
The set of stages is IN* = {1,...,¢t,....}, and a probability distribution over stages is called an
evaluation. Given an evaluation 6 = (6,),;>1 and an initial stage z¢ in X, the #-problem I'g(x()
is the optimization problem defined by a decision-maker starting from zy and maximizing the
expectation of ), 0yr(zy).

Formally, we first linearly extend r and F' to Ay(X) by defining for each u =} v u(z)d,
in Ay(X), the payoff r(u) = >, .y 7(x)u(z) and the transition by

F(u) = {Z w(x)f(z),st. f: X = Ay(X) and f(z) € F(z), Vo € X}.

zeX

Definition 2.1. The mized extension of F is the correspondence from Ap(X) to itself which
associates to every u = Y u(x)d, in Ay(X) the image:

Fu) = {Z u(z)f(z), st. f: X = Ap(X) and f(z) € convF(x) Vz € X}.

zeX

The graph of F is the convex hull of the graph of F'. Moreover F is an affine correspondence,
as shown by the lemma below whose proof can be found in the appendix.

Lemma 2.2. Vu,u’ € Ay(X), Va € [0,1], F(au+ (1 —a)u') = aF(u) + (1 — a)F(u').
Definition 2.3. A pure play, or deterministic play, at xo is a sequence 0 = (Uy, ..., Uz, ...) €
A¢(X)* such that uy € F(xo) and uy1 € F(ug) for each t > 1. A play, or mized play, at zo
is a sequence o = (U, ..., ur,...) € Ap(X)> such that u; € convF(xq) and uyy € F(uy) for
each t > 1. We denote by X(xq) the set of mized plays at xy.

A pure play is a particular case of a mixed play. Mixed plays corresponds to situations where the
decision-maker can select, at every stage t and state x;_1, randomly the law u; of the new state.
A mixed play at x¢ naturally induces a probability distribution over the set (X x Af(X))™
of sequences (xo, ug, 1, U1, ...), where X and Ay(X) are endowed with the discrete o-algebra
and (X x Af(X))™ is endowed with the product o-algebra. We do not need any measurability
assumption since the range of F' is Ay(X), hence any strategy generates only a countable set
of states.

Definition 2.4. Given an evaluation 0, the 0-payoff of a play 0 = (uy, ..., uy,...) is defined as:
Yo(0) = D51 0er(ur), and the 0-value at g is:

vg(x0) = s;(p )"}/9(0').
oec2i(xo

It is easy to see that the supremum in the definition of vg can be taken over the set of pure
plays at zo. We extend linearly vy to Af(X) by defining for each v = 37 u(x)ds, vo(u) =



er v u(z)ve(z). We have the following recursive formula. For each evaluation 6 = (6;);>1

such that 0; < 1, denote by 6% the “shifted” evaluation (0“’1 ) then the recursive formula
t>1

=6,
reads:
Vo e A(IN*),Vz € X, vg(x) = sup  (617(u) + (1 — 01)vg+ (u)).
u€EconvF(x)
By linearity the supremum can be taken over F'(z). It is also easy to see that for all evaluations
0 and initial states x, we have the inequality:

|vg(z) — sup wp(u)| <01 + Z |6 — O;_1]. (1)

u€EF(x) t>2

In this paper, we are interested in the limit behavior when the decision-maker is very patient.
Given an evaluation 8, we define the total variation of 6 by:

TV(0) = 1041 — Oul.

t>1

The decision-maker is considered as patient whenever TV () is small, so TV (6) may be seen as
the impatience of 6 (see Renault [33] and Sorin [40] p. 105). When 6 = (6,);>1 is non increasing,
then TV (6) is just 6;. A classic example is when § = L 31" | §;, the value vy is just denoted
v, and the evaluation corresponds to the average payoff from stage 1 to stage n. In this case

TV(0) = 1/n —— 0. We also have TV(f) = 1/n if 6 = 377" | 15, for some non-negative
n—oo

m. Another example is the case of discounted payoffs where § = (A(1 — \)*" ")y, for some
discount factor A € (0,1]. In this case the value vy is denoted vy and TV (0) = A B 0.
—

Definition 2.5. The Gambling House I’ = (X, F,r) has a general limit value v* if (vg) uni-
formly converges to v* when TV (6) goes to zero, i.e.:

Ve >0,3a > 0,0, (TV(0) <a = (Vz € X,|vp(x) —v*(2)|<e)).

The existence of the general limit value implies in particular that (v,), and (vy)x converge to
the same limit when n goes to 400 and A goes to 0. This is coherent with the result of Lehrer
and Sorin [21], which states that the uniform convergence of (v,), and (vy)x are equivalent.
A recent characterization of the uniform convergence of a sequence of value functions (vgr)g,
when TV (6%) - 0, can be found in Renault [33], and it is shown that all such sequences
o0

have a unique possible limit point given by v* = infgea (=) SUp,,>0 Vm,0, Where vy, ¢ is the
value corresponding to the evaluation with weight 0 for the first m stages and with weight 6;_,,
for stages t > m.

In the definition of the general limit value, we require all value functions to be close to v*
when the patience is high, but the plays used may depend on the precise expression of §. In
the following definition, we require the same play to be simultaneously optimal for all § patient
enough.

Definition 2.6. The Gambling House T' = (X, F,r) has a general uniform value if it has a
general limit value v* and moreover for each € > 0 one can find a > 0 and for each initial state
x a mized play o(x) at x satisfying:

Vo, (TV(0) <a = (Vz € X,v(o(x)) >v"(x)—¢)).

The literature has mainly focused on the evaluations 6§ = }_;" | 16, and § = (A(1 — )\)tfl)tzl.
The standard (Cesaro)-uniform value can be defined by restricting the evaluations to be Cesaro
means: for each € > 0 one can find ny and for each initial state = a mixed play o(z) at x satis-
fying: Vn > ng, Vo € X, y,(o(x)) > v*(z) — €. Recently, Renault [31] considered deterministic
Gambling Houses and characterized the uniform convergence of the value functions (vy,),. The



existence of the standard Cesaro-uniform value is proved under some assumptions, including
the case where the set of states X is metric precompact, the transitions are non-expansive and
the payoff function is uniformly continuous. As a corollary, the existence of the uniform value
is shown in Partial Observation Markov Decision Processes with finite set of states (after each
stage the decision-maker just observes a stochastic signal possibly correlated to the new state).

2.2 Result

We now present our main theorem for Gambling Houses. Equation (1) implies that the general
limit value v* necessarily has to satisfy some rigidity property. The linear extension of the
function v* to Af(X) can only be an “excessive function” in the terminology of potential
theory [14] and Gambling Houses (Dubins and Savage [16], Maitra and Sudderth [22]).

Definition 2.7. An affine function w defined on Ay(X) (or A(X)) is said to be excessive if
forall z in X, w(z) > sup,cp(,) w(u).

Example 2.8. Let us consider the splitting transition given by a finite set K, X = A(K)
and for each z in X, F(x) = {u € A(X), > cxu(p) p =z} is the set of probabilities on X
centered at z. Then the function w from Af(X) or A(X) to IR is excessive if and only if the
restriction of w to X is concave. Moreover given u,u’ € A(X), v/ € F(u) if and only if u/ is a
sweeping of u as defined by Choquet [14]: for all continuous concave functions f from X to IR,

u'(f) < ulf)-

Assume now that X is a compact metric space. Any continuous function f on X can be
extended naturally into an affine continuous function on A(X) by f(u) = [, f(z)du(x) for
all Borel probabilities on X. In particular the payoff function r is naturally extended to an
affine continuous function on A(X) that we will still denote by r. In the following definition,

we consider the closure of the graph of F' within the (compact) set A(X x X).

Definition 2.9. An element u in A(X) is said to be an invariant measure of the Gambling
House T' = (X, F,r) if (u,u) € cl(Graph 13’) The set of invariant measures of " is denoted by
R, so that:

R={ue A(X), (u,u) € cl(Graph F)}.

R is a convex compact subset of A(X). Even when I is deterministic, we still need to work in
the space A(X) of probabilities over X to define invariant measures. Morally, we have replaced
the time averages by the space averages.

Theorem 2.10. Consider a Gambling House I' = (X, F,r) such that X is a compact metric

space, r is continuous from X to [0,1] and F' is non-expansive with respect to the Kantorovich-

Rubinstein distance, i.e. Vo € X,Va' € X,Vu € F(z), 3 € F(2') s.t. dgr(u,v’) < d(x,z’).
Then the Gambling House ' has a general uniform value v* characterized by:

Ve e X, v*(z) =inf {w(z),w:A(X)— [0,1] affine continuous s.t.
(1) Vy € X,w(y) > sup w(u)and (2) Vu € R,w(u) > r(u) }.
u€F(y)
That is, the affine extension of v* to A(X) is the smallest continuous affine function which is
1) excessive and 2) above the running payoff r on invariant measures.

The proof of Theorem 2.10 is in the Appendix. Notice that:
1) when I' = (X, F,r) is deterministic, the hypotheses are satisfied as soon as X is metric
compact for some metric d, r is continuous and F' is non-expansive for d.
2) when X is finite, one can use the distance d(z, ') = 2 for all z # 2’ in X, so that for u and «’
in A(X), dxr(u,u') = |lu—v'l[y = >, cx [u(z) — v ()], and the hypotheses are automatically
satisfied. We will prove later a more general result for a model of MDP with finite state space,
allowing for explicit actions influencing transitions and payoffs (see Corollary 4.6).



Remark 2.11. The non-expansivity condition in order to prove the existence of the limit value
and/or of the uniform value was already introduced in Renault [31] for Gambling Houses. Such
a condition was also used in a continuous time framework by Quincampoix and Renault [29]
and Buckdahn et al. [13].

Remark 2.12. The formula also holds when there is no decision-maker, i.e. when F is single-
valued, and there are some similarities with the Von Neumann’s ergodic theorem [41]. Let Z
be a Hilbert space and @ be a linear isometry on Z, this theorem states that for all z € Z, the
sequence z, = % >r_, Q'(z) converges to the projection z* of z on the set R of fixed points of
Q. Using the linearity and the non-expansiveness leads to a characterization by the set of fixed
points. In particular, having in mind linear payoff functions of the form (z —< 1,z >), we have
that the projection z* of z on R is characterized by:

Vie Ap(X),<l,z* >=<",z>=inf{<l',z>,' ¢ Rand <I',r >>< 1,7 >Vr € R}.

Example 2.13. We consider here a basic periodic sequence of 0 and 1. Let X = {0,1}
and for all z € X, F(z) = {1 — 2} and r(z) = x. There is a unique invariant measure
u =1/280 +1/261, and the general uniform value exists and satisifes v*(z) = 1 for all states z.
Notice that considering evaluations 6 = (6;); such that ; is small for each ¢ without requiring
TV (6) small, would not necessarily lead to v*. Consider for instance 6" = Y"}" | 14y for each

n, we have vgn () = z for all z in X.

Example 2.14. The state space is the unit circle, let X = {z € C,|z| = 1} and F(e!®) = ei(@+1)
for all real a. If we denote by u the uniform distribution (Haar probability measure) on the
circle, the mapping F is p-ergodic and p is F-invariant. By Birkhoff’s theorem [8], we know
that the time average converges to the space average p-almost surely. Here p is the unique
invariant measure, and we obtain that the general uniform value is the constant:

2m
Ve e X, v*(z) = %/ r(e')da.
0

Notice that we obtain the convergence of the value vg(z) to v*(z) for all x in X, and not only
for p-almost all x in X.

