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Titolo: Calcolo stocastico via regolarizzazione in dimensione infinita e motivazioni finanziarie.

Riassunto: Questa tesi di dottorato sviluppa certi aspetti del calcolo stocastico via regolarizzazione
per dei processi a valori in uno spazio di Banach generale B. Viene introdotto un concetto orginale di
x—variazione quadratica, dove x € un sottospazio del duale de prodotto tensoriale B ® B, munito della
topologia proiettiva. Una attenzione particolare é dedicata al caso in cui B é lo spazio della funzioni
continue su l'intervallo [—7, 0], 7 > 0. Viene dimostrata una classe di risultati di stabilita attraverso funzioni
di classe C! di processi che ammettono una y-variazione quadratica e viene dimostrata una formula di Ito
per tali processi. I processi continui reali a variazione quadratica finita Y (ad esempio processi di Dirichelt
o anche Dirichlet debole) giocano un ruolo significativo. Viene definito un processo associato chiamato
processo finestra e indicato con Y;(-) definito da Y;(y) = Yiy, per y € [—7,0]. Y(-) & un processo a valori
nello spazio di Banach C[—7,0]. Se Y ¢ un processo reale con varazione quadratica uguale a [Y]; =t e
h = F(Y7(:)) dove F ¢ una funzione di classe C?(H) Fréchet e H = L?([-T,0]), & possibile rappresentare
h come somma di un numero reale Hy pit un integrale forward di tipo fOT &d™Y dove £ & un processo di
cui diamo la forma esplicita. Questo generalizza la formula di Clark-Ocone valida quando Y & un moto
Browniano standard W. Una delle motivazioni viene dalla teoria di copertura di opzioni che dipendono da

tutta la traiettoria del sottostante o quando il prezzo dell’azione sottostante non € una semimartingala.
Titre: Calcul stochastique via régularisation en dimension infinie avec motivations financieres.

Résumé: Ce document de these développe certains aspects du calcul stochastique via régularisation
pour des processus a valeurs dans un espace de Banach général B. Il introduit un concept original de
x-variation quadratique, ou x est un sous-espace du dual d’un produit tensioriel B® B, muni de la topologie
projective. Une attention particuliere est dévouée au cas ou B est I'espace des fonctions continues sur
[~7,0], 7 > 0. Une classe de résultats de stabilité de classe C'! pour des processus ayant une y-variation
quadratique est établie ainsi que des formules d’It6 pour de tels processus. Un role significatif est joué par
les processus réels & variation quadratique finie Y (par exemple un processus de Dirichlet, faible Dirichlet).
Le processus naturel & valeurs dans C[—7, 0] est le dénommé processus fenétre Y;(-) ot Y;(y) = Yi4,. Si
Y est un processus dont la variation quadratique vaut [Y]; =t et h = F(Yp(:)) ou F est une fonction de
classe C?(H) Fréchet where H = L?([—T,0], il est possible de représenter h comme un nombre réel Hy plus
une intégrale progressive du type fOT £dTY o £ est un processus donné explicitement. A certains égards,
ceci généralise la formule de Clark-Ocone valide lorsque Y est un mouvement brownien standard W. Une
des motivations vient de la théorie de la couverture d’options lorsque le prix de I'actif soujacent n’est pas

une semimartingale.



Title: Infinite dimensional calculus via regularization with financial motivations.

Abstract: This paper develops some aspects of stochastic calculus via regularization to Banach valued
processes. An original concept of y-quadratic variation is introduced, where  is a subspace of the dual of
a tensor product B ® B where B is the value space of the process. Particular interest is devoted to the
case when B is the space of real continuous functions defined on [—7,0], 7 > 0. Itd formulae and stability
of finite y-quadratic variation processes are established. Attention is devoted to a finite real quadratic
variation (for instance Dirichlet, weak Dirichlet) process X. The C([—7,0])-valued process Y (-) defined by
Y:(y) = Yiyy where y € [—7,0] is called window process. Let T' > 0. If Y is a finite quadratic variation
process such that [Y]; =t and h = F(Yr(:)) where F is a C?(H) Fréchet function with H = L?([-T,0]), it
is possible to represent h as a sum of a real number Hy plus a forward integral of type fOT &d™Y where €
will be explicitly given. This decomposition generalizes the Clark-Ocone formula which is true when Y is
the standard Brownian motion W. The main motivation comes hedging theory of path dependent options

without semimartingales in mathematical finance.
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Chapter 1

Introduction

Classical stochastic calculus and integration come back at least to It6 [27] and it has been developed
successfully by a huge number of authors. The most classical It6’s integrator is Brownian motion but
the theory naturally extends to martingales and semimartingales. Stochastic integration with respect to
semimartingales is now quite established and performing. For that topic, there are also many monographs,
among them [30], [37] for continuous integrators and [29] and [36] for jump processes. In order to describe
models coming especially from physics and biology, useful tools are infinite dimensional stochastic differential
equation for which the classical stochastic integrals needed to be generalized. Those integrals involve
Banach valued stochastic processes. At our knowledge the seminal book is [33], which generalizes stochastic
integrals and It6 formulae, in a general framework, to a class of integrators called m-processes. Let B
be a Banach space and X a B-valued continuous process. Let Y be an elementary B*-valued process
i.e. it is a finite sum of functions of the type clj, 3, where a < b and c is a non-anticipating B*-valued
random variable. The integral f0T<c]1]a,b], dX) can be obviously defined by (¢, X — X,). The integral

f0T<Y7 dX) can be deduced by linearity. If X is a so-called m-process and Y is an elementary process

then the following inequality holds E [ f0T<Y, ax >] ’ <E [ fOT ||Y|\2da} , where « is a suitable measure on
predictable sets. In other words for a m-process X it is possible to write a generalization of the isometry
property of real valued It6 integrals. If the Banach values space B is a Hilbert space then the concept
of m-process generalizes the notion of square integrable martingale and bounded variation process. The
infinite dimensional stochastic integration theory has known a big success in applications to different classes
of (stochastic) partial differential equations. It concerned especially the case when B is a separable Hilbert
space. The most frequent tools are the Da Prato-Zabczyk integral (see [11]) and Walsh integral ([52]).
A recent book completing the Metivier-Pellaumail approach is the [16]. A significant theory of infinite
dimensional stochastic integration was developed when B is an M-type 2 Banach spaces, see [13, 12] and

continued by several authors as e.g. [5], [1]. Interesting issues in this direction concern the case when B
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is a UMD space; one recent paper in this direction is [50]. A space which is neither a M-type 2 space
nor a UMD space is C([—7,0]) with 7 > 0, i.e. the Banach space of real continuous functions defined on
[—7,0]. This is the typical space in which stochastic integration is challenging. This context is natural when
studying stochastic differential equations with functional dependence (as for instance delay equations). Due
to the difficulty of stochastic integration and calculus in that space, most of the authors fit the problem in
some ad hoc Hilbert space, see for instance [7]. A step in the investigation of stochastic integration for

C([—T,0])-valued and associated processes was done by [51].

The literature of stochastic integrals via regularizations and calculus concerns essentially real valued
(and in some cases R"-valued) processes. This topic was studied first in [40] and [41, 42]. A recent survey
on the subject is [44]. Important investigations in the case of jump integrators were performed by [14].
Given an integrand process Y = (Y):eo,7) and an integrator X = (X¢)e(o,77, @ significant notion is the
forward integral of Y with respect to X, denoted by fOT Yd~X. When X is a (continuous) semimartingale
and Y is a cadlag adapted process, that integral coincides with Ito’s integral fOT YdX. Stochastic calculus
via regularization is a theory which allows, in many specific cases to manipulate those integrals when Y is
anticipating or X is not a semimartingale. If X = W is a Brownian motion and Y is a (possibly anticipating)
process with some Malliavin differentiability, then fOT Yd~W equals Skorohod integral fOT YW plus of a
trace term. A version of this calculus when B has infinite dimension was not yet developed. The aim of
the present work is to set up the basis of such a calculus with values on Banach spaces in the (simplified)
case when integrals are real valued. The central object is a forward integral of the type fOT<Y, d~X), when
Y (resp. X) is a B*-valued (resp. B-valued) process. We show that when B = X is a Hilbert space, Y is a
non-anticipating square integrable process and X is a Wiener process, fOT<Y, d~X) coincides with the Da
Prato-Zabczyk integral.

One important object in calculus via regularization is the notion of the covariation [X,Y] of two real
processes X and Y. If X =Y, [X, X] is called the so-called quadratic variation of X. If X is R"-valued
process with components X1!,..., X", the generalization of the notion of quadratic variation [X, X] is
provided by the matrix ([X 9. ¢ ])Uzln If such a matrix indeed exists, one also says that X admits all
its mutual covariations.

In this paper we introduce a sophisticated notion of quadratic variation which generalizes the former one.
This is called y-quadratic variation in reference to a subspace x of the dual of B®,B. When B is finite
dimensional, if X admits all its mutual brackets, then X has a y-quadratic variation with y = (B&,B)*. A
Banach valued locally semi summable process X in the sense of [16], has again a y-quadratic variation with
X = (B®,B)*. We establish a general Ito’s formula; we also show that if X has a x-quadratic variation
and F : B — R is of class C! Fréchet with some supplementary properties on DF than F(X) is a real
finite quadratic variation process.

A specific attention is devoted to the case when B = C([—7,0]) and X is a window process associated to a



real continuous process. Given 7 > 0 and a (F;)-classical real Brownian motion W = (Wy)c(o,7], we will
call window Brownian motion the C([—, 0])-valued process W(-) = (Wt('))te[o,T] = {Wi(u) := Wipy;u €
[-7,0],t € [0,T]}. C([—7,0]) is typical a non-reflexive Banach space. We obtain generalized Doob-Meyer
decomposition for C'-functionals of window Dirichlet processes. Motivated by financial applications, we
finally establish a Clark-Ocone type decomposition for a class of random variables h depending on the
paths of a finite quadratic variation process Y such that [Y]; = ¢. This chapter is motivated by the hedging
problem of path-dependent options in mathematical finance. If the noise is modeled by (the derivative
of a) Brownian motion W, the classical martingale representation theorem and classical Clark-Ocone
formula is a useful tool for finding a portfolio hedging strategy. One of our results consists in expressing a
random variable h = H(Y(-)), where H has some Fréchet regularity, as h = Hy + fOT £,d7Y, where Hj is
a real number and ¢ is an non-anticipating process which are explicitly given. Previous formula extends
Clark-Ocone formula to the case when Y is no longer a Brownian motion but it has the same quadratic
variation. This generalizes some results included in [47, 3, 9] concerning the hedging of vanilla or Asiatic

type options.

The paper is organised as follows. After this introduction, chapter 2 contains preliminary notations
with some remarks on classical Dirichlet processes and Malliavin calculus and basic notions on tensor
products analysis. In chapter 3, we define the integral via regularization for infinite dimension Banach
valued processes and we establish link with notion of Da Prato-Zabczyk’s stochastic integral. chapter 4
will be devoted to the definition of x-quadratic variation and some related results and in chapter 5, we will
evaluate the y-quadratic variation for different classes of processes. In chapter 6, we give the definition of
x-covariation and we establish C stability properties and some basic facts about weak Dirichlet processes
and to the Fukushima-Dirichlet decomposition of process F'(¢, D;(-)) with a sufficient condition to guarantee
that the resulting process is a true Dirichlet process. In chapter 7 we verify a C2-Fréchet type It6’s formula.

The final chapter 8 is devoted to the Clark-Ocone type formula.
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Chapter 2

Preliminaries

2.1 General notations

In this chapter we recall some definitions and notations concerning the whole paper. Let A and B be
two general sets such that A C B, 14 : B — {0,1} will denote the indicator function of the set A, i.e.
Tg(x)=1ifx € Aand L4(x) =0if x ¢ A. Let R be a sentence that may be true or not, in this case
1z = 1if R is fulfilled and 1z = 0 if R is not fulfilled. It holds 14(x) = Lycay. If m,n are positive
natural numbers, we will denote by M, «,(R) the space of real valued matrix of dimension m x n. When
m = n, this is the space of squared real valued matrix n x n, denoted simply by M,,(R). If n = 1, M,,,»1(R)
will be identified with R™, analogously if n = 1.

Throughout this paper we will denote by (92, F, P) a fixed filtered probability space where F = (F;)>0
stands for a given filtration (F;0 < ¢ < T) fulfilling the usual conditions. Let a < b be two real numbers,
C([a, b]) will denote the Banach linear space of real continuous functions equipped with the uniform norm
and Cy([a,b]) will denote the space of real continuous functions f on [a, b] such that f(a) = 0. The letters
B, E, F,G (respectively H) will denote Banach (respectively Hilbert) spaces over the scalar field R. Given
two norms || - ||y and || - ||2 on E, we say that || - |1 < | - ||z if for every x € E there is a positive constant ¢
such that ||z]; < c||z||2. We say that || - |1 and || - ||2 are equivalent if they define the same topology, i.e. if
there exist positive real numbers ¢ and C' such that ¢ ||z||2 < ||| < C||z||2 for all z € E.

The space of bounded linear mappings from F to F will be denoted by L(E; F') and the topological dual
space of B by B*. If ¢ is a linear functional on B, we shall denote the value of ¢ at an element b € B
either by ¢(b) or (¢, b). Throughout the paper the symbols (-, -) will denote always some type of duality
that will change depending on the context. Let K be a compact space, M(K) will denote the dual space
C(K)*, i.e. the so-called set of finite signed measures on K. We will say that two positive (or signed or

complex) measures p and v defined on a measurable space (2, X)) are singular if there exist two disjoint

11
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sets A and B in 3 whose union is €2 such that u is zero on all measurable subsets of B while v is zero on all
measurable subsets of A. This will be denoted by plv. Given a Banach space B and its topological bidual
space B** the application J : B — B** will denote the natural injection between a Banach space and its
bidual. J is an isometry with respect to the topology defined by the norm in B and J(B) is weak star
dense in B**. For more informations about Banach spaces topologies, see [4, 54]. Let E, F, G be Banach
spaces, we shall denote the space of G-valued bounded bilinear forms on the product E x F' by B(E x F;G)
with the norm given by |¢| = sup{||¢(e, f)llc : lle[lr < 1;[|fl|lr < 1}. The letters X, Y, Z will denote
Banach valued continuous processes indexed to time variable ¢ € [0,T] with 7' > 0 (or ¢ € R). A stochastic
process X will be also denoted by (X)cpo,r] or {Xs;t € [0,T]}. A B-valued stochastic process X is a
map X : w x [0,7] — B which will be always supposed to be measurable w.r.t. the product sigma-algebra.
All the processes indexed by [0, 7] (respectively R*) will be naturally prolongated by continuity setting
X; = Xp for t <0 and X; = Xy for t > T (respectively X; = Xq for t < 0). A sequence of continuous
B-valued processes (X™)n,en will be said to converge ucp (uniformly convergence in probability) to a
process X if supg,<7 [ X™ — X||p converges to zero in probability when n — oo. The space C([0,T7)
will denote the linear space of continuous real processes equipped with the ucp topology and the metric
d(X,Y) = E |sup,e(o,r) | Xt — Yi| A 1|. The space C([0,T]) is not a Banach space but equipped with this
metric is a Fréchet space (or F-space shortly) see Definition I1.1.10 in [17]. For more details about F-spaces
and their properties see chapter II.1 in [17].

We recall Lemma 3.1 from [43]. The mentioned lemma states that a sequence of continuous increasing

processes converging at each time in probability to a continuous process, converges ucp.

Lemma 2.1. Let (Z¢)es0 be a family of continuous processes. We suppose
1) Ve > 0, t — Z; is increasing.
2) There is a continuous process (Z;):so such that Zf — Z; in probability when e goes to zero.

Then Z¢ converges to Z ucp.

We go on with our notations.
If X is a real continuous process indexed by [0,7] and 0 < 7 < T, we will call X window process the
C([—=7,0])-valued process denoted by (X¢()),c[o,7) defined setting

(Xe(Diepo,r) = (Xe(u) := Xpquiu € [=7,0]) (0,17 -

The symbols X (-) or {X;(-); ¢ € [0,T]} will denote always the (X¢(-)),c[0,77 Window process.

2.2 The forward integral for real valued processes

We will follow here a framework of calculus via regularizations started in [41]. At the moment many

authors have contributed to this and we suggest the reader consult the recent fairly survey paper [44] on
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it. We first recall basic concepts and some one dimensional results about calculus via regularization. For
simplicity, all the processes considered, except if stated otherwise, will be continuous processes. For two

real valued processes X and Y we define the forward integral and the covariation as follows

¢ ¢ Ytr € Yr
Jf X, d7Y, = lim [ X, ""ar (2.1)
0 e—0 0 €
1 t
(X, Y]t = liH(l) - (Xpqe — X)) (Yege = Y, )dr (2.2)
=0 € Jo

if those quantities exist in the sense of ucp with respect to ¢. This ensures that the forward integral defined
in (2.1) and the covariation process defined in (2.2) are continuous processes. It can be seen that the
covariation is a bilinear and symmetric operator. If (X*,..., X™) is a vector of continuous processes we
say that it has all its mutual covariations (brackets) if [X?, X7] exists for any 1 <4,j <n. If X! ... X"
have all their mutual covariations then by polarization (i.e. writing a bilinear form as a sum/difference of

quadratic forms) we know that [X?, X7] are locally bounded variation processes for 1 <i,j < n.

Lemma 2.2. Let (X!,..., X™) be a vector of continuous processes such that

1 rt . ) ) .
! / (XF, . — X)X, — XI)ds (2.3)

€

converges in probability for every 1 <4, < n to some continuous process. Then [X* X7] exists for every
1<i,j<n.
Proof. Let i, j be fixed. By bilinearity we can write
I , , , 42
[l xio - o x] s
0

which converges in probability for every t. By Lemma 2.1, it converges ucp. Again by bilinearity, it follows
the result. 0O

Definition 2.3. If [ X, X] exists, even denoted by [X], then X is said to be a finite quadratic variation

process, [X] is called the quadratic variation of X. We convene that
[X]:=0 for t < 0. (2.4)
If [X] =0, then X is said to be a zero quadratic variation process.

A bounded variation process is a zero quadratic variation process. If S, S? are (F;)-semimartingale
then [S!, S?] coincides with the classical bracket (S, S?).

Remark 2.4. 1. Let S be an (F;)-continuous semimartingale (resp. Brownian motion), (Y;) be an
adapted cadlag (resp. such that fOT Y,2dr < o0). Then fo Y,.d™ S, exists and equals the classical It6
integral [ Y,.dS,, see chapter 3.5 in [44].
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2. Let X (respectively Y) be a finite (respectively zero) quadratic variation process. Then (X,Y") has

all its mutual covariations and [X,Y] = 0.

Definition 2.5. Let X and Y two real continuous processes. We call covariation structure of X the
field (u,v) — [Xyu+., Xv+.] whenever it exists for all u,v € R. We call covariation structure of X and

Y the field (u,v) — [Xyy., Yy4.] whenever it exists for all u,v € R.
An important fact about the covariation structure of semimartingale is the following.

Proposition 2.6. Let X and Y be two (F;)-continuous semimartingales. Then X admits a covariation
structure such that [X,1.,Y,+.] =0 for u # v.

2.3 Notations about processes

We introduce now some continuous processes that will appear in the paper.
W (respectively B and BH-X) will denote a real (F;) Brownian motion (resp. a fractional Brownian
motion of Hurst parameter H € (0, 1] and a bifractional Brownian motion of parameters H € (0,1) and
K € (0,1]). The bifractional Brownian motion was introduced by Houdré and Villa in [25] and investigated
by Russo and Tudor in [39]. In particular, [39] shows that the bifractional Brownian motion behaves
similarly to a fractional Brownian motion with Hurst parameter HK and developed a related stochastic
calculus. Other properties were established by [31] and [22].
X will be a real (F;)-semimartingale if X admits a decomposition X = M +V where M is a F-local square
integrable integral, V' is a locally bounded variation process and Vj = 0.
D will be a real continuous (F;)-Dirichlet process if D admits a decomposition D = M + A where M is
an (F;)-local martingale and A is a zero quadratic variation process. The decomposition is unique if we
require for instance Ay = 0, see for instance [45]. A Dirichlet process is in particular a finite quadratic
variation process. An (F;)-semimartingale is also an (F;)-Dirichlet process, a locally bounded variation
process is in fact a zero quadratic variation process.
The concept of Dirichlet process can be weakened. We will make use of an extension of such processes,
called weak Dirichlet processes, introduced in parallel in [20] and implicitly in [21]. Recent developments
concerning the subject appear in [8, 10, 48]. Weak Dirichlet processes are not Dirichlet processes but they
preserve a sort of orthogonal decomposition.
D will be a (F;)-weak Dirichlet process if D admits a decomposition D = M + A where M is an (F)
local martingale and A is a process such that [A, N] = 0 for any continuous (F;) local martingale N.
For convenience, we will always suppose Ag = 0. A will be said to be an (F;)-martingale orthogonal
process. The decomposition is unique, see for instance Remark 3.5 in [24]. [10] made the following
observation. If the underlying filtration (F;) is the natural filtration associated with a Brownian motion

W then the condition “A is a process such that [A, N] = 0 for any continuous (F;) local martingale N ”
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can be replaced with “A is a process with [4, W] = 07, see for instance [10]. An (F;)-Dirichlet process is
also an (F;)-weak Dirichlet process, a zero quadratic variation process is in fact also an (F;)-martingale
orthogonal process. An (F;)-weak Dirichlet process is not necessarily a finite quadratic variation process,
but there are (F;)-weak Dirichlet processes with finite quadratic variation that are not Dirichlet processes,
see for instance [21]. In this paper we will see a general example of weak Dirichlet with finite quadratic
variation which is not a Dirichlet process in Theorem 6.26.

If W (resp. B¥, BH:K X D,N) are a Brownian motion (resp. a fractional Brownian motion of Hurst
parameter H € (0,1], a bifractional Brownian motion of parameters H € (0,1) and K € (0,1], a
semimartingale, a Dirichlet, a weak Dirichlet) real process, then W () (resp. BH (), BF"* (1), X(-), N(")
and D(-) will be called window Brownian motion (resp. window fractional Brownian motion of Hurst
parameter H € (0, 1], window bifractional Brownian motion of parameters H € (0,1) and K € (0,1],
window semimartingale, window Dirichlet or window weak Dirichlet). The window processes will constitute

the main example of Banach valued process in the paper; in that case the state space is C'([—, 0]).