Example 2.15. Let I' = (X, F, r) be an MDP satisfying the hypotheses of Theorem 2.10, and
such that for all z € X, §, € F(zx). Therefore the set R is equal to A(X). In the terminology
of Gambling Theory (see Maitra Sudderth, [22], T is called a leavable Gambling House since at
each stage the player can stay at the current state. The limit value v* is here characterized by:

v* = inf{v : X — [0, 1] continuous, v is excessive and v > r}.
In the above formula, v excessive means: Vo € X,v(x) > sup,¢ p(y) Lu(v). This is a variant of
the Fundamental Theorem of Gambling Theory (see section 3.1 in Maitra Sudderth [22]).

Example 2.16. The following deterministic Gambling House, which is an extension of Example
1.4.4. in Sorin [40] and of Example 5.2 of Renault [31], shows that the assumptions of Theorem
2.10 allow for many speeds of convergence to the limit value v*. Here [ > 1 is a fixed parameter,
X is the simplex {x = (p?, p®,p°) € R3 , p* +p® +p¢ = 1} and the initial state is 2o = (1,0,0).
The payoff is 7(p?, p°, p¢) = p® — p°, and the transition is defined by: F(p?,p°, p¢) = {((1 —a —
ahp®, p* + ap®,p© + alp®),a € [0,1/2]}.

The probabilistic interpretation is the following: there are 3 points a, b and ¢, and the initial
point is a. The payoff is 0 at a, it is +1 at b, and -1 at c. At point a, the decision-maker has to
choose a € [0,1/2] : then b is reached with probability «, c is reached with probability o!, and
the play stays in a with the remaining probability 1 —a — a!. When b (resp. c) is reached, the
play stays at b (resp. ¢) forever. So the decision-maker starting at point a wants to reach b and
to avoid c. By playing at each stage o > 0 small enough, he can get as close to b as he wants.



Back to our deterministic setup, we use norm ||.||; and obtain that X is compact, F' is non-
expansive and r is continuous, so that Theorem 2.10 applies, and the limit value is given by
v*(p?, p°, p°) = p®+pP. Notice that even though the data are very smooth, there is no 0-optimal
strategy here, in the sense that there is no mixed play o at a such that limpy g)—070(0) = 1,
any good strategy requires to take a positive risk.

If we denote by z the value vy (), we have for all A € (0,1
IR, x(x) = max,epo,1/2/(1—A)(1—a—al)z+a. Since 2 € (0

Zx = ¢a(xy), where for all z €

, 1), the first order condition gives
-1

J:
0,1
ll
(1-M\)(=1=la!"Yzy+1 = 0 and we can obtain: x, = (1iA) l ((1 = 1)) + 1) . Finally

we compute an equivalent of zy — 1 as A goes to 0, and obtain: 1 —vy(zg) ~ CA\T  with C =
l

3 A distance for belief spaces

In the previous section, we proved an existence result for Gambling Houses that are non-
expansive for the KR-metric. We now want to go beyond and to study Partial Observation
Markov Decision Processes or Repeated Games with an informed controller, where the basic
state space is a finite set K. The natural state space becomes the simplex X = A(K) of proba-
bilities over K, and one can try to apply Theorem 2.10 to the induced Gambling House. However
it turns out that the KR distance is not small enough to make the transitions non-expansive
(see example 3.12 later), so even in simple cases of incomplete information the hypotheses of
Theorem 2.10 won’t be satisfied.

In this section, we introduce and study a new metric, which will be well adapted to our
problems. We first introduce a pseudo-metric on the set of probabilities over a compact subset
X of a real normed space, and prove a first duality theorem (Theorem 3.5). Then, we focus on
the special case where X itself is a probability space over a finite set K and prove our main
duality theorem (Theorem 3.10). Finally, we provide a fundamental characterization of our
metric as the largest metric compatible with disintegrations over finite sets (Theorem 3.13).

3.1 A pseudo-distance for probabilities on a compact subset of a
normed vector space

Let X be a compact subset of a real normed vector space V. Recall that C = C(X) denotes the
set of continuous functions on X and C; the set of 1-Lipschitz functions.

We introduce here a new pseudo-distance on A(X), which is not greater than dx g and in
some cases also metrizes the weak-* topology. We start with several definitions, which will turn
out to be equivalent. Let u and v be in A(X).

Definition 3.1. di(u,v) = supscp, u(f) —v(f),
where Dy ={f € C,Va,y € X,Va,b >0, af(z)—bf(y) < |lax — by||}.

Note that any linear functional on X with norm 1 induces an element of D;. If f is in
Dy then —f is also in Dy, so di(u,v) = supsep, |u(f) —v(f)| and d; is a pseudo-distance on
A(X). We also have D; C Cy, so that d;(u,v) < dgg(u,v) and the supremum in the definition
of di(u,v) is achieved. Given x and y in X, it is known that dxr(0s,dy) = ||z — y|| and the
supremum in the definition of dxr is reached by a linear functional on X. It follows that
d1 (02, 0y) = [lz — yl.

Notice that Dy = {f € C,Va,y € X,Va,b >0, |af(x) —bf(y)| < |lax — by||}. If f, g are in
D, then sup{f, g} and inf{f, g} also are in Dy, and D; is a convex lattice with greatest element
(z — ||z||) and smallest element (z — —||z||). If 0 € X, then all f in D; satisfy f(0) =0



Example 3.2. First consider the particular case where X = [0, 1] endowed with the usual
norm. Then all f in D; are linear. As a consequence, di(u,v) =0 for u =1/2y +1/24; and
v = d1/2. We do not have the separation property and d; is not a distance in this casel.

Let us modify the example. X now is the set of probability distributions over 2 elements,
viewed as X = {(x,1 — z),z € [0,1]}. We use the norm ||.||; to measure the distance between
(x,1—x) and (y, 1—y), so that V = IR? is endowed with ||(z1,22)—(y1, y2)|| = |z1—y1|+|T2—12]|-
Consider f in C such that f((z,1 —z)) = z(1 — ) for all . f now belongs to Dy, and
di(u,v) > 1/4 > 0 for u = 1/29 + 1/261 and v = d;/5. One can show that (A(X),d;) is
a compact metric space in this case (see Proposition 3.7 later), and for applications in this
paper d; will be a particularly useful distance whenever X is a simplex A(K) endowed with

lz —yll :ZkeK |17k—yk|- 0

Notice also that the Kantorovich-Rubinstein metric on A(X) only depends on the restriction
of the norm ||.|| on the set X. Especially if X is finite and if ||z — 2’|| = 2 for all z # 2’ € X,
then for all u,v € A(X) we have dgr(u,v) = ||u — v||;. This is not the case when considering
the metric di, where two norms on V giving the same metric on X may lead to different
pseudo-metrics on A(X).

We now give other expressions for the pseudo-distance d; .

Definition 3.3. da(u,v) = sup; g)ep, u(f) +v(g),
where Dy = {(f,g9) € C x C,Vaz,y € X,Va,b >0, af(x)+ bg(y) < |lax — by||}.

Definition 3.4. d3(u,v) = inf,e p, (u0) fXQX[Oyl]Q Az — pyl|ldy(z,y, A, w),
where M3(u,v) is the set of finite positive measures on X2 x [0,1]? such that: Vf € C,

A (@) (5, A ) = u(f) and / uf (W), 3, h ) = o(f)-

/(%y,)\,u)eXQX[O,l]Q (@,y,A,p)€X2x[0,1]2

Theorem 3.5. For all u and v in A(X), di(u,v) = da(u,v) = ds(u,v).

The proof of Theorem 3.5 uses the Hahn-Banach theorem and is an involved elaboration
on the proof of the standard Kantorovich duality formula in Dudley ([17], see Lemma 11.8.5
p-423), it can be found in the appendix. Compared to the formula for dx g, our proof requires
to handle 2 extra variables A and p corresponding to a and b in the definition of D; (see Remark
6.9). This will lead to the introduction of the intermediary quantity d;r.

We will now use in Subsection 3.2 the duality result d; = d3 to prove our main duality
formula (Theorem 3.10 ) in the case where X is a simplex. This duality formula Theorem 3.10,
as well as our universal characterization via disintegrations (Theorem 3.13), will only apply to
probabilities with finite support (see Remark 3.14).

3.2 The case of probabilities over a simplex

The case where X itself is a probability space is interesting for applications, and we assume
here that X = A(K) is a simplex, where K is a non empty finite set. We use ||p|| = 3, |p*|
for every vector p = (pk)keK in IR¥, and view X as the set of vectors in Bff with norm 1:

X ={p= " rer € RE, Y’ =1}
We now prove that d; is a distance on A(X) metrizing the weak-* topology.

Lemma 3.6. The linear span of Dy is dense in C(X).

The proof of Lemma 3.6 is in the appendix. Notice that D; itself is not dense in C(x).

IMore generally one can show that if there exists x # 0 such that the segment [0, z] is included in X, then
all f in Dy are linear on [0, z] and d1(d,/2,1/2 do +1/2 dz) = 0, so di is not a distance. In the case X = [~1,1]
with the usual norm, one can show that D1 = {f € C,3 a,8 > 0 s.t.f(z) = az for z € [-1,0] and f(z) =
Bz for z € [0, 1]}.
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Proposition 3.7. d; is a distance on A(X) metrizing the weak-* topology.

Proof: Because the linear span of D; is dense in C(X), we obtain the separation property and
dy is a distance on A(X). Because D; C Cy, we have di < dgpr. Since (A(X),dkgr) is a
compact metric space, the identity map from (A(X),dxr) to (A(X),d;) is bicontinuous, and
we obtain that (A(X),d;) is a compact metric space and d; and dxp are equivalent. (See for
instance proposition 2 page 138 [4]). Therefore d; is a distance on A(X) metrizing the weak-*
topology.

Remarks 3.8.

1) One can also here give another definition of d; by using functions introduced by Aumann
and Machler [5] for repeated games with incomplete information.

Given a collection of matrices (G¥)recx (all of the same finite size I x .J) indexed by K and
with values in [—1, 1], we define the “non revealing function” f in C(X) by:

Vpe X, f(p) = Val (Z kak> = mglg(}g)yénAi?J) Z z(1)y(4) (Z kak(i,j)>

kEK iel,jed keK
. . . kok/: -
= min max (i G"(i, .
 min max > ()MJ)(ZP ( J))
iel,jeJ keEK

Here Val denotes the minmax value of a matrix, and f(p) is the minmax value of the average
matrix », pFG*. The set of all such non revealing functions f, where I, J and (G*)rex vary,
is denoted by Dy.

By construction, we have Dy C D;. Moreover, one can show that the closure of Dy is D1,
so that restricting the supremum in Definition 3.1 to functions in Dy defines the same distance.
One can also show that allowing for infinite sets I, J in the definition of Dy (still assuming
that all games ), pPG* have a value) would not change the distance. The interest for this
type of distances defined through games previously appeared while doing research on Markov
Decision Processes with partial observation and repeated games with an informed controller
(see Proposition 5.1. chapter VI p. 357 in Mertens et al. [27], Renault [31] or [32]).

2) Let LF be the set of linear forms on (IRX||.|;) with norm at most 1. In the definition of
dq, one can also replace D; by the lattice generated by the restrictions to A(K) of the elements
of LF.

From now on, we just write d,(u,v) for the distance d; = dy = d3 on A(X). Elements of
X can be viewed as elements of A(X), and for p, ¢ in X, we have: dgr(dp,04) = di(dp,q) =
llp — ¢||. We now present a dual formulation for our distance, in the spirit of the Kantorovich
duality formula from optimal transport. We will concentrate on probabilities on X with finite
support.