2.4 Direct sum of Banach spaces

We recall the definition of direct sum of Banach spaces given in [17]. The vector space E is said to
be the direct sum of vector spaces F; and Fs, symbolically E = FEy & E», if E; are subspaces of E with
property that every e € E has a unique decomposition e = e; + €2, ¢; € F;. The map P; : E — E;
given by P;(e) = e; is the projection of E onto E;. This map will be denoted by Pg, if necessary. If
E; are topological linear spaces over the same field of scalars, F is a topological linear space, equipped
with the product topology. If E; are Banach spaces, E is a Banach space under either of the norms:
@) ller + e2llp == max{|les|lp,. llezllz.}, (2) ller + exlle = (leally, + llezll,)/?, with 1 < p < +oc.
These norms are equivalent to the product topology and there is a real positive constant C' such that
lleillz, < Cller + ez, for i = 1,2 and all e; € Ey and ez € E5. If the norm is given by (1) or (2) with
p = 1 the constant is 1. If the norm is given by (2) with 1 < p < oo the constant will be 21-1/7 it suffices
to observe that the real function f(x) = |z|'/? is concave if p > 1.

Given T € (Ey @ E»)*, we have a unique decomposition of T' =T + T» with 71 € Ef and T, € E5. We
define T} by Ti(e) = T'(e) for all e € E; and Ty by Ty (e) = T'(e) for all e € E5. One may verify easily that
(a) T(e) =T(e1 +e2) =Ti(e1) + Ta(e2); (b) T; are linear; (c) T; are continuous. To prove (c) we use the

fact that given a sequence (e'),, in E; it holds ||e}|| g, = ||€||g for any norm in E.

It may be seen that in the case of Banach spaces, if the norms are chosen appropriately, we have
Ef ® E5 = (E1 @ E2)*. Whenever the direct sum of normed linear spaces is used as a normed space, the
norm will be explicitly mentioned. If, however, each of the spaces E; is a Hilbert space then it will be
always understood, sometimes without explicit mention, that E is the uniquely determined Hilbert space

with scalar product (e, f)g = (e1 + ez, f1 + fo)r = Z?:1<ei, fi)i, where (-, -); is the scalar product in E;.
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Thus the norm in a direct sum of Hilbert spaces is always given by (2) with p = 2 and, if necessary, will be
called Hilbertian direct sum and will be denoted by Fy @, E>. We remark that in a direct sum of Hilbert
spaces it holds (e, fYg = 0 for all e € F; and f € F5. The extension to any finite number of summands is
immediate. If F, and E5 are closed normed subspace of F, it holds m = F| @ Es.

2.5 Tensor product of Banach spaces

In this chapter we recall basic concepts and results about tensor product of two Banach spaces E and
F. For details and a more complete description of these arguments, the readers may refer to the appendix
and [46, 15], the case with E and F Hilbert spaces is well developed in [34]. Let E and F be Banach
spaces, the vector space £ ® F' will denote the algebraic tensor product. The typical description of an
element u € F® F is u = Z?:l A e; ® f; where n is a natural number, \; € R, ¢; € E and f; € F. We
observe that we can consider the mapping (e, f) — e ® f as a sort of multiplication on E x F' with values
in the vector space E ® F'. This product is itself bilinear, so in particular the representation of w is not
unique. The general element u can always be rewritten in the form u =" | z; ® y; where z; € E, y; € F.
We say that a norm, «, on B ® F is a reasonable crossnorm if a(e @ f) < |le||g || f||F for every e € E
and f € I and if for every ¢ € E* and ¢ € F*, the linear functional ¢ ® ¥ on E'® F' is bounded and
¢ @ :={suplp @ P(u)|; v € E® F;a(u) <1} < ¢z [[¢]
the vector space E ® F', the so-called called projective norm, denoted by 7 and defined by

7 (u) = inf {Z ill lyall = w =" @ @ yz} (2.5)
i=1 i=1

and the so-called injective norm, denoted by €, defined by

F+. We can define two different norms in

E*

e(u) = sup {

Z o) (yi)

: ¢>€E*,||¢|S1;¢6F*,||¢||S1} (2.6)

Those norms are reasonable and it holds that « is a reasonable crossnorm if and only if

e(u) < afu) < m(u) (2.7)

for every u € E® F, i.e. the projective one is the largest one and e is the smallest one. Moreover for every
reasonable crossnorm in E® F we have a(e® f) = |le|| || f]| and [|¢ @] = ||d]] ||¢||. We will work principally
with the projective norm 7, the injective norm € and a particular reasonable norm denoted by h, so-called
Hilbert tensor norm. The Hilbert norm is a reasonable crossnorm in the sense that , whenever E and F' are
Hilbert spaces then h derives from a scalar product (-, -),, verifying (e1 ® f1,ea® fo)per = (€1, e2)e{f1, f2)F.
Given a reasonable crossnorm «, we denote by E ®, F the tensor product vector space F ® F' endowed

with the norm «. Unless the spaces F and F' are finite dimensional, this space is not complete. We denote
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its completion by E®.F. The Banach space E®.F will be referred to as the « tensor product of the
Banach spaces E, F'. If E and F' are Hilbert spaces the Hilbertian tensor product is a Hilbert space. We
recall an important statement in the case of Hilbert spaces from chapter 6 in [34]. Let (Qq, Fy, 1) and
(9, Fo, ui2) be two measure spaces, then L2(Qy, Fi, p1)®p L3 (Do, Fo, pi2) = L2(Q1 x Qo, F1 @ Fa, jt1 @ f12).
The symbols E®i, e®? and e®? will denote respectively the Banach space E®, E, the elementary element
e ® e of the algebraic tensor product £ ® F and e ® e in the Banach space E®,E. An important role
in the paper it will be played by topological duals of tensor product spaces denoted, as usual for a dual

*

space of a Banach space, by (E®,F)* equipped with operator norm denoted by o*. If T € (E®,F)*,

a*(T) = supy (<1 [T (uw)]. By (2.7) we deduce following relation between tensor dual norms
" (u) > a’(u) > 7" (u). (2.8)

We spend some words on two special cases.
We have an isometric isomorphism between the Banach space of G-valued bounded bilinear forms on the
product E x F, denoted by B(E x F'; @), and the Banach space of G-valued bounded linear operators on
E®,F.

Proposition 2.7. Let B : E x F — G be a continuous bilinear mapping, it exists a unique bounded
linear operator B : EQF — G satisfying B(e ® f) = B(e, f) for every e € E, f € F. We observe
moreover that it exists a canonical identification between B(E x F'; G) and L(E; L(F'; G)) which identifies
B with B : E — L(F;G) by B(e, f) = B(e)(f). Thus we have a canonical identification L(E®,F;G) =
B(E x F;G) = L(E; L(F;G)). If we take G to be the scalar field R, we obtain an isometric isomorphism
between the dual space of the projective tensor product equipped with the norm 7* with the space of

bounded bilinear forms equipped with the usual norm:
(E®.F)* =B(E x F) = L(E; F*) (2.9)

With this identification, the action of a bounded bilinear form B as a bounded linear functional on F&,F

is given by
D wi®yi,B) =) Blaiy) =) Blzi)(y) (2.10)
i=1 i=1 i=1

It holds 7*(B) = || B].

There is a chain relation of densely and continuous inclusions between the following Banach tensor

products
E®.F C EQ.F C EQ.F (2.11)
then for their dual spaces it follows that,

(E®F)* C (EQaF)" C (E®.F)* (2.12)
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continuously. This inclusion it fails to be a densely inclusion even if F and F are Hilbert spaces, in

Proposition 5.35 we will give a probabilistic proof of this fact.

Remark 2.8. If £ and F are Hilbert spaces, we can identify the Hilbert space E®,F with its dual
(E®y,F)* via the Riesz-Fréchet’s representation Theorem and we still have E©, F C E®p,F continuously
and densely. The Banach space E®, F is not a reflexive space because it contains a copy of ¢! (the proof can
be found in [46], chapter 4.2), in particular it fails to be a Hilbert space even if E' and F' are Hilbert spaces.
Then we can not use the Remark 1, after Theorem V.5 in [4] and the inclusion (E®,F)* C (E®,F)* is

still only continuous and not dense. We have the triple inclusion but only continuously
E®,F C E&QLF = (EQyF)* C (E&,F)*

We recall another important identification that will be used throughout the paper in a significantly
way, this identification can be applied to obtain a representation of a space of continuous functions of two
variables as an injective tensor product of two spaces of continuous functions. Let K7, K5 be compact

spaces, therefore we have
C(K1)®:C(Ky) = C(K1;C(Ky)) = C(Ky x Ko) (2.13)

In particular we have M(K; x K3) = (C(K1)®.C(K2))* C (C(K1)®.C(K2))*. Let n1, n2 be two elements
in C([-7,0]) (respectively L?([—7,0])), the element 7; ® 2 in the algebraic tensor product C([—,0])®?
(respectively L?([—7],0)®?) will be identified with the element 1 in C([—7,0]?) (respectively L?([—7,0]?))
defined by n(z,y) = ni(z)n2(y) for all z, y in [~7,0]. Then let p be a measure on M([—T,0]?), the
pair duality (i, 71 ® 1) has to be understood as the pair duality (u,n) = f[_ﬂO]Q n(z,y)u(de, dy) =

Jimr02 m(@)m2(y) p(de, dy).
We recall an interesting result involving Hilbertian tensor product and Hilbertian direct sum.

Remark 2.9. Let X and Y be Hilbert separables spaces such that Y = Y; ®; Y5 with the Hilbertian
direct norm. Then X&,Y = (X®,Y1) ®n (X@,Y2).

Proof. To prove the result we show that there is a isometric isomorphism between the two spaces. First of all
we observe that if we consider the orthonormal basis for every Hilbert space, i.e. (en)nen for X, (fim)menn
for Y1 and (fm)mens, for Yz then the Hilbert space X ®,Y will have the basis (e, ® fin)neN.me; UM,
then the space is a tensor product of a direct sum. Moreover this is an isometry. Being a Hilbertian tensor
product it suffices to verify the isometry for elementary tensor product  ® y in X&,Y, where 2 € X,
y € Y with unique decomposition y = y; + y2, y; € Y; for ¢ = 1,2. The Hilbertian norm of the element
T ® y equals

lz @yl = llz1yl* = I Uyall® + ly2l®) = Il llyal® + 2112l = o © gl + o © yo||*
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2.6 Subsets notation

Spaces M([—7,0]) and M([—7,0]?) and their subsets will play a central role. We will introduce some
notations that will be used in the paper. Let —7 = ay < any_1 < ...a1 < ap =0 be N + 1 fixed points
in [—7,0]. Symbols a and A will refer respectively to the vector (ay,an_1,...,a1,0) and to the matrix
(Ai j)o<ij<n = (a;,aj). Vector a will identify N + 1 points on [—7,0] and matrix A will identify (N + 1)?

points on [—7,0]2.

e Symbol D;([—7,0]), D; shortly, will denote the one dimension set of Dirac’s measure concentrated on

a; € [—’7’, 0] , 1.e.
Di([—7,0]) :=={p € M([—7,0]); s.t.u(dx) = Xdg,(dz) with A € R} (2.14)

and we define the scalar product between pt = A\d,, and p? = \2§,, by (u!, u?) = AA\2. D; equipped
with this scalar product is a Hilbert space. In particular for ag = 0, the space Dy will be the space of

Dirac’s measure concentrated on 0.

e Symbol D; ;([—7,0]?), D; ; shortly, will denote the one dimensional set of Dirac’s measure concentrated

on (a;,a;) € [-7,0?, i.e.
D; i ([—T, 0]2) = {p € M([-, 0]2); s.t.u(dx, dy) = Xdg, (dx)da,; (dy) with A € R} = Di®hDj (2.15)

Let p' = A6, (dz)d,, (dy) and p? = A? 6,4, (dx)da, (dy), D;; is a Hilbert space equipped with the
scalar product defined by (u!, %) = A'A%. The identification with D;®;,D; is a trivial exercise. If

a; = a; = 0, the space Dy ¢ will be the space of Dirac’s measures concentrated on (0,0).

e Symbol D, ([—7,0]), D, shortly, will denote the N + 1 dimension set of weighted Dirac’s measures
concentrated on (N + 1) fixed points in [—7,0] identified by a.

Do([-7,0]) :={u € M([-7,0]) s.t. u(dx) = Z)\iéai (dzx); Ny €R,i=0,...,N} @Di (2.16)

Let p! = 2N ALd,, (dz) and p2 = SN A26,,(dx), D, is a Hilbert space with respect to the scalar

K2 (2

product (u', u?) = Zivzo A2, Tt is obvious the isomorphism with @5\;0 D;, where the (N +1) direct

K2

sum is equipped with the Hilbertian norm. D, is a subspace of the Banach space M([—7,0]).
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e Symbol D([—7,0]2), D4 shortly, will denote the (N + 1)? dimensional set of measures concentrated

on (aj,a;)o<ij<n € [—7,0]%, ie.

Du([-7,01%) == {u € M([-7,0]%); s.t.u(dz,dy) = A; j 6a,(dz)d,, (dy) With ; ; ER, 4,5 =0,...,N}
(2.17)

Let p!' = Al 0a,(dx)da; (dy) and p? = A?; 64, (dx)da;(dy), Da is a Hilbert space equipped with

J B J

the scalar product defined by (u!, u?) = D o0<i j<N Al ;A7 ;. Moreover we have the following useful

identifications

N N N
Dy = Doy Dy = Dol = (EB Di) én = P DiénD; = P Dy (2.18)
i=0 i,j=0 i,j=0
In fact there is an isometric isomorphism between D4 and D, &, D,. Let p = Aij 0a; (dx)da; (dy) € Da

N o Mijda; ® 04, The contrary

there is a unique element i € D,&),D, identified by o = >, =0

follows in analogous way. The isometry is trivial by equality between scalar products. Let
pb234 = Ef\io A#345, (dx), four elements in D,, the Hilbertian tensor product D,&,D, is
equipped with the scalar product (u!@u?, p3@u®) = (ut, 13)(u?, u*) = (Zf\io )\11)\;3) (Zz‘]\;o )\f)\?) =
D 0<ij<N AAIAZAS. Other two identifications in (2.18) derives by (2.16), Remark 2.9 end (2.15).

77 7N

Dirac’s measures concentrated in vector a (in matrix A respectively) are mutually singular with
respect to the Lebesgue measure on [—7,0] (on [—7,0]? respectively), this shows the direct sum
representation for D, and D4. We will appreciate the importance of a direct sum representation
with Proposition 4.19. As a proper subspace of D4 ([T, 0]?) we could consider the case with only the

points on the diagonal of [—7, 0]%.

Symbol Dy([—T,0]?), Dy shortly, will denote the N + 1 dimension set of weighted Dirac’s measures

concentrated on (N + 1) fixed points (ai, a;)i—o,... n on the diagonal of [—7,0]?, i.e.

N N
Da([—7,0%) := {1 € M([—7,0]?) s.t. u(dx) = Z Xidq, (dx)dg, (dy); \i R, 1 =0,...,N} & @Di,i
i=0 i=0

(2.19)

This a Hilbert space.

Remark 2.10. There are naturally identification D; = D; ; = R, D, = Dy = RN+ and Dy
M(y+1)(R) = RN @ RNF1 - All those spaces are finite dimensional separable Hilbert spaces.

We give others examples of infinite dimensional subsets of measure.
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e L2([—7,0]) is a Hilbert subspace of M([—T,0]), as well as L?([—,0]?) = L?([-, O])®i is a Hilbert
subspace of M([—,0]?), both equipped with the norm derived from the usual scalar product.

e D;([-7,0]) ® L3([-7,0]) is a Hilbert subspace of M([—7,0]). This is a direct sum in the space of
measure M([—7,0]). In fact for every measure u € M([—7,0]) the Lebesgue decomposition identify
uniquely a measure i, absolutely continuous w.r.t. Lebesgue measure and a measure us singular
w.r.t. Lebesgue measure such that p = pa. + ps. If moreover u € L%([—7,0]) U D;([-7,0]), the
decomposition identifies uniquely the part in .. € L*([—7,0]) and us € D;([—7,0]) and the sum is

direct. As generalization of this case we have

e D,([-7,0]) & L*([-,0]) = @ﬁio D;i([-7,0]) ® L*([-7,0]), this is a Hilbert separable subspace of
M([=,0]).

e D;([-7,0])®,L23([~7,0]) is a Hilbert subspace of M([—7,0]?). The Hilbert structure of the tensor

product derives as usual from the Hilbert structure in every Hilbert space.

e Symbol Diag([—7,0]?), Diag shortly, will denote the subset of M([—7,0]?) defined as follows
Diag([-7,00%) := {n € M([=7,0]?) s.t. p(dx, dy) = g(2)d,(dz)dy; g € L=([-7,0))}  (2.20)

Diag([—7,0]?), equipped with the norm Il Diag((—r.012) = llglloo, is a Banach space. Let f be a
function in C([—7,0]?), the pair duality between f and u(dz,dy) = g(x)d,(dzx)dy € Diag equals

0

= [ S = [ s@e@s @iy = [ g @2

—7,0]2 -7

2.7 Fréchet derivative

The importance of tensor product and their duals comes first of all from Proposition 2.7. We recall
some notions about differential calculus in Banach spaces, for more details reader can refer to [6].
Let B and G be Banach spaces and U C B be an open subspace of B. A function F' : U — G is called
Fréchet differentiable at « € U if it exists an linear bounded application A, : B — G such that

o PG+ 1) = F(@) = Al

=0
h—0 1715

If this limit exists we write DF(x) = A, the derivative of F at z. We define for a function F which is
Fréchet differentiable for any « € U the application DF : U — L(B; G) such that  — DF(z). If DF is
continuous F is said to be C1(B;G) or once Fréchet differentiable. Analogously this function DF may as
well have a derivative, the second order derivative of F' which will be a map D*F : U — L(B; L(B;G)) =
B(B x B;G) = L(B®,B; Q). If D*F is continuous F is said to be C?(B; Q) or twice Fréchet differentiable.
In particular if we consider a function F : [0,T] x B — R, F is C12([0,T] x B), or C*?, means that F is



22 CHAPTER 2. PRELIMINARIES

once continuously differentiable with respect to time and it is twice continuously Fréchet differentiable

with respect to the Banach space B. If B = C([—7,0]), the different derivatives are such that

OF :[0,T] x C([-7,0)) — R
DF :[0,T) x C([-1,0])) — C([-7,0))" =2 M([-7,0])

D*F : [0,7] x C([=7,0]) — L(C([~7,0]); C([~7,0])") = B(C([~,0]) x C([=7,0])) = (C([~,0])&=C([~7,0]))"

For all 7, h, hy and he in C([—7,0]) and ¢ € [0, T] we will denote with Dg, F'(t,n) the measure such that

M(—r0) DEE,n), h)e((—r0) = DF(t,n)(h) :/[ ) h(z)Daz F(t, n). (2.22)

Moreover if D2(F)(t,n) € M([-7,0]?) C (C([-T,0))®C([—7,0]))* for all (¢,1) € [0,T] x C([—7,0]) (which
will happen in most of the treated cases) we will denote with D32 ayF'(n), ot DayDay F(n), the measure on
[—7,0]? such that

M(r0) (DPF(t,0), b1 - ho)o((—r02) = D2F(t,7)(h1, ho) = D*F(n) (1 ® ho) =

_ / h1 (&) ha(y) D3 4y F(0)
o (2.23)

Let 0 < k < 400, we denote by C*(R"™) the set of all function g : R” — R which admits all partial deriva-
tives of order 0 < p < k. In particular let g : [0, 7] x R* — R be a function in C*2([0,T] x R"), t € [0,T],
x € R™, the symbols d:g(t, z), 0;g(t,x) and afjg(t, x) will denote respectively the partial derivative with
respect to time, the partial derivative with respect to the i-th component and the second order mixed
derivative with respect to j-th and i-th component evaluated in (¢, x).

We denote by Cp°(R") (resp. Cp°(R") and Cp°(R™)) the set of all infinitely continuously differentiable
functions g : R™ — R such that g and all its partial derivatives have polynomial growth (resp. g and all its

partial derivatives are bounded and g has compact support).

2.8 DMalliavin calculus

We recall some notions of stochastic calculus of variations, i.e. Malliavin calculus, that we need in
the sequel. We refer the reader to [35] for a presentation of the subject.. Let W = {W(h),h € H} be a
stochastic process associated to a the Hilbert space H defined in a complete probability space (2, F, P).
W define a centered Gaussian family of random variables such that E [W (h) W(g)] = (h,¢)m. Let S denote

the class of smooth random variables such that a random variable F € S has the form

F=f(W(hi),...,W(hy)) (2.24)
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where f € C° (R™), hi,...,h, are in H and n > 1. We will denote by Sy, Sp and P the classes of smooth
random variables of the form (2.24) such that the function f belong to Cp°(R™), Cs°(R™) or f is polynomial.
Note that P C S, Sy C S, C S, and P and Sy are dense in L?().

We define, as in Definition 1.2.1 in [35], the Malliavin’s derivative of F', this operator will be denoted by
D™,

Definition 2.11. The derivative of a smooth random variable F' of the form (2.24) is the H-valued random

variable given by

i=1
The operator D™ is closable from LP(2) to LP(Q); H) for any p > 1, then for any p > 1 we will denote
the domain of D™ in LP(2) by D'?, meaning that D' is the closure of the class of smooth random
variables S with respect to the norm ||F|1, = (E[|F|?] + E[||DF||%})1/I). For p = 2, the space D2 is a
Hilbert space with the scalar product (F,G) = E[FG| + [(DF, DG) g].

We recall Proposition 1.2.3 in [35] which will be useful for calculus.

Proposition 2.12. Let ¢ : R® — R be a continuously differentiable function with bounded derivatives,
and fix p > 1. Suppose that F' = (F',..., F™) is a random vector whose components belong to the space
DYP. Then ¢(F) € D and

m

D (o(F) = Y dyp(F) D™ (2:26)
i=1
If we suppose that the Hilbert space H i an L? space of the form L2(T, B, 1), where p is a sigma-finte
atomless measure on a measurable space (T, B), the derivative of a random variable F' € D%? will be a
stochastic process denoted by {DI"F,t € T} due to the identification between the Hilbert space L?(Q; H)
and L2(Q x T).

Suppose that W = {W(t),t € [0,1]} is a one dimensional Brownian motion. In this case W; = fot aw, =
W (1) and E[W W] = (L10,), Ljo,4) 22(7,8,u) = t A 5. As a lemma of martingale representation Theorem

we know that any square integrable random variable F', measurable with respect to 7, can be written as
1

F =E[F] —|—/ H,dW, (2.27)
0

where H; is an adapted process such that E [fol Hsds] < 00. When the variable F' belong to the space
DY2, it turns out that the process H, can be identified as the optional projection of the derivative of F.

This is called the Clark-Ocone representation formula:
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Proposition 2.13. Let F € D'? and suppose that W is a one-dimensional Brownian motion. Then
1
F =E[F] +/ E [D;"* F|F;] dW; (2.28)
0

We recall some useful rules of stochastic calculus of variations. By Propositions 1.3.8 and 1.3.18 in [35]

we obtain that if (u¢)sc(o,1] is a square integrable adapted process
1. DI (W) = 1jo,4(8) = Tqs<ny
2. Do (fo Uy dWT) = usls<yy + [, DT (uy) dW,
3. D™ (fg Uy dr) = f; D™ (u,.) dr

Our principal references about functional analysis are [17, 18, 19, 4, 54, 49].