Definition 3.9. Let u and v be in Ay(X) with respective supports U and V. We define the set
My(u,v) =

(o, B) € (IRLV*V)2 st Vo e U, Z a(z,y’) =u(x) and Vy € V, Z B, y) =v(y)

y'ev x'eU
We put dy(u,v) = inf Z lza(z, y)—yB(z,y)|-
(o, B) €M (u,v)
(z,y)EUXV

My (u,v) is the set of couples («, 3) of probability measures on U x V such that the first
marginal of « is u and the second marginal of § is v. Notice that diagonal elements in My (u, v)
coincide with elements of II(u,v), i.e. with probability distributions over X x X with first
marginal v and second marginal v. The set My(u,v) is simply a polytope in the Euclidean
space (IRV*Y)2, so the infimum in the definition of dy(u,v) is achieved. The next theorem is
the main result of this section.
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Theorem 3.10. (Duality formula) Let u and v be in Ay(X) with respective supports U and V.

du(u,v) = sup [u(f) —v(f)|= ~ min Y lealz,y) —yb,y)l.

feD, (o, 8)EM 4 (u,v) (2.9)eUXV

The proof can be found in the appendix. We conclude this part by a simple but universal
property of the distance d,.

Definition 3.11. Given finite sets S and K, the disintegration, or posterior mapping, Vs from
A(K x S) to Ap(X) is defined by:

ses

where for each s, m(s) = >, m(k, s) and p(s) = (p*(s))kex € X is the posterior on K given s
(defined arbitrarily if w(s) =0) : for each k in K, p*(s) = %

g(m) is a probability with finite support over X. Intuitively, think of a joint variable
(k, s) being selected according to m, and an agent just observes s. His knowledge on K is then
represented by p(s) and ¥g(7w) represents the ex-ante information that the agent will know
about the variable k.

A(K x S) is endowed as usual with the ||.||; norm. One can show that g is continuous
whenever X is endowed with the weak-* topology. Intuitively, ¥ () has less information than
m, because the agent does not care about s itself but just on the information about k given by s.
So one may hope that the mapping g is 1-Lipschitz (non-expansive) for a well chosen distance
on A(X). The following example shows that the Kantorovich-Rubinstein distance dx g is not
appropriate for this.

Example 3.12. Consider the case where K = {a,b,c} and S = {«, 8}. We denote by = and
7' the following laws on A(K x S):

S S
1 1
1 0 1 0
K 0 % and 0 %
1
1 0 0 g
T i

Their disintegrations are respectively 1s(m) = 3 (1/2,0,1/2) + 1 (0,1,0) and ¢g(x’) =
1(1,0,0) + 3 (0,2/3,1/3).

We define the test function f : A(K) — [-1,1] by: f(0,1,0) = %, f(1/2,0,1/2) =
f%, f(1,0,0) = %, £(0,2/3,1/3) = 1. f can be extended to a 1-Lispchitz function on the
simplex A(K) by the McShane-Whitney extension theorem (McShane, [23]), or directly by
fPas pv,pe) = max{l — pa — |pp — 2/3| = |pe — 1/3[,=1/3 + [pa — pel}). We have |7 — || = 3
and dir(vs(m),vs(n') > ¥s(n')(f) — ¥s(7)(f) = 15 — 0 > 1. So the posterior mapping g
is not 1-Lipschitz from (A(K x S),|.]]1) to (A(X),dkr).

The next theorem shows that our distance d, has the fundamental property to make all
disintegrations ¥ g non-expansive, and is the largest distance to do so.

Theorem 3.13. For each finite set S, the mapping g is 1-Lipschitz from (A(K x S), ||.|l1) to
(Af(X),ds). Moreover, d is the largest distance on Ay(X) having this property:

Vu,u" € Af(X), di(u,u’) = min{||m — 7|1, s.t. IS finite, Yg(7) = u, Ys(7') =u'}.
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The proof simply uses the duality formula.
Proof: For clarity, we will precise the space on which each norm is considered. First fix S and
m, 7 in A(K x S). Write u = g(m) = > g m(8)0ps) and v’ = hg(n') = > g7 (8)0p (s
Recall that for every s € S and every k € K, 7(k,s) = n(s)p*(s) and 7'(k,s) = «'(s)p'*(s).
For any f in D;, we have

seS

By definition of D1, for every s € S we have

m(s)f(p(s)) — 7' (s)f(p'(5)) < lIm(s)p(s) — 7(s)p(s)ll1.x-

Therefore,
WD) =) < P rlelo(s) = wple)
- Sz;n(w(k,s))k — (@ ()il
S ) k),
o e

= |7 —7'|l1,kxs-

So dy(u,u') <||m —7'||1,k xs, and g is 1-Lipschitz.

Let now u and v be in Ay(X) with respective supports U and V. Using the duality formula
of Theorem 3.10, one can find («a, 8) € My(u,v) such that

duo)= Y la(z,y)e—Bz,y)yl-

(z,y)eUXV

Define S = U x V and 7,7’ € A(K x S) by n(k,(z,y)) = z(k)a(z,y) and 7'(k, (z,y)) =
y(k)B(z,y). By definition of My (u,v), m and 7’ are probabilities and

hixs= > lz(k)ale,y) —y(k)Bx,y)|

keK,(z,y)EUXV

= Y le(@y)z - Bla,y)yl.

(z,y)eUxV

| — =’

O
Finally notice that considering an infinite set .S dramatically changes the picture, as shown
by the following simple example (mentioned by F. Santambrogio).

Remark 3.14. Fix K = {a,b} and S = [0, 1], and define for each 7 in A(K x §), the image
Ps(m) in A(X) by: ¥s(m)(f) = fk,s f(p(s))dm(k,s) for all fin C(X) (here again, X = A(K)
and p(s) is the posterior on K given S). A(K x S) and A(X) are endowed with weak-*
topologies.

Consider the uniform probability 7 over K x S, then 1g(m) = 1,1, is the Dirac measure

on %a + %b. We approximate 7 by considering finer and finer grids of the unit interval. For

each positive integer n, partition [0,1) into A4,, = UZ;&[%, 2’;—;‘;1) and B,, = UZ;&[%, 2’;—;‘;2)
We can define 7,, by first choosing s in S according to the Lebesgue measure, then set k = a if
s € A, andset k = bif s € B,,. Knowing s perfectly determines k here, and ¥ g () = l§a+%6b.

2
However 7, converges to 7, so ¥g is not even continuous.
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4 Long-term values for standard MDPs

In Section 2, we studied Gambling Houses that are non-expansive for the Kantorovitch-Rubinstein
metric. Unfortunately, this model is not adapted to the study of Partial Observation Markov
Decision Process since the associated transitions are not 1-Lipschitz for the KR metric.

We consider here a variant of the model of Gambling House that we call standard Markov
Decision Processes, where the decision-maker has an explicit action set and where the payoffs
may depend both on the current state and action. The main result of this section is Theorem
4.5 which uses the metric d, defined in Section 3. We will show in section 5 that this theorem
applies to the standard MDPs associated to a POMDP or to a repeated game with an informed
controller.

A standard Markov Decision Problem ¥ is given by a non empty set of states X, a non
empty set of actions A, a mapping ¢ : X x A — A;(X) and a payoff function g : X x A — [0, 1].
At each stage, the player learns the current state z and chooses an action a. He then receives
the payoff g(z,a), a new state is drawn accordingly to ¢(z,a) and the game proceeds to the
next stage.

Definition 4.1. A pure, or deterministic, strategy is a sequence of mappings o = (04)i>1 where
or (X x A)'7Y — A for each t. A strategy (or behavioral strategy) is a sequence of mappings
o = (01)t>1 where o : (X x A)'™1 — Af(A) for each t. We denote by ¥ the set of strategies.

(X x A)° is a singleton, so oy is viewed as an element of Aj(A) representing the lottery
on actions played at the first stage (or simply if o is pure, the action in A played at the first
stage). A pure strategy is a particular case of strategy. An initial state 21 in X and a strategy
o naturally induce a probability distribution with finite support over the set of finite histories
(X x A)™ for all n, which can be uniquely extended to a probability over the set (X x A)> of
infinite histories.

Definition 4.2. Given an evaluation 6 and an initial state x1 in X, the 8-payoff of a strategy
o at 1 is defined as vo(x1,0) = Ey, » (Zt>1 0:9(xy, at)>, and the 0-value at x1 is:

vg(x1) = sup vp(x1,0).
ogeEX

As for Gambling Houses, it is easy to see that the supremum can be taken over the smaller set
of pure strategies, and one can derive a recursive formula linking the value functions. General
limit and uniform values are defined as in Subsection 2.

Definition 4.3. Let ¥V = (X, A, q, g) be a standard MDP.
U has a general limit value v* if (vg) uniformly converges to v* when TV (0) goes to zero,
i.e. for each € >0 one can find o > 0 such that:

V0, (TV(0) <a = (Vo € X, |vg(x) —v*(z)| <e) ).

U has a general uniform value if it has a general limit value v*, and if for each € > 0 one
can find o > 0 and a behavior strategy o(x) for each initial state x satisfying:

Ve, (TV(P) <a = (Vze X,y(z,0(x)) >v"(x)—¢)).

We now present a notion of invariance for the MDP W. The next definition will be similar
to Definition 2.9, however one needs to be slightly more sophisticated here to incorporate the
payoff component. First, we define for every a € Af(A) and for every z € X,

g(z,a) = Z a(i)g(z,1).

i€supp (a)
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and ¢(z,a) € A(X) is the unique probability distribution such that for every f € C(X,[0,1]),

d@a)(f)= 3 aliala,i)(f).

i€supp (a)

Assume now that X is a compact metric space, and define for each (u,y) in Ay(X) x [0,1],

Flu,y) = { <Z u(z)q(x, alx)), Z u(m)g(m,a(m))) , wherea : X — Af(A)} .

zeX reX

We have defined a correspondence F' from Az(X) x [0,1] to itself. Tt is easy to see that
F always is an affine correspondence (see Lemma 6.16 later). In the following definition we
consider the closure of the graph of F' within the compact set (A(X) x [0,1]), with the weak
topology.

Definition 4.4. An element (u,y) in A(X) x [0,1] is said to be an invariant couple for the
MDP W if ((u,y), (u,y)) € cl(Graph(F)). The set of invariant couples of ¥ is denoted by RR.

Our main result for standard MDPs is the following theorem, where X is assumed to be a
compact subset of a simplex A(K), with K a finite set. Denote Dy = {f € C(A(K)),Vz,y €
A(K),VYa,b >0, af(z)—bf(y) < |lax—by|l1}, and any f in D; is linearly extended to A(A(K)).
Notice that the set D is a subset of the set of 1-Lipschitz function.

Theorem 4.5. Let ¥ = (X, A,q,9) be a standard MDP where X is a compact subset of a
simplex A(K) with K finite, and such that:

Ve e X,Vy € X,Va € A,Vf € D;,Ya >0,V > 0,

laf(q(z,a)) — Bf(q(y,a))| < |lax — Byl and |ag(z,a) — Bg(y,a)| < |lax — Byl

Then ¥ has a general uniform value v* characterized by: for all z in X,

v*(z) =inf {w(z),w: A(X) — [0,1] affine continuous s.t.
(1) V' € X,w(a') > sggw(q(m',a)) and (2) V(u,y) € RR,w(u) >y }.

The proof can be found in the appendix. The key argument is the use of the new metric
d, over probability space on the simplex defined in Section 3 and Subsection 3.2. Under our
assumptions, the standard MDP is equivalent to a Gambling House which is non-expansive for
this metric d,. Moreover d* satisfies the duality Theorem 3.10, and we can adapt the proof of
Theorem 2.10.

When the state space is finite, we have an immediate corollary of the above theorem.

Corollary 4.6. Consider a standard MDP (K, A, q, g) with a finite set of states K. Then it
has a general uniform value v*, and for each state k:

v*(k) =inf {w(k),w:A(K) — [0,1] affine s.t.
(1) VK € K,w(k") > sggw(q(k/,a}) and (2)V(p,y) € RR,w(p) >y }.

with RR = {(p,y) € A(K) x [0,1],((p, y), (p,y)) € cl(conv(Graph(F)))}
and F(k,y) = {(q(k,a),g(k,a)),a € A}.