Chapter 3

Calculus via regularization

In this chapter we will define a stochastic integral with respect to a Banach-valued stochastic process.
We did not aim to have a full generalization: integral process will only be scalar. The difficulty in this
construction is the fact that the stochastic integrator is infinite dimensional and is not necessarily a
semimartingale. As a special case in fact it will be possible to consider the C([—7,0])-valued window
Brownian motion W(:) as stochastic integrator. Firstly we observe that although we can define the
stochastic integral with respect to an infinite dimension martingale ([11, 33, 16]), we can not apply this
definition to W(-) because, as we will see in the first paragraph, it is not any reasonable C([—T, 0])-valued
martingale. Then we give a definition of a stochastic integral for Banach valued stochastic processes. The
last part of this chapter is devoted to the Da Prato Zabczyck stochastic integral. We will be interested to

show that whenever Da Prato-Zabczyck integral and forward integral both exist, they are equal.

3.1 Basic motivation: the window Brownian motion

Definition 3.1. Let B be a Banach space and X a B-valued stochastic process. We say that X is a weakly
semimartinglale if, for every ¢ € B*, (¢, X;) is a real semimartingale with respect to a filtration (G;). It

holds that if X is a B-valued martingale in the sense of [33], page 12, then it is also a weakly martingale.

We will show that the window Brownian motion is not even a weak semimartingale, then is not a
martingale and we can not define a stochastic integral with the classical method for integration with respect

to Banach valued semimartingale.
Proposition 3.2. The C([—,0])-valued window Brownian motion is not a weakly semimartingale.

Proof. Let (F;) be the natural filtration generated by the real Brownian motion W;. It suffices to show that

it exists an element p in B* = M([—7,0]) such that (u, W(-)) = J|

(—7.0] Wi(z)u(dx) is not a semimartingale

25
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with respect to any filtration. We will prove by contradiction: we suppose that W(-) is a weakly
semimartingale, then in particular if we take p = g+ d_, the process (do+d_,, Wi(-)) = Wi+ Wi, := X,
will be a semimartingale with respect to some filtration (G;). At the same time W; + W;_, is F; adapted,
then by Stricker’s theorem X; is a semimartingale with respect to filtration (F3), for details about that
theorem see Theorem 4, pag. 53 in [36]. Moreover we observe that W;_, is an (F;) strongly predictable
continuous process, where we recall that R is called strongly predictable with respect to a filtration F, if it
exists § > 0, such that (Rste)s>0 is F-adapted, for every € < §. This notion of strongly predictable process
has been introduced in [9]. Then by Proposition 4.11 in [9], we have [W._., N] = 0 for every continuous
Fi-local martigale N, so W;_, is an (F;)-martingale orthogonal process. Since W; an (F;) martingale,
process X; = Wy + W;_, is an (F;) weak Dirichlet process. By unicity of decomposition for an (F;) weak
Dirichlet process and for an (F;) semimartingale W;_; is a bounded variation process. This generates a
contradiction. In particular W;_, is a finite quadratic variation process, not a zero quadratic variation
process, i.e. Wy + W;_, is an example of F; weak Dirichlet with finite quadratic variation which is not a
F: Dirichlet process. O

3.2 Definition of the integral for Banach valued processes

In paragraph 2.2 we briefly recall the definition of forward integral for real valued processes. Now we
define a forward stochastic integral for a Banach valued integrand processes and an integrator process with
values in the dual of the Banach space. We did not aim to have a full generalization. Integral process will

only be scalar.

Definition 3.3. Let (X;);c0,r7 and (Y:)epo,r) respectively a B-valued and a B*-valued continuous
stochastic processes, i.e. X : Qx [0,T7] — Band Y : Q x [0,T] — B*.
For every fixed ¢ € [0,7] we define the definite forward integral of Y with respect to X denoted by
[3Yed= X, or by [1(Ys,d™X,) as follows

t X(s+¢) —X(s)

t t
/ Yd~ X, = / g (Ys,d” Xo)p:=1lim | 5 (Y(s),
0 0 e—0 0 €

>Bd8

The forward stochastic integral of Y with respect to X exists if the process

t t
(/ Ys,d_Xs> :(/ B*<Y;,d_XS>B)
0 te[0,T] 0 t€[0,T]

admits a continuous version. In the sequel indexes B* and B* will be often omitted.

Remark 3.4. 1. We remember that even in the case B = R, the notion of forward integral is a little bit
relaxed with respect to the traditional one appearing for instance in [41] and recalled in paragraph

2.2 where the limit has to be ucp with respect to ¢ and not only in probability for every fixed .
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2. We remark that if B is a Hilbert space H, then via the Riesz representation theorem, Definition 3.3
gives a definition also in the case X and Y both H-valued.

Remark 3.5. Let B and H be respectively Baanach and Hilbert spaces such that B C H = H* C B*. If

X is a B-valued continuous process and Y is an H*-valued process. Then

t t
/ B* <Ysad7Xs>B = / H* <Y@ad7Xs>H (31)
0 0

Remark 3.6. Those type of stochastic integral involves naturally anticipative stochastic integral even in

elementary case, as we will see in example equation (7.16) of examples 7.3.

3.3 Link with Da Prato-Zabczyk’s integral

Let F' and H two separable Hilbert spaces. In the first part of this section we recall the definition
stochastic Itd’s type integral as it has been defined in [11] denoted by

t
/ Y, - dW% t €0,T]. (3.2)
0

where W is a Wiener process on H and Y is a process with values being linear but not necessarily bounded
operators from H to F'. This integral will be also called Da Prato-Zabczyk integral. We will recall the
definition of Hilbert space valued Wiener processes including cylindrical ones and some properties of the
stochastic integral (3.2). In the second part we illustrate link with our integral. The central result will be
Proposition 3.9. This is an equality result, in fact we will show that if Y is a cadlag H*-valued process
such that E fg IYs||3;.ds < +0o0 and W is a Q-Brownian motion W, @Q being a nuclear operator on H, then
the forward integral fg (Ys,d=Wy) exists as well as the Da Prato-Zabczyk integral fot Y, - dWZ and they

are equals.

3.3.1 Notations

Let @ be a symmetric non negative operator in L(H). We will consider first the case when @ is a trace
class operator in H, i.e. Q € L'(H). We assume that there exists a complete orthonormal system {e;}
in H, and a bounded sequence of nonnegative real numbers A; such that Qe; = \;je;, for i =1,2,... An
H-valued stochastic process (W;)i>o is called a @Q-Wiener motion (or Q-Brownian process) if

iH WO =0.

(ii) W has continuous trajectories.
(iii) W has independent increments
(iv) We have
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Remark 3.7. Assume that W is a Q-Brownian motion, with Q € L'(H) then the following statements
hold

(Wi, h)) =0 YheH

(Wi, h)?) = t(Qh,h) Vhe H

(Wi, ) (Wi, ho)) = {(Qhy, ha)  Vhy,hy € H
(Wi, ) (We, ho)) =t A s(Qhy, ha)  Vhy,hy € H

We anticipate that the Da Prato-Zabczyk quadratic variation of a @-Wiener process in H with

Tr(Q) < +oo is given by the formula [W]%* = tQ. Firstly we summarize the definition of stochastic
integral with respect to a @Q-Brownian motion W with values in H, ) trace class operator.
Let F' be a separable Hilbert space with complete orthonormal basis {f;} and let us fix a number 7" > 0.
An L(H; F)-valued process (®t):e[o,r) taking only a finite number of values is said to be elementary if
there exists a sequence 0 =ty < t1 < ... < tpy = T and sequence @y, Pq,...,Py—1 of L(H; F)-valued
random variables taking only a finite number of values such that ®,, are (F;, ,)-measurable and &, = ®,,
for t €]tm, tm+1], m =0,..., M — 1. For elementary processes ® the Da Prato-Zabczyk stochastic integral
is defined by the formula

. M-1
/ P, - dWE = Z D (Wiint — Wiat)
0 m=0

We introduce the subspace Hy = Q/ 2(H) of H, which, endowed with the inner product
1
= ; 3 {w e, es) = (Q712u, Q7120
is a Hilbert space. The space of Hilbert-Schmidt operators from Hy to F, denoted by L?(Ho; F), is also a
separable Hilbert space, equipped with the norm

oo (oo}
111721y r) = Z [®gil|F = Z Ail(®e, fi)]? = ”(I)QUQH%Q(H;F) =
i=1

ij=1

= (@QY%,9Q"*) 12y = Tr ((@QV)(@QV2)") = Tr(0QP")

where g; = v/ Ajei, i =1,2,...,{e;} and {f;} are complete orthonormal bases in Hy, H and F. We remark
here that the adjoint operator of Q/2 is Q~'/2 from Hy to H and that the operator ®Q®* is of trace class
being a composition of the Hilbert-Schmidt operator (®Q'/?) and its adjoint, which is also Hilbert-Schmidt
by properties in [23]. Clearly L(H; F) C L?(Hy; F) but L?(Hy; F) contains also unbounded operators on
H.

Let (®¢):e[0,r) be a measurable L?(Hy; F)-valued process; we define the norm by

t t
)2 =E / 104]122 1,y = E / Tr(®,Q'2)(8,Q1?)ds € [0,T]
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We denote with N2, (0, T; L?(Ho; F')) the Hilbert space of all L?(Hy; F') predictable processes with |[|®|||7 <
+00.

Symbol M2 (H) will denote the space of all H-valued continuous square integrable martingales M. M2%(H)
with the norm defined by ||MH3\42T(H) =E [||Mr[|%] is a Hilbert space.

If a process @ is elementary and |[|®|||r < 400, then the stochastic integral [, ®, - dWJ* is a continuous

square integrable F-valued martingale on [0, 7] and it holds following isometry

t
/ d, - dW
0

2

E| ~ a2 0<t<T (33)

F

The stochastic integral with respect to a -Brownian motion is an isometric transformation from the
space of elementary processes equipped with the norm ||| - ||| into the space of F-valued square integrable
martingale M2 (F). By the fact that elementary processes form a dense set in N3, (0,T; L?(Ho; F)) the
definition of stochastic integral is extended to all elements in N3, (0,7; L?(Hp; F')) and (3.3) holds true.

Definition 3.8. For a general element ® € N3, (0,T; L?(Hy; F)), we will denote Brownian martingale
the martingale M € M2 (F) given by the stochastic integral

M. = / d, - AW (3.4)
0

By the so called localization procedure it is possible to extend the definition of the Da Prato-Zabczyk

stochastic integral to L?(Hy; F')-predictable processes satisfying even the weaker condition

T
P [/ ”(I)su%?(Ho;F)dS < 4oo| =1
0

In [11] the definition of stochastic integral with respect to a Q-Brownian motion is extended to a a cylindrical
Brownian motion. Let @ be a general bounded, self-adjoint, non negative (to avoid complication we will
assume strictly positive) operator on H, i.e. not necessarily such that Tr(Q) < +oo. Let Hy = Q'/?(H)
with the induced norm and let H; be an arbitrary Hilbert space such that H is embedded continuously
into Hy and the embedding J of Hy into H; is Hilbert-Schmidt. Let {g;} be an orthonormal and complete
basis in Hy and 3; a family of independent real valued standard Brownian motion then the the following

series is convergent in L2(£2; Hy)
+oo
W= g;Bi(t)
j=1

and we will call W; a cylindrical Brownian motion on H. We recall that W; is a Q1 Brownian motion on H;
with Tr(Q1) < 400, Q1 = JJ*. We remark that a @ Brownian motion with Tr(Q) < 400 is H-valued and

has the same expansion of a cylindrical Brownian motion in L?(2; H). The definition of stochastic integral
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is the same for a cylindrical Brownian motion because the class N3,(0;T; L?(Hy; F)) is independent of the
space H, and the spaces Qi/ 2(Hl) are identical for all possible extension H7.