Proof of Corollary 4.6: K is viewed as a subset of the simplex A(K), endowed with the L!-
norm. Fix k, ¥ in K, ain A, o > 0 and 8 > 0. We have |ak — K| = |a— (| if k =k , and
lak — BK'|| = o+ B otherwise.
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First we have
| — Blg(k,a) if K=k

a + B otherwise ’

|ag(k7 a) - Bg(klv CL)| < {
so in all cases |ag(k,a) — Bg(K',a)| < ||ak — BK'||. Secondly, consider f € D;. f takes values in
[—1,1], so similarly we have: |af(q(k,a)) — Bf(q(K',a))| < |lak — BE|.
So we can apply Theorem 4.5, and the graph of F' is the convex hull of the graph of F'.

Remark 4.7. When both sets of states and actions are finite, we are in the simple setting of
Blackwell [9]. In this case, one can deduce the existence of the general uniform value from the
proof of Blackwell. Our theorem yields in addition a characterization. This characteriation is
the dual formulation of a result of Denardo and Fox [15]. We say that a couple (w, h) € IR¥ x RE
is superharmonic, in the sense of Hordjik and Kallenberg [19], if

Vk € K,Ya € A, w(k) + h(k) > g(k,a) + > q(k,a)(K')h(K'). (2)

k'eK

Denardo and Fox [15] showed that the value v* is the smallest (pointwise) excessive function
that can be completed by a function h such that (v*, h) is superharmonic.

The existence of a function h such that (w,h) is superharmonic is equivalent to condition
(2) of Corollary 4.6. Given a function w, solving equation (2) is a linear programming problem
with K x A inequalities. By Farkas’ lemma, it has a solution if and only if the following linear
programming problem (D,,), with unknown 7 € IRX*4 has no solution:

V(k,a) e K x A w(k,a) >0
Vke K Za/eA W(k,a/) = Zk/eK,a’eA W(k )q(k/»a/)(k)
Zk/e,a’eA W(klva/)g(klaa/) > Zk'eK,a’eA 7T(k )w(k/)'
Fix w a function on K. We prove that (D,,) has a solution if and only if condition (2) of

Corollary 4.6 is not satisfied. Therefore both conditions are equivalent.
Let 7 be a solution of (D,,). We can assume without loss of generality that ),  7(k,a) = 1.

We denote by p the marginal of 7 on K and put for all k € K, o(k) = (”(k’a/)) N € A(A)
a’e

o
,a

o
,a

p(k)

if p(k) > 0, and define arbitrarily o(k) if p(k) = 0. Denote by o the strategy which plays
o(k) if the state is k for each k. The payoff obtained by playing ¢ from distribution p is
Y= reaeam(k',a’)g(k',a'). The second line of equations of (D,,) implies that p is invariant
by o, so (p,y) € RR and the last equation implies that y > w(p). The function w does not
satisfy condition (2) of Corollary 4.6.

Conversally if condition (2) of Corollary 4.6 is not satisfied, there exists (p,y) € RR such that
y > w(p). By compactness of the set of probabilities over K and the set of payoffs, there exists
a strategy o € A(A)X, such that p is invariant under o and y is the payoff obtained by playing
o from distribution p. The probability = defined by: Vk € K,Va € A, n(k,a) = p(k)o(k,a), is
then a solution of (D,,).

Notice that Denardo and Fox also use duality theory but they study directly the minimiza-
tion problem with unknown w and A and deduce a dual maximization problem.

5 Applications to partial observation and games

In this section, we use Theorem 4.5 to prove the existence of the general uniform value in any
POMDP with finite set of states (without assumptions on the set of actions), and in any re-
peated game with an informed controller with finitely many states and actions. Subsection 5.1
is dedicated to POMDPs and Subsection 5.2 to repeated games with an informed controller. In
both cases, we apply Theorem 4.5.
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5.1 POMDP with finitely many states

We now consider a more general model of MDP with actions where after each stage, the decision-
maker does not perfectly observe the state. An MDP with partial observation, or POMDP,
I' = (K,A,S, q,g) includes a finite set of states K, a non empty set of actions A and a non
empty set of signals S. The transition ¢ now goes from K x A to Ay(S x K) and the payoff
function ¢ still goes from K x A to [0,1]. Given an initial probability p; on K, the POMDP
I'(p1) is played as follows. An initial state k1 in K is selected according to p; and is not told
to the decision-maker. At every stage ¢t > 1, the decision-maker selects an action a; € A. If
the current state is k¢, he has a (unobserved) payoff g(k:,a;) and a pair (s, k¢11) is drawn
according to q(k¢,a;). Then the player learns s;, and the play proceeds to stage ¢ + 1 with
new state k;y1. A behavioral strategy is now a sequence (o;);>1 of applications with for each
t,op: (Ax S)'™1 — Ap(A). As usual, an initial probability on K and a behavior strategy o
induce a probability distribution over (K x A x S)* and we can define the f-values and the
notions of general limit and uniform values accordingly.

Theorem 5.1. A POMDP with finitely many states has a general uniform value, i.e. there
exists v* : A(K) — IR with the following property: for each £ > 0 one can find o > 0 and for
each initial probability p a behavior strategy o(p) such that for each evaluation 0 with TV () < «,

Vp € A(K),|ve(p) —v*(p)| <€ and ~y9(o(p)) > v*(p) —e.

Proof of Theorem 5.1: It is natural to introduce an auxiliary MDP with state variable the belief
of the decision-maker on the state in K. We define ¥ the standard MDP on X = A(K) with
the same set of actions A and the following payoff and transition functions:

or: X xA—[0,1]st. 7(p,a) = >, cx p(k)g(k,a) for all p, a,

e : X xA — Ay(X) such that §(p,a) = > ,cqq(p,a)(s)0y(p,as), Where q(p,a)(s) =
o PPq(k,a)(s) and x(p,a,s) € A(K) is the belief on the new state after playing a at p and

- ¥ gL N _ apa)K,s) _ 3y ptalka)(Ks)
observing the signal s: V&' € K, x(p,a, s)(k') = G = f:k Tl )

The POMDP I'(p;) and the standard MDP W¥(p;) have the same value for all #-evaluations.
For each strategy o in ¥(p;), the player can guarantee the same payoff in the original game
I'(p1) by mimicking the strategy o. So if we prove that ¥ has a general uniform value it will
imply that the POMDP T' has a general uniform value.

To conclude the proof, we will simply apply Theorem 4.5 to the MDP W. We need to check
the assumptions on the payoff and on the transition.

Consider any p, p’ in X, a € A, « > 0 and 8 > 0. We have:

> (ap(k) = Bp'(k))g(k,a)| < [lap — Bp'||.

k

lar(p, a) — Br(p',a)| =

Moreover for any f € Dj, we have:

lad(p, a)(f) = Ba(P', a)(f)| = |D_ aa(p,a)(s)f (x(p,a,)) = > Ba(p,a)(s) f(x(', a,5))

ses ses

<> llag(p. a)(.,s) = Ba(p', a)(., s)l|

< Y lap(k)g(k' a)(k, s) — B (K )a(K', a)(k, s)]

s,k,k’

< Y alk,a)(k,)lap(k') — Bp' (k)| = |ap — ']

s,k,k’

where the first inequality comes from the definition of D;.
By Theorem 4.5, the MDP W has a general uniform value and we deduce that the POMDP
I" has a general uniform value. O
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Example 5.2. Let I' = (K, A,S,q,9,p1) be a POMDP where K = {k1,ko}, A = {a,b},
S = {*} and p; = Jx,. The initial state is k; and since there is only one signal, the decision-
maker will obtain no additional information on the state. We say that he is in the dark. The
payoff is given by g(k1,a) = g(k1,b) = g(k2,b) = 0 and g(k2,a) = 1, and the transition by
q(k1,a) = q(k1,b) = 0spy, q(ka,a) = sk, and q(k1,b) = %5*7k1 + %(5*,@. On one hand if the
decision-maker plays a then the state stays the same, and he receives a payoff of 1 if and only if
the state is k3. On the other hand if he plays b then he receives a payoff of 0 but the probability
to be in state ko increases.

We define the function r from X x A = A(K) x A to [0,1] by r((p,1 —p),a) =1 —p and
r((p,1 —p),b) =0 for all p € [0, 1], and we define the transition ¢ from X x A to Ay(X) by :

q((p,1 =p),a) = 0@p,1—p) and ¢((p,1 = p),b) = 0(p/2,1—p/2)-

Then the standard MDP ¥ = (A(K), A, §,r) is the MDP associated in the previous proof to
I'. This MDP is here deterministic, because the decision is in the dark.

The existence of a general uniform value is immediate here. Given n > 1, the strategy
o = b"a® which plays n times b and then a for the rest of the game, guarantees a stage payoff
of (1 — 2%) from stage n + 1 on, so the game has a general uniform value equal to 1. Finally
if we consider the discounted evaluations, one can show that the speed of convergence of vy is
here slower than A :

ur(p1) =1~ 11?18;/\4-0(/\).

The partial observation allows for a speed of convergence slower than A contrary to the perfect
observation case where it is well known that the convergence is in O(A).

Remark 5.3. It is here unknown if the uniform value exists in pure strategies, i.e. if the
behavior strategies o(p) of Theorem 5.1 can be chosen with values in A. This was already
an open problem for the Cesaro-uniform value, that is when only evaluations of the form
6 = L3 | 6 are considered (see Rosenberg et al. [35] and Renault [31] for different proofs
requiring the use of behavioral strategies). In the present proof, there are two related places
where the use of lotteries on actions is important. First in the proof of the convergence of the
function hyp , (within the proof of Theorem 2.10), we used Sion’s theorem in order to exchange
a supremum and an infimum, and to do so the convexity of the set of strategies was required.
Secondly when we prove that the extended transition is 1-Lipschitz (see Lemma 6.16), the
coupling between the two distributions v and u’ requires some randomization.

5.2 Zero-sum repeated games with an informed controller

We finally consider zero-sum repeated games with an informed controller. We start with a
general model I' = (K, I, J,C, D, q, g) of zero-sum repeated game, where we have 5 non empty
finite sets: a set of states K, two sets of actions I and J and two sets of signals C' and D,
and we also have a transition mapping ¢ from K x I x J to A(K x C x D) and a payoff
function g from K x I x J to [0,1]. Given an initial probability m on A(K x C x D), the
game I'(7) = T'(K, I, J,C, D, q, g, ) is played as follows: at stage 1, a triple (k1, ¢1,d;) is drawn
according to 7, player 1 learns c¢; and player 2 learns d;. Then simultaneously player 1 chooses
an action 41 in I and player 2 chooses an action j; in J. Player 1 gets a (unobserved) payoff
r(k1,41,71) and player 2 the opposite payoff. Then a new triple (kz, c2,ds) is drawn accordingly
to q(k1,%1,71). Player 1 observes cq, player 2 observes ds and the game proceeds to the next
stage, etc.

A (behavioral) strategy for player 1 is a sequence ¢ = (0y);>1 where for each ¢t > 1, oy is
a mapping from (C x I)!=1 x C to A(I). Similarly a strategy for player 2 is a sequence of
mappings 7 = (7¢):>1 where for each ¢ > 1 ,7; is a mapping from (D x J)=! x D to A(J).
We denote respectively by X and T the set of strategies of player 1 and player 2. An initial
distribution 7 and a couple of strategies (o, 7) define for each ¢ a probability on the possible
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histories up to stage ¢, which can be uniquely extended to a probability on the set of infinite
histories (K x C x D x I x J)*®.

Given an evaluation 0, we define the f-payoff of (o,7) in I'(7) as the expectation under
IP; - of the payoff function,

79(7‘—7 g, T) = ETr,o',T <Z at T(ktv itvjt)) .
t

By Sion’s theorem the game with 6-payoff has a value: vg(7) = max,ex min_.7 v9(7,0,7) =
min_.7 maxsex Yo (7, 0, 7), and we can define the general limit value as in the MDP framework.
Note that we do not ask the convergence to be uniform for all 7 in A(K x C' x D), because we
will later make some assumptions, in particular on the initial distribution.