We recall some properties of Brownian stochastic integral from chapter 4.4 in [11].

If ® € N3,(0,T; L?(Hp; F)), then the stochastic integral M = & - W

t
M, = / ®(s) - dWI* (3.5)
0
is a continuous square integrable martingale in M2 (F') and its quadratic variation is of the form

pais =@ Wit = | (29Q) (3(90"2) " as

0
Moreover if &1, Py € N3, (0,T; L?(Ho; F)) then
E[®; - W,] =0 E[||<I>i-Wt||2] < 400 s,t€[0,T] and i =1,2

and the correlation operator is given by the formula

V00 = Corfon W Wi =8 [ (210907) (920104

Moreover under the same hypotheses we have

E[(®y - Wy, By - W,)] = E/OMS Tr [(@1(7’)621/2) (@2(7’)@1/2)*} dr

We recall also that stochastic integration theory with respect to martingales M € M2 (F), completely
analogous to the one with respect to a Wiener process described in preceeding chapters, can be developped,
see [33]. The role of the process tQ is played by the quadratic variation [M]¢?, t € [0,T]. We will need
this extension in the case when the martingale M is itself a stochastic integral, say M = ® - W with
® € N3 (0,T; L?>(Ho; F)). Then the extension is straightforward, since we can define the stochastic integral
U - M for ¥ € N2(0,T; L?(Fy; G)) simply by

. dz: ‘ s dz = ‘ S S dz . .
vt = [w@ans = [ eeeavs. ce o (3.6)
Note that

v = [ (W6)9Q ) (¥a()@?) ds (3.7)

We recall that every operator in L(H; F) is also in L?(Ho; F). In fact if T € L(H; F) then is well defined
L?(Hy; F) because Hy = Q'/?(H) is a subspace of H. Moreover if we suppose T' € L(H; F), then, using
the fact that g; = \/Aje; and ||Tej|lr < ||T||L(m;7) being {e;} a complete orthonormal system for H, we

have

+ + +

7> —OOT‘Q—OOA-T42<OCA-T2 =T T3

[ ||L2(H0;F) = Z 179l % = Z illTe; |z < Z ill ||L(H;F) =Tr(Q) || HL(H;F) < +oo
j=1 j=1 j=1
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Then for L(H; F') predictable process Y such that E fot ||Y;H2L(H;F)d5 < oo it holds

t t
E / 131122 0105 < TrH(Q)E / IYAl12 1, ds < 00
0 0

soY € N3, (0,T; L?(Ho; F)), then the stochastic integral integral [V - dW9* in the sense of [11] is a well

defined F-valued process.

3.3.2 Main result
We consider F' = R.

Proposition 3.9. Let W a H-valued Q-Brownian motion with Q € L*(H), i.e. Tr(Q) = ;rzof Aj < +oo,
and Y be a L(H;R) = H* cadlag process such that Efot |Ys]|3;-ds < oo. Then, for every t € [0,T],

t t
[oaawy= [ voaws
0 0

Proof. By the hypothesis we obtain that Y in N3 (0, T; L?(Hp; R))). On the right hand we have a M%(R)
process because it is a stochastic integral for a process Y € N32,(0,T; L?(Ho; R)). We want to show that

t . t
/%,MWSK/ Y, - AW (3.8)
0 € 0

We can represent (Wit — W) as a H-valued stochastic integral in the sense of [11] with respect to the
L(H; H) elementary process identity on H. This integral, that we will denote with dW?%" | is with values
in MZ(H) because the identity process belong to N3 (0,t; L?(Ho; H)).

s+e
Wepe — W, = / dWw i
Then the left hand in (3.8) gives

1 t s+e . 1 t s+e 1 t u
7/ (Ys,/ AW Vds = 7/ / Y, - dW% ds = 7/ / Y, ds - AW (3.9)
€Jo s € Jo s €.Jo u—e

The first equality in (3.9) is true because, for a fixed € > 0 and s € [0, ¢], it holds

s+e . s+e
v [ awEy = [ v
S S
Y, is an elementary process so the definition for the right hand stochastic integral gives

s+e€ s+e
/ Ys-dW;jzz<YS,W5+6>—<n,Ws>:<Y;,Ws+E—WS>:<3@,/ W)
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The second equality in (3.9) is true by the Fubini’s stochastic theorem in [11]. The term f;_ﬁ Y, ds has
to be understood as a random Bochner type integral with values in H*. We remark that f;_e Ysds €
N3 (0,t; L*(Ho; R)) because it is bounded, in fact || [ Yids|g- < L [ ||Y||g-ds < sup, ||Ysllg-. Tt

follows that the last integral in (3.9) is well defined. We will prove the following convergence in probability

showing an L?(£2; R) convergence via the isometry property for the M2 (IR) stochastic integral.

t U Y t P
// —Sds~deZ—/Yu-dW32—>0
0 u—e € 0

It holds

2 C 2

t u t t u
EU/ YSds~dW3Z—/Yu~dez] =E / (/ de—yu>.dwgz] =
0 u—e € 0 LJO u—e €
[t u 2
:E/ / Yois v,
0 u

du] <
I —e € L2(HoiR)

[ vy, _y,
<E / / s Yds

L 0 u—e

2
du] <
H*

t
t u . . 2
<s[/ (/ 1Y - Yulla ds) .
_0 u—e €

We know that ||Ys — Yy ||z« — 0 for for all s — u, u continuity point for Y, moreover Y is cadlag, then it

€

— 0

has a countable numbers of jumps so the result integrating is then f;:e Mds —0 O
In the special case G = R, we obtain a similar result with respect to Brownian martingale

Proposition 3.10. Let M be a F-valued Brownian martingale M € M2 (F) defined as a stochastic
integral M = ® - W, where ® € N3,(0,T; L?(Ho; R)). Let Y be a L(F;R) = F*-valued cadlag process such
that E [ Y (s)[|2-ds < +oc.

Then for every ¢ € [0, 7]

t t
/(Ys,d‘Ms):/ Y, - dM%*
0 0

We introduce now a new concept of quadratic variation.



Chapter 4

Chi-quadratic variation

4.1 Comments

In this chapter we will define a concept of quadratic variation which is suitable for Banach spaces. Let

B be a Banach space.

Definition 4.1. A closed linear subspace x of (B®,B)*, endowed with its own norm, such that

I lx = 1 8o, 5~ (4.1)
will be called a Chi-subspace of (B&,B)*.
The result below follows immediately by the definition
Proposition 4.2. Any closed subspace of a Chi-subspace is a Chi-subspace.

We first try to explain why our concept is more general than other notions in the literature. The
classical notions appear for instance in [33] (resp. [16]) for some classes of B-valued processes where B is a
Hilbert (resp. Banach) space. One typical class is the family of w-processes which are not so far to Banach
valued semimartingales, since their notion is constantly related to Ito6 type stochastic integrals. We remark
that [11] introduces slight different notion of quadratic variation for B-valued martingales with B Hilbert
separable space.

In that framework of infinite dimension valued stochastic process appear two concepts of quadratic variation:
the real quadratic variation and the tensor quadratic variation. Let X be a B-valued stochastic process; in
the language of regularizations, the first concept can be caracterised as the real-valued increasing continuous

process which is ucp limit of 1/e [} [| X4c — X% ds which equals
D X = X022, ds
e Jo s+e s B®,B

33
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according to 2.5. The second one, in [33, 16], appears to be related to expression of the type

X ®* —Xo ®* 7/ (Xo- ®@dXs +dXs @ X,-);
10,¢]
in our framework, it corresponds to a B®,B-valued process which is the ucp limit with respect to the

projective topology 7 of

1

t
*/ (Xope — X,) @7 ds, (4.2)
€Jo

where those integrals have to be considered in the Bochner sense.

In fact, the tensor quadratic variation is the natural object intervening in It6’s formula which expands F'(X)
for some C2-Fréchet B-valued function. To ensure that it has bounded variation, the classical procedure
consists in showing that the real quadratic variation exists. In fact the variation of tensor quadratic
variation is dominated by the variation of real quadratic variation, which is clearly of bounded variation
being an increasing process.

Unfortunately, the existence of the real quadratic variation is a very requiring and rarely verified condition.
For instance, the window Brownian motion W(+), which is our fundamental example, does not have, in

principle, the real quadratic variation. In fact, even if for fixed € the quantity

ds

/t ||Ws+e(') - Ws(')H%'([_-no])
0 €
exists, it is not possible to control its limit for € going to zero. The projective norm 7 is too strong for the

convergence of the approximate tensor quadratic variation

1 / (W(ope — W(-)s) @ ds. (4.3)
0

€

One possible relaxation could be to require a (strong) convergence with respect to a weaker tensor topology
as the Hilbertian or the injective e-topology, however this route was not easily practicable for us. As
announced, our notion of convergence makes use of a subspace x of (B®,B)*; when x coincides with the
whole space (B&®,B)* our convergence coincides the classical weak topology in (B&,B).

Our y-quadratic variation generalizes the concept of tensor quadratic variation at two levels. Let X be a

B-valued stochastic process.
e Firstly replacing the (strong) convergence in (4.2) with a weak type convergence.
e Secondly the choice of a suitable subspace x of (B&,B)* gives a degree of freedom.

As we will see in 7?7, whenever X admits one of the classical quadratic variation (in the sense of [21, 11, 33,
16]), it admits a x-quadratic variation with x equal to the whole space. This corresponds to the elementary

situation for us.
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A window Brownian motion X = W () admits a x- quadratic variation a priori only for strict subspaces x.
This will be particularly helpful in applications, in particular for obtaining some generalized Clark-Ocone

formulae.

4.2 Examples of Chi-subspaces

Before providing the definition of the so-called y-quadratic variation for a B-valued stochastic process,
we will give some examples of Chi-subspaces that we will use frequently in the paper. We recall that a
Chi-subspace has to be a topological subspace of (B®, B)* such that (4.1) is verified. As a preliminary

result we show that a finite direct sum of Chi-subspaces is still a Chi-subspace.

Proposition 4.3. Let x1,- -, X» be Chi-subspaces of (B&,B)* such that x; () x; = {0} for any 1 <i #
j < n. Then the normed space X = X1 @ - - - X» is a Chi-subspace of (B&,B)*.

Proof. Tt is enough to prove the result for the case n = 2. Let p € x, then it admits decomposition
[t = p1+p2, where u1 € X1, iz € x2. Itholds |[ullpg_py- < lkill(pa. py- +k2ll(Bg, p)-- By assumption,
(4.1) for 1 and xz implies that [z, e - < lilly, for i = 1,2. Tt follows [lull e, g)- < st s + 1zl e
i.e. the norm (2) with p = 1 in the Banach space x. Any norms defined in a direct sum of Banach spaces is

equivalent to the product topology, then (4.1) is also verified for any norm. O

Example 4.4. Let B be a general Banach space.

e x = (B®,B)*. This corresponds to our elementary case. We will show in chapter ?? that whenever a
process admits a quadratic variation in the sense of [11, 33, 21] then it admits a (B&, B)*-quadratic

variation.

Example 4.5. Let B = C([—,0]).

This is the natural value space of all window (continuous) processes. We list some examples of Chi-
subspaces which are valuable for quadratic variations of window processes. Our basic reference subspace
of (C([~7,0]®C([-7,0]))* will be M([—7,0]?) equipped with the usual total variation norm, denoted
by || - |lvar- This is in fact a proper subspace as it will be illustrated in the following lines. Condition
(4.1) may be trivially verified using properties of projective tensor products, see section 2.5. All other
Chi-subspaces will be included in M([—7,0]?). Moreover we will show those y are Chi-subspaces of
M([—7,0]?). In particular, they fulfill the (4.1) type relation || - ||y, > || - [[var- As a consequence, they will
also be Chi-subspaces of (B®,B)*.

e M([—7,0]?). This space, equipped with the total variation norm, is a Banach space. We can identify
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this space with the dual of the injective tensor product; in fact
M([_T7 0]2) = (C([_T7 0]2))* = (C([_Tv 0])®6C<[_7, O]))* = BI(C([_Tv O])’ C([_T’ OD)
C B(C([_Tv 0])7 C([_T’ 0])) = (C([_Tv 0])®7TC([_7—7 OD)* .

In particular by properties of tensor product, (4.1) is verified because ||ulle= = [|ullvar > 1l e, B)-
for every u € M([—T,0]?).

L?([-7,0]?). This is a Hilbert subspace of M([—7,0]?) and for u € L? it holds obviously that
lallvar < llullz>-r002)-

Dy;([—T, 0]2) for every i,57 =0,...,N. If y = A, (dx)oq, (dy), [|ullvar = [A] = [z

Di,j .
D;([~7,0])®nL%([~7,0]). For a general element in this space yu = A\, (dv)é(y)dy, ¢ € L*([~7,0]),
we have [|pfvar < HIU’HLQ([—T7O])®hDi([—T,O]) = [Al - |9l z2-

2([=7,0)2) := (L3(|-7,0]) & Da(]—7,0]))&;. This space will be denoted frequently shortly by x2.
This is a well defined Hilbert space with the scalar product which derives from the scalar products in

every Hilbert space and it is a subset of M([—7,0]?) and consequently also of (B&,B)*.

Remark 4.6. 1. We could have shown that x?([—7,0]?) C M[—7,0]? through an argument of
tensor product theory. In fact if H is a Hilbert space such that H C M([—,0]) it holds H®,2l -
HE € M([-r.0)&7 = C*([=r,0)&{ € (C(I=m.0)&)* = (C([=7.01)" = M([~7,0]%) be-
cause the e-topology respects subspaces, see pag. 47 on [46]. Our H = L? & D, which is a
Hilbert subset of M([—7,0]) as required.

2. It will be useful have a direct sum representation, whenever it is possible, of the Chi-subspaces

involved. In this case using once Remark 2.9, we obtain:
R . -2
X ([=7,01%) = L*([-7,01%) & L*([=7,0)@nDa([~7,0]) & Do ([~7, 0)@nL*([~7, 0]) & Da([-7,0])&),
(4.4)

Using again Remark 2.9 with (2.16) and (2.17) we can expand every addend in the right-hand side
of (4.4), into a sum of elementary addends. For instance we have L?®;,D, = @f\io (L2®hDi)
and Da®i =Dy =BY D; ; so that (4.4) equals

i,7=0
N N N
L*([-7,0) @ P (L*([-7, 0)@nDs([-7,0)) © P (Di([—7, 0)&n L2 ([-7,0])) & €D D ;([-7,0))
i=0 i=0 i,5=0

(4.5)

Being x? a finite direct sum of Chi-subspaces, Proposition 4.3 confirms that it is Chi-subspace.
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e As a particular case of x%([—7,0]?) we will denote x°([—7,0]?), x" shortly, the subspace of measures
defined as

XO([=7,0]2) := (Do ([, 0]) & L2([~,0]))&5.
Again using Remark 2.9, we obtain:
XO([=7,0]2) = L2([~7,0]%) & L([~7,0))&3,Do ([, 0]) & Do ([, 0)) @1, L2([~7, 0]) & Do o ([, 0]%)
(4.6)

Remark 4.7. For every u in x?([—7, 0]?) there exist 1 € L2([—7,0)?), po € L?([~7,0))®4Do([—T,0]),
13 € Do([—7,0))@nL2([—7,0]) and ps € Dy([—7,0])&; such that

=+ pi2 + pz A+ p, (4.7)

with g = @1, p2 = 3050 N P2 @b, ki3 = Yo, N Bi0a; @3 and pa = 325 5 N Nij0a; @ 0a;,
where ¢1 € L*([—7,0]%), ¢1, ¢2 € L*([—7,0]) and \; j, v, 3; are real numbers for every 4,5 = 0,..., N.
Components fi1, 12 and pg are singular with respect to the Dirac’s measure on {a;, a;}o<i j<n, then

pr({ai,a;}) =0 for k =1,2,3. For a general p it follows
n({ai,a;}) = pa ({ais aj}) = A (4.8)
If in particular p € x°([—7,0]?) then it can be uniquely decomposed into

= ¢1+ ¢2 ® ady + By ® ¢35 + Adg @ do, (4.9)

where ¢; € L2([—7,0]?), ¢2, ¢3 are functions in L?([—7,0]) and A, o, 3 are real numbers and
1 ({0,0}) = pa ({0,0}) = . (4.10)

e Diag([-7,0]%). Let u € Diag, we have ||ullvar < 7 ||tt]| Diag, and (4.1) follows.

e 3([-7,02) := x*([-7,0)?) @ Diag([—7,0]?). The sum is direct and obviously it is a subset of
M([—7,0]?). As a consequence of Proposition 4.3, x® is a Chi-subspace. This is Banach space with
any norm in the direct sum, it fails to be a Hilbert space because Diag is not Hilbert. We select
here the norm (2), with p = 2. Let u be an element in x3([—7, 0]?) with decomposition p = p1 + pa,
w1 € X2([-7,0]%) and pg € Diag([—T,0]?), we define

122 —rop2y = N 22 —r0p2y + 12 Diag((—r.002) (4.11)
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e \5([-7,0]?) where

Xo([=7,0]%) := Da([~7,01*) © L*([~7, 0]*) @ L*([~, 0)) @}, Da ([~ 0]) ® Do ([T, 0)) @5 L* ([T, 0])
(4.12)

This is a subspace of M([—7,0]?) and it is a Chi-subspace because of Proposition 4.3.

The following examples are academic and they will not be used in the sequel in a relevant way. Some of

them involves discrete infinite measures.

o ([~ 012) = DV (-7, 0]2) with

DYN(—7,012) ;= pe M([-7,01?) : p = Z AiiO(ai,a;); Nij € R, sup{|)\i7j|i2j2} < 400 p (4.13)
i,jEN J

where (a;)ien and (@) ey are two sequences of given points in [—7,0], then an element of x* is a
discrete measure concentrated on a countable sequence of fixed points (, ;) (i jyenxn on the square
[—7,0]2. The space D"*N([—7,0]%) equipped with the norm [|p||prxs(_r.02) = sup, ;j{|Xi ;[i%5%}, is a
Banach subspace of M([—7,0]?).

To be a Chi-subspace it remains to show ||p|lvaer < [|gt|/ys. For an element p € x* the total variation
norm is [|illvar(—r,02) = 22; jen [Aij| and it is finite. In particular ||pllvar(—r02) = 22i jen [Nijl =

. . . . 4
Zi,jeN | Aij 1212125-2 < supi,j{|)\i,j|2232} Zi,jeN # = llully 55-

e Let {pi}iz1,.. .~ be N fixed mutually singular measures in M([—7,0]?) with ||u;|lver = 1. We define

the space x°([—7,0]?) as the space

X°([~7,01%) := Span({pi yiz1,. .N) = p = Z Niti; i € M([-7,01%), \; e R 3. (4.14)
i=1,..,N

The space x° equipped with the norm ||u[|,s = ZN A2, is a Banach subspace of M([—7,0]?) of

i=1""

finite dimension N. The norm || - [|,s is compatible with the induced topology defined by M([—T,0]?).
By Proposition 4.2, x5 is a Chi-subspace. We observe that ||u|/var = Zf\;l Nl < lpllys = \/Z?]ﬂ A2,

e Let u be a fixed finite measure on [—7, 0]? singular with respect to the Lebesgue measure.
X (=7, 0%) = {v € M([~7,01%);dv = gdu,g € L™ (du)} (4.15)

Without restriction of generality we can consider p being a positive measure. x* is the space of
measure absolutely continuous with respect p with density in L>°(du). The space x* equipped
with the norm [|v||yx := ||g||z~ is a Banach subspace of M([—,0]?) and it is therefore isomorphic
to L*°(du). For a general measure v € x* it holds ||v|var < ||gllz= [|tllvar = C ||v||yx with C a

constant, so it is a Chi-subspace. We illustrate two significant cases:
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1. Let I be a countable set. Let {u;};cr, singular non-negative finite measure. The set constituted
by measures v of the type v = > ; gius, g; Borel bounded functions coincides with x*
with = >, pi. In fact dv = gdu, with g = >7,; gi‘il—’:j. We observe that |||y =
sup; {19ille(ui)} = llgllL=(u). By definition of p we have p; << p and dy; dp belong to
L*®(dp), in fact for avery set A we have u(A) = [,Ladp and for every i € I we have
wi(A) = [ 4 Jidp by the Radon-Nikodym theorem because p; << p. On the other hand
pi(A) = [, dp; then f; = dp;/du. To prove f; € L>°(dp) we take a general set A. The following
integral p(A) — p;(A) = fA 14 — fidp is always greater or equal to 0, p being a sum of positive
measures. So we conclude that f; <14 p-a.e.

2. As a special case of previous example we can take p; = 6(4,5,), Where (a;,b;) € [, 0] for
iel={=1,...,N}, thenv = vazl Aib(q; by and easily ||v|| = maxi<i<n{|Nil}.

e Another example of Chi-subspace is L?([—7,0]?) & x*([—7,0]?), where p is a given measure in
M([—7,0]?). This is a Chi-subspace again because of Proposition 4.3.
Example 4.8. Let B = H = L?([-,0]).
For processes with values in the Hilbert space H = L?([—7,0]), x has to be a subset of (L?([—, 0|®,L?([—T,0]))*.
We recall that (L2([—7,0]®,L?([-,0]))* = B(L?([-T,0], L?>([-7,0])). This Banach space contains two sig-

nificant Chi-subspaces; the first one is naturally associated with L?([—7,0]2, the second one with L>([—,0]).

We observe that L2([—7,0]2) = L2([-7,0))&; = (L2([~7,0))&:)* C (L2([~7,0])®>)*, where = is the
usual Riesz identification and the last inclusion is continuous as we have seen in Remark 2.8. The space
L?([—7,0]?) identifies a subspace of bilinear bounded (continuous) forms on (L?([—7,0]) x L?([-7,0])). In

fact for every f € L?([—7,0]?) we can associate a bilinear operator

TF L=, 0)) x L2(=7,0) — R (g,h) — T7 (g, h) = /[ SR ) drdy. (416)

Definition 4.9. We will denote by L2B([—T, 0]?) the set of all bilinear maps 7. This space equipped with
the norm ||Tf||L%([_T)0]2) := || fllL2(j=r,012), is a Hilbert space which indeed coincides with L?([—,0]%)*.

Proposition 4.10. L%([—7,0]?) is included properly in B(L?([—, 0], L?([—T,0])).