Definition 5.4. The repeated game I'(r) = (K,I,J,C,D,q,g,7) has a general limit value
v*(m) if vo(m) converges to v*(w) when TV (6) goes to zero, i.e.:

Ve > 0,3a > 0,0, (TV(0) <a = (Jvg(n) —v*(7)] <e)).

Definition 5.5. The repeated game I'(7) has a general uniform value if it has a general limit
value v*(m) and for each € > 0 one can find o > 0 and a couple of strategies c* and T* such
that for all evaluations 6 with TV (0) < a:

VT € T,vg(m,0",7) > v*(w) —e and Vo € X, vg(m,0,7") < v*(7) + €.

Without further assumption, the general values may fail to exist. We will focus here on
the case of a repeated game with an informed controller, as introduced in Renault [32]. The
first assumption concerns the information of the first player. We assume that he can always
reconstruct the current state and the signal of the second player from his own signal:

Assumption 5.6. There exist two mappings k:C— K andd:C — D such that, if E denotes
{(k,c,d) € K xC x D, k(c) =k, d(c) =d}, we have: ¥(k,i,j) € K x I x J, q(k,i,5)(F) =1,
and 7(E) = 1.

Moreover we will assume that only player 1 has a meaningful influence on the transitions,
in the following sense.

Assumption 5.7. The marginal of the transition on K x D is not influenced by player 2’s
action. For k in K, i in I and j in J, we denote by q(k,i) the marginal of q(k,i,j) on K x D.

The second player may influence the signal of the first player but he cannot prevent him
either from learning his state or from learning his own signal. Moreover he cannot influence his
own information, thus he has no influence on his beliefs about the state or about the beliefs
of player 1 about his beliefs. A repeated game satisfying assumptions 5.6 and 5.7 is called a
repeated game with an informed controller. It was proved in Renault [32] that for such games
the Cesaro-uniform value (that is, when only evaluations of the form § = L 3% | 6, are consid-
ered) exists and we will extend it here to the general uniform value.

Example 5.8. We consider the simplest case of zero-sum repeated game with incomplete
information introduced by Aumann and Maschler in the sixties (see reference [5]). It is defined
by a finite family (G*)rex of payoff matrices in [0,1)7*7 and p € A(K) an initial probability.
At the first stage, some state k is selected according to p and told to player 1 only. The second
player knows the initial distribution p but not the realization of the state. Then the matrix
game G* is repeated over and over. At each stage the players observe past actions but not
their payoff (notice that player 1 can always reconstruct the payoff from the actions and the
state). Formally it is a zero-sum repeated game I' = (K, I, J,C, D, q,g) as defined previously,
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with C = K x I x J and D = I x J, and for all (k,i,j) € K x I x J, g(k,i,j) = G*(i,7)
and q(k,,7) = Ok, (k,i,5),¢i,j)- For all p € A(K), we denote by I'(p) the game where the initial
probability m € A(K x C x D) is given by m = Y, - 1 D(K)0k (k,i0,50),(i0,50) With (0,70) € I x J
fixed.

For each n, we denote by v,(p) the value of the n-stage game with initial probability p,
where the payoff is the expected average of the first n payoffs. The value satisfies the standard
recursive formula:

vn(p) = sup <1R(p, a) + n; ! Za(p)(i)vn1(x(p,a7i))> :

el

where a® € A(I) represents the lottery on actions played by player 1 if the state is k, a(p)(i) =
dokek p*aF (i) is the probability that player 1 plays i, R(p,a) = min;(}., p"G*(a*, j)) is the
minimal expected payoff for player 1, and x(p,a,?) is the conditional belief on A(K) given p,

x(p,a,1) = (Im)k.

Starting from a belief p about the state, if player 2 observes action ¢ and knows that the
distribution of actions of player 1 is a, then he updates his beliefs to x(p,a,i). Aumann and
Maschler have proved that the limit value exists and is characterized by

v* =cavf” = inf{v: A(K) — [0,1],v concave v > f*},

where f*(p) = Val (3, p"G*) for all p € A(K). The function f* is the value of the game,
called the non-revealing game, where player 1 is forbidden to use his information.

Theorem 5.9. A zero-sum repeated game with an informed controller has a general uniform
value.

The proof, to be found in the appendix, will consist of 5 steps. First we introduce an
auxiliary standard Markov Decision Process ¥(7) on the state space X = A(K). Then we
show that for all evaluations 6, the repeated game I'(7w) and the MDP W(#) have the same
f-value. In step 3 we check that the MDP satisfies the assumption of Theorem 4.5 so it has a
general limit value and a general uniform value v*. As a consequence the repeated game has
a general limit value v*(7). Then we prove that player 1 can use an e-optimal strategy of the
auxilliary MDP in order to guarantee v*(m) — € in the original game. Finally we prove that
Player 2 can play by blocks in the repeated game in order to guarantee v*(w) + . We obtain
that v*(7) can be guaranteed by both players in the repeated game, so it is the general uniform
value of I'().

Example 5.10. The computation of the value is in general a difficult problem, as shown by
the next example introduced in Renault [30] and studied by Hérner et al. [20]. In this example
the value exists but has been computed only for some values of the parameter. The set of states
is K = {ki,ko}, the set of actions of player 1 is I = {T, B}, the set of actions of player 2 is
J ={L, R}, and the payoff of player 1 is given by:

L R L R

T (10 T (00

B (0 0) and - p (0 1)'
ka ko

The sequence of states follows an exogeneous Markov chain, with initial probability (1/2,1/2)
p 1-p

l-p p

every stage, only player 1 oberves the current state in K, and at the end of each stage the

and transition matrix ( ), where p is a given parameter. At the beginning of
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actions played are observed. (with the previous notations C = K x I x J, D = I x J, and

q(k,i,5) = P Ok (k,i5),(i.5) F (1 = D) Ok (k7,4,5),6,5) for all kin K, k" € K\{k}, i in I and j in .J).

For each value of the parameter p € [0, 1], we have a repeated game I'? and by symmetry

it is sufficient to study the case p € [1/2,1]. If p = 1 we are in the setup of Example 5.8

and the value is clearly 1/4. Horner et al. [20] proved that for p € [1/2,2/3), the value is

17 Bressaud and Quas [12] showed recently that for p € [2/3,.73] the value satisfies

the following equation i = wug + wouy + upuiuz + ..., where (u,) is defined by ug = 1 and
Unt1 = max{y(un),1 — Y(u,)} with ¢(u) =3p—1— 2%—_1. What is the value for p = 0.97

’Up:

6 Appendix

6.1 Proof of Theorem 2.10

In this section we consider a compact metric space (X,d), and we use the Kantorovich-
Rubinstein distance d = dxr on A(X). We start with a lemma.

Lemma 6.1. Let F: X = Ay(X) be non-expansive for dxr. Then the mized extension of F
is 1-Lipschitz from Ay(X) to Ap(X) for dir.

Proof of Lemma 6.1. We first show that the mapping (p — convF(p)) is non-expansive from X
to Ay(X). Indeed, consider p and p’ in X, and u = Y, ; ayu,, with I finite, o > 0, u; € F(p)
for each 4, and ), ; ; = 1. By assumption for each i one can find uj in F(p’) such that
drr(ui,uj) < d(p,p'). Define v’ =}, ; a;u; in convF(p'). We have:

drr(u,u’) = ?élg (Z au(f) — Zaz‘ug(f)> ;

= sup Zai(ui(f) —u;(f)),

feliier

IA

> i dicr(wi,uf),
el
< dp,p).

We now prove that F' is 1-Lipschitz from A;(X) to Af(X). Let uy, ug be in Ay(X) and
vy = Zpex u1(p) f1(p), where f1(p) € convF(p) for each p. By the Kantorovich duality formula,
there exists a coupling v = (v(p, ¢)) (p,g)ex x x in Ay(X x X) with first marginal u; and second
marginal ug satisfying:

dir(u,uz) = Y (p,9)d(p, q).

(P, @) EX XX

For each p, ¢ in X by the first part of this proof there exists fP(q) € convF/(q) such that
drr(f?(q), f1(p)) < d(p,q). We define:

fo(q) = Z ’ylg)(’;))fp(q) € convF(q), and vg = Z us(q) f2(q) € F(us).

peEX qgeX
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We now conclude.

dxr(vi,v2) = dkr Zul(p)fl(p)szZ(q)f2(q)

peEX qeEX
= dkr (Z 1(p.a) f1(p), Zv(p,q)fp(Q)>
Pq a.p
< Z’Y(R 7)drxr(fi1(p), f*(q))
Pq
< ZW(Pa 7)d(p,q) = dxr(u1,u2).
p.q
The mixed extension of F' is 1-lipschitz. O

We now consider a Gambling House I' = (X, F,r) and assume the hypotheses of Theorem
2.10 are satisfied. We will work with the deterministic Gambling House I' = (Af(X),F,r).
Recall that r is extended to an affine and continuous mapping on A(X) whereas F'is an affine
non-expansive correspondence from Af(X) to Af(X).

For p in X, the pure plays in I' at the initial state dp coincide with the mixed plays in I' at
the initial state p. As a consequence, the #-value for I' at p coincides with the 6-value for I at
8, which is written vg(p) = vg(J,). Because F and r are affine on A(X), the 6-value for T', as
a function defined on A¢(X), is the affine extension of the original vy defined on X. So we have
a unique value function vy which is defined on A;(X) and is affine. Because F' is 1-Lipschitz
and r is uniformly continuous, all the value functions vg have the same modulus of continuity
as 1, 80 (vg)p is an equicontinuous family of mappings from A;(X) to [0,1]. Consequently,
we extend vy to an affine mapping on A(X) with the same modulous of continuity, and the
family (vg)¢ now is an equicontinuous family of mappings from A(X) to [0,1]. Af(X) being
precompact, this is enough to obtain the existence of a general limit value, see Renault [33].
Here we will moreover obtain a characterization of this value and the existence of the general
uniform value.

We define R and v* as in the statements of Theorem 2.10, so that for all z in X,

v*(z) =inf {w(z),w:A(X)— [0,1] affine continuous s.t.

(1) Vy € X,w(y) > sup w(u)and (2)Vu € R, w(u) > r(u) }.
ueF(y)

We start with a lemma based on the non-expansiveness of F.

Lemma 6.2. 1) Given (u,u') in cl(Graph(F)), v in Ap(X) and € > 0, there ezists v’ € F(v)
such that d(v',v") < d(u,v) + €.

2) Given a sequence (z;)y>o of elements of A(X) such that (2, z+1) € cl(Graph(F)) for all
t > 1, and given € > 0, one can find a sequence (z;)i>o of elements of Ap(X) such that (z})i>1
is a play at z{), and d(z, z;) < € for each t > 0.

and

Proof of Lemma 6.2: 1) For all € > 0 there exists (z,2") € Grqph(ﬁ') such that d(z, €
(z,v).

u
d(z',u') < e. Because F' is non-expansive, one can find v’ in F(v) such that d(z’,v') <
Consequently, d(v',u) < d(v', ') +d(z',v') < d(z,v) + & < d(u,v) + 2¢.

2) It is first easy to construct (z), z}) in the graph of ' such that d(z), z0) < € and d(2}, z1) <
e. (21,22) € cl(Graph(F)) so by 1) one can find (z5) in F(2}) such that d(zy, 25) < d(z1,2}) +
e? < e+¢?. Tterating, we construct a play (z});>1 at 2§, such that d(z, 2}) < e+e*+ ...+ ¢’ for
each t.

<
d
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We now prove? Theorem 2.10 with the two following propositions.

Proposition 6.3. T has a general limit value given by v*.

Proof of Proposition 6.3: By Ascoli’s theorem, it is enough to show that any limit point of
(vg)g (for the uniform convergence) coincides with v*. We thus assume that (vgx)r uniformly
converges to v on A(X) when k goes to oo, for a family of evaluations satisfying:

Z |0é€+1 - 9?| ——7k—o0 0.
t>1

We need to show that v = v*.

A) We first show that v > v*.

It is plain that v can be extended to an affine function on A(X) and has the modulus of
continuity of 7. Because >_,~, |0f,; —0F] — ;00 0, we have by Equation (1) of Section 2 that:
Vy € X, U(y) = SUPyeF(y) U(U).

Let now u be in R. By Lemma 6.2 for each € one can find uy in Ay(X) and a play
(u1,ug, ..., ug, ...) such that u; € F(ut_l) and d(u,u;) < ¢ for all ¢ > 0. Because r is uniformly
continuous, we get v(u) > r(u).

By definition of v* as an infimum, we obtain: v* < v.

B) We show that v* > v.

Let w be a continous affine mapping from A(X)to [0, 1] satisfying (1) and (2) of the definition
of v*. It is enough to show that w(p) > v(p) for each p in X. Fix p in X and ¢ > 0.

For each k, let o = (u},...,uf,...) € A;(X)™ be a play at §, for I which is almost optimal
for the @-value, in the sense that Y_,o, 0Fr(uf) > vgr (p) — €. Define:

u(k) = ZGfuf € A(X), and u/(k) = Zﬁfufﬂ € A(X).
=1 t=1

u(k) and u'(k) are well-defined limits of normal convergent series in the Banach space C(X)'.
Because F is affine, its graph is a convex set and (u(k), u'(k)) € cl(Graph(F)) for each k.

Moreover, we have d(u(k),u/(k)) < diam(X)(0F + > 12, [0F — 0F_,]), where diam(X) is the
diameter of X. Consequently, >_,o; 0,1 — 05| — o0 0 implies d(u(k), v (k)) — k00 0.
Considering a limit point of the sequence (u(k), v'(k))x, we obtain some v in R. By assumption
on w, w(u) > r(u). Moreover, for each k we have r(u(k)) = > ,o, 0Fr(uf) > vee(p) — €, so
r(u) > v(p) —e. B

Because w is excessive, we obtain that for each k the sequence (w(u¥)); is non increasing,
so w(u(k)) = 3,5, OFw(uf) < w(p). So we obtain:

w(p) = w(u) = r(u) = v(p) —e.
This is true for all €, so w > v. |
Proposition 6.4. T" has a general uniform value.

Proof of Proposition 6.4: First we can extend the notion of mixed play to Af(X). A mixed
play at ug € A¢(X), is a sequence o = (U1, ..., Us,...) € Ay(X)>™ such that w1 € F(uy) for

2 A variant of the proof would be to consider the Gambling House on A(X) where the transition correspon-
dence is defined so that its graph is the closure of the graph of F. Part 1) of Lemma 6.2 shows this correspondence
is also non-expansive.
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each ¢t > 0, and we denote by Y (ug) the set of mixed plays at ug. Given ¢,T in IN, n € IN* and
up € Af(X), we define for each mixed play o = (u)¢>1 € 3(up) the auxiliary payoft:

1 t+n

%,n(a) = n Z r(ul), and BT,n(U) = f Ve, n( )-

vt te{o T}
We also define the auxiliary value function: for all u in Ay(X),

hrn(ug) = sup Bra(o).
o€X(up)

Clearly, Sr.n(0) < vo,n(0) and hy ,(uo) < v, (up). We can write:

t+n
hy o (w = sup inf 0
rnto) €% (up) 9640, ’T})ntz% tlzt;rl
T+n

aEZ(uo) GGA({(L )

=  sup inf - ; Bi(0, n)r(u).

where for each [ in 1,....T +n, 5(0,n) = %Zi\ii;};’f{;ll}_n} 6,. By construction, F is affine,

so X(ug) is a convex subset of Ay(X)>. A({0,...,T}) is convex compact and the payoff
ZT+" B1(0,n)r(u;) is affine both in € and in . We can apply a standard minmax theorem

to get:
T+n

hrn(ug) = 'nf sup Bi(0,m)r(uy).

Tn(10) = BBy b ZZ; {8 mir(u)

We write §; = 0 for ¢t > T and for each [ > 0: §;(n,0) = 5(90 +..F+01)ifl <n, fi(0,n) =
Ll n+. . 460,1)ifn+1<I<n+T, Bi(n,0) =0ifl >n+T. The evaluation 5(6,n) is a
particular probability on stages and hr,(uo) = infgea(qo,.... 7}) V3(0,n) (o). It is easy to bound
the total variation of (8, n):

,,,,,

n—1

0 1 3
Z |Bi1(6,n) — Bi(8,n)] = Z El +Zﬁ|9l —b1n| < o —n—oo 0.

1>0 1=0 I>n

The impatience of 3(6,n) goes to zero as n goes to infinity, uniformly in . So we can use the
previous Proposition 6.3 to get:

Ve > 0, E'TL(),VTL > nO,V9 S A(N),VUQ S Af(X), |’Uﬁ(97n)(U(]) — U*(’LL())| <e.

This implies that heo n(uo) :=des infoea(v) v5(6,n)(w0) = infr>o hrn(ug) converges to v*(ug)
when n — oo, and the convergence is uniform over A(X). Consequently, if we fix € > 0 there
exists ng such that for all ug in Ay(X), for all T > 0, there exists a play o7 = (u] );>1 in S(up)
such that the average payoff is good on every interval of ng stages starting before 7'+ 1: for all
t=0,...,T, Ytno(cT) >v*(ug) —e.

We fix ugp in Ay(X) and consider, for each T, the play o7 = (ul)i>1 in ¥(u) as above.
By a diagonal argument we can construct for each ¢ > 1 a limit point 2; in A(X) of the
sequence (ul)r>o Such that for all ¢ we have (2, z141) € cl(Graph(F)), with zg = ug. For each

m > 0, we have - lnfnlifo r(ul) > v*(ug) — € for T large enough, so at the limit we get:

+1+
no temit (2 )Zv (uo) — &
r being uniformly continuous, there exists a such that |r(z) —r(z")] < e as soon as d(z, z") <
a. By Lemma 6.2, one can find a mixed play a = (2], ...y 23, ...) &b X(20) such that for each ¢,

d(zt,2;) < a. We obtain that for each m > 0, ;”ﬂtnli{lo r(zp) > v*(u) — 2e.
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Consequently we have proved: Ve > 0, there exists ng such that for all initial state p in X,
there exists a mixed play o’ = (2{); at p such that: ¥m >0, ;L :n;ml_tf“ r(z;) > v*(p) — 2e.

Let § € A(IN*) be an evaluation, it is now easy to conclude. First if v*(p) —2¢ < 0, then any
play is 2e-optimal. Otherwise, for each J = 1, denote by 6; the maximum of  on the block Bi =
{(=Dno+1,....jno}. Forallt € B?, we have: 0 > 60y 2 0; =3\ c((j_1)ng+1,..jno—1} |0 +1 —
0y |. As a consequence, we have for all j:

Jjno Jjno
Z Our(z;) > 0, r(2) — no Z |0¢ 41 — O]
t=(j—1)no+1 t=(j—1)no+1 t'e{(j—1)no+1,....jno—1}
Jjno
> ) 6(v(p) —2¢) — mo > |01 — Oy
t=(—1)no+1 t'e{(j—1)no+1,...,jno—1}

and by summing over j we get: yg(xo,0’) > v*(p) — 2 — nyTV(0) > v*(p) — 3e as soon as
TV (0) is small enough. O
6.2 Proof of Theorem 3.5

We first introduce another pseudo-distance on A(X).

Definition 6.5. dj (u,v) = inf.~q d5(u, v), where d§(u,v) = sup(s geps u(f) +v(g)
and for e >0, D5 ={(f,g) € CxC,Vx,y € X,Va,be [0,1], af(z)+bg(y) < e+ |ax—>by|}.

We will show that dy = ds = d;’ = d3. The proof is split into several parts.
Proposition 6.6. dy = dy = d;
It is plain that d; < dy < d;‘, so all we have to prove is d;r < d;. We start with a lemma.

Lemma 6.7. Fiz e > 0, and let f in C be such that: Yo € X, Va € [0,1], af(x) < e+ al|z]|.
Define f by:

A 1
A% X = inf — — byl| — .
yeX, fy) aG[O,l],blen(O,l],xeX b (e + llaz = by[| - af(z))

Then for each y in X, —|ly| < f(y) < —f(y) + . Moreover f € Cy, and:
Vo € X,Vy € X,Ya € [0,1],¥b € [0,1], af(z) — bf(y) < ae + ||by — az].

Proof of Lemma 6.7: By assumption on f, we have for all y in X, a in [0,1], b in (0,1}, x
in X: 1 (c+|[laz—by| —af(z)) > 3 (—AaHxH + |laz — by||) > —|ly||. In the definition of f(y),
considering a = b =1 and x = y yields f(y) < —f(y) + <.

Fix z and y in X, a and b in [0, 1]. We have:

7 A 1
af(z) =bf(y) = a jinf o (et |a's’ V|- df@E)
1
_ba”,il?’f;z” w (e+ ||a"x” _ b//yH _ a”f(l‘”)) .

If a = 0, then the inequality f(y) > —|ly|l leads to —bf(y) < blly|. If b = 0, choose a’ = 0,
b =1and 2’ =z to get af(z) < ae + ||laz].
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If ab > 0, given n > 0, choose a”, b”, " n-optimal in the second infimum. We can define
2’ =2, and choose a’ € [0,1] and b’ € (0,1] such that & = 247 We obtain:

a b’
R . a b a// a//
af(@) =bfw) < bt (5= e+ (1 5be" — aall — [ 50" = byl)
a b
< bn+ (5= e+ llaz — byl

If a =b> 0, choose a’ = a” and b’ = b” to obtain: f(x)— f(y) < ||z — y|| and therefore f
is 1-Lipschitz.
Otherwise, we distinguish two cases. If #b0"” < 1, we define b’ = £0” and o’ = a” and we get
af(z) —bf(y) < by + |lax — by||. If 20" > 1, we define b’ = 1 and o’ = Z,/,/Z € [0,1] and obtain
af(z) —bf(y) < by + ae + |jaz — by||. Thus for all > 0, we have

af(z) = bf(y) < by+ae+ |az— by,

and therefore af (z) — bf(y) < ae + |jaz — by].

Proof of Proposition 6.6: Fix v and v in A(X), and consider € > 0. For each (f,¢g) in D5, we
have —f +e > f > g and (f, f) in D§. We also have (f, f) € D5 so iterating the construction,

we get (f, f) € D5, and —Jf—s—szfzf.

Now, u(f) +v(g) < u(f) +v(f) < —u(f)+ e+ v(f). Hence we have obtained:

dy(u,v) <e+ sup  —u(f) +ov(f),
fecs(u,'u)

where C(y,,) is the set of functions f in C; satisfying:
Vr e X,Vy € X,Va € [0,1],¥0 € [0,1], af(x) = bf(y) < ac + [laz — by and f(y) = —lyl.

For each positive k, one can choose fj, in C; achieving the above supremum for e = 1/k. Taking
a limit point of (fx)x yields a function f in D; such that: —u(f) + v(f) > df (u,v). The
function f* = —f is in D; and satisfies u(f*) — v(f*) > dJ (u,v), and the proof of Proposition
6.6 is complete. O

Proposition 6.8. d;r > ds.

Proof of Proposition 6.8: The proof is based on (a corollary of) Hahn-Banach theorem. Define:
H =C(X? x[0,1]?) and

L={peH3f gelC(X)st.Voe,ye XY\ puel0,1],0(x,y, A\ pn) =Af(x)+ pg(y)}.

H is endowed with the uniform norm and L is a linear subspace of H. Note that the unique
constant mapping in L is 0. Fix u and v in A(X), and let 7 be the linear form on L defined by

r(¢) = u(f) + v(g), where (z,y, A, 1) = Af(x) + pg(y) for all z, y, A, p.
Fix now € > 0, and put:

Us={p€ HVr,yc XY\, uecl0,1],0(x,y,\ pn) <[[Ax — py|| + €}

We have:

sup r(p) = d5(u,v).
weLNU.

U, is a convex subset of H which is radial at 0, in the sense that: Vi € H, 3§ > 0 such that
ty € U, as soon as |t| < J. By a corollary of Hahn-Banach theorem (see theorem 6.2.11 p.202
in Dudley, [17]),  can be extended to a linear form on H such that:

sup r(p) = d3(u,v).
peUe
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Given ¢ € H, we have e¢/||¢||o € Ue, which implies that r(¢) < ||¢|lecd5(u,v)/e, so that
r belongs to H'. If ¢ > 0, we have tp € U, if t <0, so that r(p) > d5(u,v)/t for all t <0 and
r() > 0. By Riesz Theorem, 7 can be represented by a positive finite measure v on X2 x [0, 1]%.
Given f in C, one can consider ¢y € L defined by pr(x,y, A\, 1) = Af(x). Thenr(pyr) = v(¢y)

gives: u(f) = f(a},y,)\,ﬂ)EXQX[O,l]Z Af(x)dy(x,y, \, i), and similarly

v(f)==J/ uf (9 (@, v, ),
(z,y,\,u)EX2x[0,1]2

and we obtain that v € M3(u,v).
Since v > 0, we have sup . 7(¢) = r(¢*) where ¢*(z,y,\, ) = ||[Az — pyl| + . We get
dg(u,v) = fX2><[0’1]2 HA‘T - Nde’Y(%ya )‘7/1’) + 67(X2 X [07 1]2)3 S0

*

@mwz/ Ihe — pylldr (e, y, A ) > da(u, v). 0
X2x][0,1]2

Remark 6.9. The proof given here uses elements of the proof of the standard Kantorovich
duality formula in Dudley ([17], see Lemma 11.8.5 p.423). However the arguments need to be
more sophisticated here. In particular, there is no need in the standard duality for the extra
variables X\ and p, and the analogs of our sets H and L are H = C(X?) and L = {p €
H,3f,g € C(X) s.t. Yo,y € X, p(z,y) = f(x) + g(y)}. It is enough to define U = {p €
H\Nz,y e X, o(x,y) < | z—1y|}. U is convex and open, so radial at any of his element, and
UnNL isnot empty. In the present setup, if we simply define U = {¢p € H,Vz,y € X,VA, u €
[0,1], o(x,y, A, 1) < |[Axz — pyl|}, we have UN L = 0, hence a problem. These considerations
have led to the introduction of the sets U, and the intermediate distance d;‘ beforehand.

It is now easy to conclude the proof of Theorem 3.5.
Lemma 6.10. d3 > ds.

Proof of Lemma 6.10: Fix (f,g) € Dy and v € M3(u,v).
u(f) +olg) = / A (@)dy(z,y, A, ) +/ pg(y)dy(@, y, A, )
X?2x[0,1]2 X2x][0,1]2

_ / (M (z) + pg(y))dy(z, y, A, 1)
X2x[0,1]2

IN

[ e wldre s ap). ©
X2x[0,1]2

6.3 Proof of Lemma 3.6

We will use the Stone-Weierstrass theorem (see for instance Lemma A7.2 in Ash [2] p. 392) in
order to show that the linear span of D; is dense in C(X). We denote span(D;) the linear span
of Dl.

If f and g belong to Dy and X € [0,1], then —f, sup{f, g}, inf{f, g} and A\f + (1 — \)g are
in D;. It follows that the linear span of D; is stable by sup and inf operations.

We now show that for every x,y € X such that x # y and every function f : X — IR, there
exists a function h € span(Dq) such that f(x) = h(z) and f(y) = h(y). Fix f a function and
z,y € X. We define Y the linear span of x and y. Define the function ¢ from Y to IR by

YA\ pe R, oA+ py) = M (x) + pf(y).
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By Hahn-Banach theorem, ¢ can be extended to a linear mapping on IRX denoted g with the
same operator norm. It follows that there exists C' > 0 such that for every p,q € X, for every
a,b>0,

lag(p) — bg(q)| = |g(ap — bq)| < Cllap — bal|.

Denote by h the restriction of g to X. It is continuous and affine, therefore it is in span(D;).
By Stone-Weierstrass theorem, we deduce that Dy is dense in C(X).

6.4 Proof of Theorem 3.10

Let u and v be in A(X), and denote by U and V the respective supports of u and v. We write
S = X? x [0,1]?, and we start with a lemma, where no finiteness assumption on U or V is
needed. Recall that M3 (u,v) is the set of finite positive measures on S satisfying for each f in

C:

/ A ()i (e, y, A, ) = u(f), and I ),y \ ) = o(1).
(z,y,\,u)ES (z,y,\,n)ES
Lemma 6.11. For each v € Ms(u,v), we have:
[ e = gl ap) =2+ (e — pyll = A — ) dy (e, A ).
S UxVx[0,1]2

Proof of Lemma 6.11: Write A(y) = [ [|[Az—pylldy(x,y, A, ). Using the definition of M3 (u,v),
we can obtain that 1 = [¢ Myevdy = [g ulyevdy. This implies: [( Mygpdy = [gplygvdy =
0, so that A1,¢y = plygy =0 7. a.s. We can write:

Aly) = [5 LocugevIhe — pylldy(z, g, A ) + /S Locuyev Ihe — pylldy(z, v, A )

+/§ lwéU,er”)‘x - uy‘|d7(z7ya )\,,[L) + /S 1L¢U,y¢V”>‘$ - ,ude"Y(fZ?,g% >‘a ,LL)

=/S1weu,yevllkx—uy\\d7($,y7A,u)+/s LoevygvAdy(z,y, A,M)Jr/s 1o¢uyevudy(z,y, A, 1)+0.

We now use 1 = [¢ Locuyev Ady+ [g LocuygvAdy and 1 = [ Locuyevudy+ [g 1oguyev pudy
to obtain:

A(’y) :2+/S1z€U,yEV||)‘x_,ude’y(muyv)\nu)_/SlzeU,er)‘d’V_/S]-xEU,yGVMd’y~ O

We assume in the sequel that U and V are finite, and define ds(u,v) as follows:

Definition 6.12. Define
M5(’U,U) = {(a718) = (a(z7y)7ﬂ(xvy))(I7y)EU><V € B+UXV X B+UXV,S.t.

VeeU, Y ale.y) <ule)andvy eV, 3 Ba'y) < o(y)},

y'eVv z'eU

and ds(u,v) = inf 24+ E (Hxa(m,y) —yB(z,v)|| — alz,y) — Bz, y))
(a,8)EM 5 (u,v)
(z,y)EUXV

M5 (u,v) is a polytope in the Euclidean space (]RUXV)2, so the infimum in the definition of
ds(u,v) is achieved.

Lemma 6.13. d3(u,v) > ds(u,v).
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Proof of Lemme 6.13: Let v be in M3(u,v). Fix for a while (z,y) in U x V, and assume that
y(x,y) > 0. We define v(.|z,y) the conditional probability on [0,1]? given (z,y) by: for all
v € C([0,1]?),

1
/ @(Aaﬂ)d’y(/\Mﬂ?,y) = / lf’zﬂﬁyy/:ywo‘v/‘)dV(x/aylﬂ)‘7/‘)'
0,1]? Y@ Y) Sy ames
So that
() / (A2 — gl — A — p)dy(h, s y) = / (I — ]l — A — wydy(, y, A ).
[0,1]2 (M p)€0,1]2

Define P(2,y) = [ o2 MY\ plz,y) and Q(x,y) = [, o152 #dv(A, plz,y). The
mapping U : (A, u) — [|[Ax — uy|| A — 1 is convex so by Jensen’s inequality we get:

/ (A2 = pyll = A = p)dy(A, plz,y) > [leP(z,y) — yQ(z,y)|| — Plz,y) — Qz,y).
(Am)ef0,1)2

Now, by Lemma 6.11,

zelU,yecV A,pn)€[0,1]2
zel yEL ’7(337y)>0 7“)6[0 1

zeU,yeV,y(z,y)>0

For (z,y) in U x V, define a(z,y) = ~(z,y)P(z,y) > 0 and (z,y) = 7(z,y)Q(z,y) > 0
(with a(z,y) = B(z,y) = 0 if y(z,y) = 0). We get:

)22+ > (leedz,y) — yB(z,y)ll — alz,y) — Bz,y)) .

zeU,yeV

We have, for each x in U:

> al,y) = > / Adry(z,y, A, 1)
W)EL,1]2

yeV yeVy(z,y)>0" (

< / Ay (9, A ) = u(@).
(y,\,n)€EX x[0,1]2

where the last equality comes from the definition of M3 (u,v). Similarly, for each y in V we
can show that ) . 8(z,y) < v(y), and Lemma 6.13 is proved. |

Lemma 6.14. d5(u,v) > d4(u,v).

Proof of Lemme 6.14: Consider (a*, 8*) achieving the minimum in the definition of ds(u,v).
Assume that there exists z* such that >° i a(2”,y) < u(z”). For any z in X and z in R¥,
it is easy to see that the mapping [ : (o — ||z — z|| — «) is nonincreasing from Ry to IR
(as the sum of the mappings Iy : (a — |ax® — 2F| — ax®), each [* being non increasing in «).
As a consequence, one can choose any y* in V' and increase a(z*,y*) in order to saturate the
constraint without increasing the objective. So we can assume without loss of generality that
> yev (z®y) = u(z”) for all 2 and similarly >, .y 8(z,y*) = v(y*) for all y*.
Consequently,

ds(uv) = 24 Y (laa*(e.y) —yB(@,y)| - o (x.) — B (2,))

(z,y)eUXV

Yo lwat(zy) = yB (@)l = dau,v). O

(z,y)eUxV
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Lemma 6.15. d4(u,v) > da(u,v).

Proof of Lemma 6.15: Fix (f,g) € D2 and (o, 8) € My(u,v).

u(f) +ulg) = D f@)ul@)+ Y g(y)oly)

zecU yey
(z,y)eUXV

< Y @ y)z— Byl < dalu,v).
(z,y)eUXV

We have shown that ds(u,v) > ds(u,v) > d4(u,v) > da(u,v) = ds(u,v) = dy(u,v). This
ends the proof of Theorem 3.10.

6.5 Proof of Lemma 2.2
We prove that

Yu,u' € Ap(X), Yo € [0,1], Flau+ (1 —a)u') = aF(u) + (1 — a)F ().

The C part is clear. To see the reverse inclusion, let v = o'} v u(x) f(2)+(1—a) Y o x v/ () f'(x)
be in aF(u) + (1 — ) F(u'), with transparent notations. Define
au(z)f(z) + (1 = a)u'(z) f'(x)

9(x) = au(z) + (1 — a)u/(x) ’

for each x such that the denominator is positive. Then g(z) € convF(z), and

v= Z (au(z) + (1 — a)u/(z)) g(z) € Flau+ (1 — a)u').
reX

6.6 Proof of Theorem 4.5

Assume that X is a compact subset of a simplex A(K), and let ¥ = (X, A4, ¢, g) be a standard
MDP such that: Vo € X,Vy € X,Va € A,Vf € D;,Ya >0,V8 > 0,

af(q(2,a)) = Bf(q(y; a))| < [laz = Byl and |ag(z, a) = Bg(y, a)| < |laz - By]-

We write Z, = Ap(X) x [0,1], and Z. = A(X) x [0,1]. We will use the metric d, intro-
duced previously and its restriction to A(X), so that Z. is a compact metric space. For all
(), (') € Ap(X) x [0, 1], we put d((u,y), (', /) = max(d(u, w), |y — y/]) s0 that (.. d)
is a precompact metric space. Recall we have defined the correspondence F from Z, to itself
such that for all (u,y) in Z,

F(u,y) = {(Q(v,0),G(u,0)) s.t. o : X — Ap(A)},
with the notations Q(u,0) = > v u(x)q(x,0(zx)) and G(u,0) = > . x u(x)g(x,o(x)). We
simply define the payoff function r from Z, to [0,1] by r(u,y) =y for all (u,y) in Z.. We start
with a crucial lemma, which shows the importance of the duality formula of Theorem 3.10.

Lemma 6.16. F is an affine and non-expansive correspondence from Z. to itself.

Proof of Lemma 6.16. We first show that: Vu,u’ € A¢(X), Vo € [0,1], Vy,y' € [0,1], F(au +
1—a)u,ay+(1—a)y) = aF(u,y) + (1 —a)F(u',y). First the transition does not depend on
the second coordinate so we can forget it for the rest of the proof. The C part is clear. To see the
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reverse inclusion, consider o : X %AAf (4), 0" : X - Aj(A) and v = ) oy u(z)g(z,0(x)) +
(1—a)> cx v (x)q(z,0' (7)) in aF(u) + (1 — a)F(u'). Define
au(z)o(z) + (1 — a)u'(z)o’ (x)

(@) = au(z) + (1 — a)u/(z) ’

for each 2 such that the denominator is positive. Thenv =3 _ y(cu+(1—a)u'(x))q(z,o*(x)),
and F is affine.

We now prove that F' is non-expansive. Let z = (u,y) and 2/ = (u/,y') be in Z.. We
have d((u,y), (v/,y")) > d«(u,u’) and denote by U and U’ the respective supports of u and
u/. By the duality formula of Theorem 3.10, there exists o = (a(p,p’))pp)cuxvs and § =
(B0, ?"))(p.pyeuxur with non-negative coordinates satisfying: ZP’GU’ alp,p’) = u(p) for all

peU, ZPGU,B(p,p’) =u/(p’) for all p’ € U’, and

do(u,d) =" > palpp)—p Bm.p)h

(p,p")EU XU’

Consider now v = Q(u,0) = >_ ; u(p)q(p, o(p)) for some o : X — Ar(A). We define for

all p’ in U’: ( )
1oy 5}7,]7/

o)=Y = La(p),
peU u(p)

and v = Q(u',0") = 3 e W' (p)q(p', o' (p')). Then v' € F(u',y'), and for each test function
 in Dy we have:

lo(v) = ()] = 1> alp,p)ela(p. o (p)) — Blp.p)ela®’, o(p)))]

=1 alp.p)op)(a)elqlp, a) — Bp,p)o(p)(a)e(q(p, a))l

p.p’,a

< e, p)p = B, 0P 1 = dulu, o),

p,p’

and therefore d,(v,v") < d.(u,u’). In addition we have a similar result on the payoff,
Glu,0) = G(u',0") =Y alp,p)g(p.o(p)) — Blp,p)a(p .o (p))|
p.p’

< e, p")p = Blp, )P I
p,p’
< dy(u,u’).

Thus we have d((Q(u, o), G(u,0)),(Q(v,0"),G(u,0"))) < du(u,v’) < d(z,2). O
Recall that the set of invariant couples of the MDP ¥ is:
RR = {(u,y) € Zc,((u.y), (u,y)) € cl(Graph(F))},
and the function v* : X — IR is defined by:

v*(z) =inf {w(z),w:A(X)— [0,1] affine continuous s.t.
(1)Vy € X, w(y) > supw(q(y, a)) and (2) V(uy) € RR,w(u) 2y }.
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We now consider the deterministic Gambling gouse I' = (Ze, F, r). Z. is precompact metric,
F' is affine non-expansive and 7 is obviously affine and uniformly continuous. Given an evalua-
tion 6, the f-value of I at z = (u,y) is denoted by 0g(u, y) = 99(u) and does not depend on y.
The recursive formula of Section 2 yields:

V(u,y) € Z, vo(u) = sup 019" + (1 — 01)0p+ (u')
(u',y')EF (u)

= sup (01G(u,0) + (1 — 61) 09+ (Q(u, 0))) .
ceEX—Af(A)

Because F' and r are affine, 0y is affine in v and the supremum in the above expression can be
taken over functions from X to A. Because F' is non-expansive and r is 1-Lipschitz, each ¥y is
1-Lipschitz.

We denote by vy the 6-value of the MDP ¥ and linearly extend it to Ay(X). It turns out
that the recursive formula satisfied by vy is similar to the above recursive formula for 79, so
that vg(u) = 0g(u,y) for all u in Ay(X) and y in [0,1]. As a consequence, the existence of the
general limit value in both problems I and U is equivalent. Moreover, a deterministic play in
I' induces a strategy in W, so that the existence of the general uniform value in I will imply
the existence of the general uniform value in ¥ (note that deterministic and mixed plays in r
are equivalent since F' has convex values).

It is thus sufficient to show that I' has a general uniform value given by v*, and we can
mimic the end of the proof of Theorem 2.10. Lemma 6.2 applies word for word. Finally, one
can proceed almost exactly as in Propositions 6.3 and 6.4 to show that f‘, hence V¥, has a general
uniform value given by v*.

6.7 Proof of Theorem 5.9

Assume that I'(m) = (K, I,J,C, D, q,g,7) is a repeated game with an informed controller, i.e.
that assumptions 5.6 and 5.7 are satisfied. The proof will consist of 5 steps. First we introduce
an auxiliary standard Markov Decision Process ¥(7) on the state space X = A(K). Then we
show that for all evaluations 6, the repeated game I'(7w) and the MDP W(7) have the same
f-value. In step 3 we check that the MDP satisfies the assumption of Theorem 4.5 so it has a
general limit value and a general uniform value v*. As a consequence the repeated game has
a general limit value v*(7). Then we prove that player 1 can use an e-optimal strategy of the
auxiliary MDP in order to guarantee v*(m) — € in the original game. Finally we prove that
Player 2 can play by blocks in the repeated game in order to guarantee v*(w) + . We obtain
that v*(7) can be guaranteed by both players in the repeated game, so it is the general uniform
value of I'().

For every P € A(K xC x D), we denote by P the marginal of P on K x D. We denote by 1p
the disintegration on A(K x D) with respect to D (recall Theorem 3.13): for all 4 € A(K x D),

Yo () = X gep 1(d)du(ja)-

Step 1: We put X = A(K) and A = A(I)X and for every p in X, a in 4 and b in A(J),
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we define:
r(p,a,b) = > praF(ib()gk,i,5) € [0,1],
(k,i,j)eK XIxJ

R(p,a) = inf r(p,a,b) = inf r(p,a,j),
jeJ

bEA(])
apa)= Y pa*(i)alk,i) € A(K x D),
(kd)eK xI
Q(p7 a) = wD(Q(Z% (l)) = Z a(p7 a)(d)ax(pm,,d) S Af(X)
deD

Since g(p,a) is a probability distribution over A(K x D) . For every d € S, G(p,a)(d) denotes
the probability to observe d and x(p, a,d) denotes the conditional probability on K knowing d,
i.e. the belief of the second player on the new state after observing the signal d and knowing
that player 1 has played a at p:

ap.a) (K d) _ Sy ralk,a(k)(K.d)

q(p,a)(d) >, Pra(k, a(k))(d)
We define the auxiliary MDP ¥ = (X, A, @, R), and denote the #-value in the MDP by ©y. The
MDP with initial state 7 has strong links with the repeated game I'(7).

Vk/ e K7 X(p7 a’ d)(k:/) =

Step 2: By proposition 4.23, part b) in Renault [32], we have for all evaluations 6 with
finite support:
1)9(7'() = ’lA)g(’/'AT)
The proof relies on the same recursive formula satisfied by v and ¢, and the equality can be
easily extended to any evaluation 6.
Vo € A(IN™),Vp € X, vy(p) = sup inf (017(p,a,b) + (1 = 01)ve+ (Q(p, a)) ) -

where vg+ is naturally linearly extended to Af(X). As a consequence if ¥(7) has a general
limit value so does the repeated game T'(7r).

Step 3: Let us check that ¥ satisfies the assumption of Theorem 4.5. Consider p, p’ in X,
ain A, and a > 0 and 8 > 0. We have:
|O[R(p7 (1) 75R(p/aa)| < sup |O[’I”(p7 a, b) fﬂr(p',a,bﬂ
beA(J)

< sup | apfy(k,d¥,b) — Bpg(k,a*,b)
beA) |hek

< sup > Jap" - Bp*| = [lap - Byl
beA() fore

Moreover, let ¢ : A(K) — IR be in D;.
lap(Q(p, a)) — Be(Q(p', a))| > (aq(p, a)(d)e(x(p, a,d)) — Ba(p', a)(d)p(x(V', a,d)))

deD

< > lladlp,a)(d) x(p,a,d) = B ap', a)(d) x(v, a,d)|x
deD

< > e (@lp, a) (K d)w = B (a0, a) (K, d))we |1
deD

< 0> llap @k, a) (K d))w = Bp™ (a(k, a) (K, d)) |
deD keK

< XY aka) (K, d) |ap* = Bp™| = lap — B0 ||r-

deD k' eK keK
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So ¥ = (X, A,Q, R) has a general limit value and a general uniform value that we denote
by v*. As a consequence, I'(r) has a general limit value v* ().

Step 4: Given ¢ > 0, there exist & > 0 and a strategy ¢ in the MDP ¥(7) such that
the #-payoff in the MDP is large: 4g(#,0) > v*(w) — e whenever TV (0) < a. Moreover if we
look at the end of the proof of Theorem 4.5 we can choose o to be induced by a determin-
istic play in the Gambling gouse I' with state space Z, = Af(X) x [0,1]. As a consequence
one can mimic o to construct a strategy o* in the original repeated game I'(m) such that:
V1 € T,y9(mw,0%,7) > v*(7) — € whenever TV () < a.

Step 5: Finally we show that player 2 can also guarantee the value v* in the repeated game
I'. Note that in the repeated game he cannot compute the state variable in A(K) without
knowing the strategy of player 1. Nevertheless he has no influence on the transition function
so playing independently by large blocks will be sufficient for him in order to guarantee v* ().
We use the following characterization of the value proved in Renault [32]:

v*(m) = inf sup v, n (7).
nom

where vy, ,, is the value of the game with payoff function the Cesaro mean of the stage payoffs
between stages m+ 1 and m+n. We proceed as in proposition 4.22 of Renault [32]. Fix ng > 1,
then we consider the strategy 7* which for each j € IN, plays optimally in the game with
evaluation the Cesaro mean of the payoffs on the block of stages B/ = {ng(j — 1) +1,...,ngj}.
Since player 2 does not influence the state, 7* is well defined and guarantees sup;sq Vi,n, (#) on
each block BJ.

Let 6 be an evaluation and o be a strategy of player 1. For each j > 1, denote by 6; the

minimum of # on the block B7. We have

400 jno
Yo(m,0,7") = Z-ETK‘,G',T* Z 0r g(ke, a, bt)

j=1 t=(j—1)no+1
—+oo —+oo

< g 0;8up v (1) + 10 Y |0r41 — 64
— >0 —
j=1 t=1

< SUP Vg pg () + 1TV (6).
>0

Given ¢, there exists ng such that sup;>q ve,n, () < v*(7) + €. Fix o = ;= and 7" defined as

before then for all § such that TV (0) < «, we have

sup yg(m, 0, 7%) < 0™ (7) + 2¢,
oex

and this concludes the proof of Theorem 5.9.
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