Remark 4.11. We anticipate that L%([—7,0]?) is not densely included in B(L?([—7,0], L?([—7,0])). This

will be shown in Proposition 5.35 using a probabilistic argument.

Proof of Proposition 4.10. We can prove that the bilinear bounded form defined by
T: LQ([_T7 0]) X L2([_T7 0]) — R (97 h) = T(97 h) = /[ ]g(l’)h(l’) dzr = <ga h>L2([—T,O])
—7,0

does not belong to L([—7,0]%).
We denote the Hilbert space L?([—,0]) by H. To show that T' ¢ L?([—7,0]?) we will use the identification
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between L?([—7,0]%) = H®Z and the space L?(H; H*) of Hilbert-Schmidt operators from H to H*. We
show that the operator T in L(H; H*) associated canonically to T in B(H, H) is not Hilbert-Schmidt.
Canonical identification between B(E, F') and L(FE; F*) give us

p-(T(e), fir =T(e, [) ¢ccE, feF

In our case E = F =: H and T'(e, f) = 4(f,9)u-
Let (e;)ien and (e]);en be respectively the usual basis of H and its dual H*. Using Parseval’s identity and

the Riesz isomorphism e; — e we obtain

+o00 400 oo +o00 o0 +oo oo
DoITEF =D e (T(e)se)i- =D > w-(Tlei)ien)ir =D > Tleie;) =
i=1 i=1 j=1 i=1 j=1 i=1 j=1
+o0 oo +o00
=33 plene)y =Y 1=+o00
i=1 j=1 i=1
Then T is not Hilbert-Schmidt and consequently T ¢ L?([—7,0]?) = L?([~7,0])&, L2([~7,0]). O

Below we describe the announced Chi-subspaces.

e x = L%([-7,0]?) equipped with its norm. We verify directly condition (4.1). We recall the isometry
between (L%([—7,0]®,L2([-7,0]))* and B(L?([~,0], L?([-7,0])), i.e. the usual norm of the bilinear
operator T/, denoted by || - ||, is equal to the norm of the corresponding element in (L2([—, O])®72r)*
So it is enough to remark that

IT = sup  |T(g,h)| < Iflle2-r0p2) = 1Tl 2 (=r0p2)
lgll<tl7I<1

Condition (4.1) should have been verified also using relations (2.11) and (2.12).

e x = Diagg([—,0]?) where Diags([—T,0]?) is the following set

{Tf € B(L2([~,0)), L2([~7,0))), s.t. T'(g,h) :/ g(@)h(z)f(z)dw ; f € L°°([770])} (4.17)

[77—70]
By definition it is a subspace of B(L?([—,0]), L?([~7,0])) and every operator T/ is determined by a
function in f € L>([—7,0]). This space equipped with the norm || T || piags((—r012) = Il Lo ((=r0])
is a Banach space. We verify condition (4.1). Let T € Diagg([—7,0]?), we have

1T = sup |T(g,h)| =  sup <N llee=r0) = [T | Diags(1-r.012)

gl <1, [[All<1 llgll <1, fIAlI<1

/ 9(2)h(x) f (z)dz
[—7,0]
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Remark 4.12. This space has been denoted with Diagp because it has a strong relation with the
space of measures Diag defined in (2.20). In fact let ¢ be a function in L°°([—7,0]), we can associate
a measure u¥ € Diag([—7,0]?) and an operator T¥ € Diags([—7,0]?). The measure is identified by
p?(dz, dy) = ¢(x)d,(dr)dy. The bilinear operator is identified by T%(g, h) = f[—no] g(@)h(x)p(x) da.
Let 11, n2 be two elements in C([r,0]) C L*([-,0]),

M((—r0?) s ® M) o(—r02) = (WP (de, dy), m(z) - n2(y)) = /[ o m(@)n2(y)e()dy (dz)dy =

- / (@) (@) p(e)dx
[=7,0]

and

(T?,m ®@mn2) =T(n,m2) = /[_ . m(x)n2(z)p(z)d

For instance if ¢ is the constant function equal to 1, then diagonal measure p! corresponds to the
inner product in L?([—7,0]) in the sense that
(ph,m @) =T (1, m2) = (N1, M) L2(—r0])-

Remark 4.13. We recall that the bilinear functions in L%([—7,0]?) identified with L?([—7,0]?), can

be also observed as a subspace of M([—7,0]?).

4.3 Definition of y-quadratic variation and some related results

In this section, we introduce the definition of the x-quadratic variation of a B-valued stochastic process
X.
Let x be a Chi-subspace, X be a B-valued stochastic process and € > 0. We denote by [X, X]¢, or simply
by [X]¢, the following application
X]° : x — C(0,7])

b </t<¢7 J (Xsse —XS)®2)>dS>
0 te[0,T]

defined by

€

where the canonical injection J between a space and its bidual was introduced in section 2.1. In the sequel
€

J will be often omitted. With this application it is possible to associate another one, denoted by [X, X] ,

or simply by [X]¢, defined by

—c

(X (w,) - [0,T] — x*
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such that L
t— (¢ = 7/0 <¢7 J ((Xs+e - Xs)®2>> dS) .

€

We observe that it is of bounded variation.

Remark 4.14. We recall that y C (B&,B)* then (B®,B) C (B®,B)** C x*. In this context (-,-)
indicates the duality between the space x and its dual x*. ¢ is in fact an element of x and (X — X,) ®2 €
B&,B, then J ((XSJre - X) ®2) € (B&.B)** C x*. In the case B = C([—7,0]), we will identify 1, ® 0y
in (B®,B) C (B&,B)** C x* with the element 7 in C([—7,0]?) defined by 7(x,y) = n1(z) - 72(y). In this
context, all the considered Chi-subspaces will be subspaces of M([—7,0]?) and the pair duality between x

and x* will be compatible with the pair duality between a measure p and the continuous function 7.

Definition 4.15. Let x be a Chi-subspace of (B®,B)* and X a B-valued stochastic process. We say that

X admits a y-quadratic variation if the following assumptions are fulfilled.

H1 For all (e,,) | 0 it exists a subsequence (€, ) such that

(XSJFE'n.k - XS)®3\'

€ny,

ds < oo
X

(¢,

1 /T
)| ds = sup — HJ ((Xerenk - XS)®72r)
0 :

k enk

T
sup/ sup
EJo o flgll<1

(4.18)

ucp

H2 (i) It exists an application y — C([0, T]), denoted by [X, X] or simply by [X], such that [X, X]°(¢) —
[X, X](¢) when € — 0, for every ¢ € x C (B&,B)*.

—_~— —_~—

(ii) There is a bounded variation process [X, X](w, ) : [0,7] — x* such that [X, X](w,t)(¢) =

[X, X](¢)(w,t). This application will be denoted also by [X].

Remark 4.16. 1. Under Assumption H2(i), for fixed (w,t) the application ¢ — [X, X](¢)(w,t) is

linear, however for fixed (w,t) it could be not continuous.
2. The H2(ii) condition can be omitted in most cases using Corollary 4.30.

When X admits a xy-quadratic variation, we will call y-quadratic variation of X the y*-valued process

(r)(v])ogth defined for every w € Q and ¢t € [0,T] by ¢ — [X]|(w,t)(¢) = [X](¢)(w,t). Sometimes, with a

slight abuse of notation, even [X] will be called x-quadratic variation and it will be confused with [X].

Remark 4.17. 1. A practical criterion to verify Condition H1 is

1

€

/0 [ (Xsre = Xo)@7) |- ds < B(e) (4.19)

where B(€) converges in probability. In fact convergence in probability is equivalent with convergence

a.s. of a subsequence, and the convergence implies the boundness.
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2. A consequence of Condition H1 is that for all (e,) | 0 it exists a subsequence (e,, ) such that

Sl]ip ||[X] " ||Var[0,T] <oo a.s. (420)

S T
In fact ||[X] ||Var[O,T] S 1 fO ||<] ((Xs+s 7/{(/96)@727) |
stochastic process Y the integral fot (Ys,d[X ]Snk> is a well-defined Lebesgue-Stieltjes type integral for

x+ds. This implies that for a x-valued continuous

almost all w € Q.

Definition 4.18. We say that a continuous B-valued process X admits global quadratic variation if it
admits a x-quadratic variation with x = (B®,B)*. We will also say that X is a finite quadratic variation

process.

Proposition 4.19. Let X be a B-valued process and x1, x2 be two Chi-subspaces. Let x = x1 & x2. If
X admits y;-quadratic variation [X]; for ¢ = 1,2 then it admits a x-quadratic variation [X] and it holds
[X](¢) = [X]1(é1) + [X]2(¢2) for all ¢ € x with unique decomposition ¢ = ¢1 + ¢2.

Proof. x is a Chi-subspace because of Proposition 4.3. We remark that for all possible norm in x1 @ x2
we have |||y = |[¢]

;- Then condition H1 follows immediately by inequality

T T
/ sup }<¢’, (Xoge — Xs)®2| ds < / sup |<¢1, (Xope — Xs)®2| dst
0 0

ll@llxy@xa <1 llf1llx, <1

T
+/ sup |<¢’27(Xs+e*Xs)®2|d8
(U

[#2]lxp <1
Condition H2(i) follows by linearity; in fact
¢
XI(6) = [ {61+ 60, (Kere — X))o =
¢ ¢
= [0 (s = X&)+ [ (o0, (X = X)) s 22 (X1 (01) + [X]a(en)

Wialso have [’)\(J](tN)(qS) = [X](qb)(i: [X]1(t)(é1) + [X]2(t)(p2). [X] has bounded variation because

[ Xlvaro,m < 11X 1 llvaro,m + I[X]2llvaro,r as., then H2(ii) follows. Finally X admits x-quadratic
variation [X] and it is equal to [X](¢) = [X]1(¢1) + [X]2(d2). O

Proposition 4.20. Let X be a B-valued stochastic process and x;1 X2 two Chi-subspaces such that
X1 C X2 C (B®,B)* densely embedded, i.e. ||y, > |6y, > 19l e, By~ for all ¢ € xa.

If X admits a yz-quadratic variation [X]z, then it admits also a x;-quadratic variation [X]; and it holds
[X]1(¢) = [X]2(9) for all ¢ € x1.
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Proof. We remark that (X, — X,)®? is an element in (B, B) C (B&,B)** C x4 C x}. Assumption H1
< H( ste — )®2 .. Assumption H2(i) is

follows immediately using the inequality H (Xere — X S)®2‘ "

trivially verified because for all ¢ € x; by hypothesis we have [X]¢(¢ ) ek [ ]2((]5). Moreover [3(\]1 ) (o) =
[X]1(0)(t) = (X](1)(¢) and [|[X]1 [varo.1y < IX]2lvaro.ry- So that : alSO point (ii) of condition H2 is
established. We conclude that X admits y;-quadratic variation and it holds [X];(¢) = [X]2(¢) for all
o€ x1- O

Remark 4.21. 1. On the contrary, let x; x2 be two Chi-subspaces such that x; C xo C (B®,B)* as
for Proposition 4.20, it may happens that a B-valued process X does not admit a (B®, B)*-quadratic
variation or not even a yo-quadratic variation but it admits a yj-quadratic variation. For this reason

the fact to introduce a subspace of (B®,B)* give much more possibilities of calculus.

2. It is obvious that if Condition H1 is verified for yo than Condition H1 is verified for y;. In fact
if A:={¢€x1:ll¢lly,<1} and B = {6 € x2;||¢llxo<1}, then A C B and [;sup, [(¢, (Xepe() —
t
Xs()@*)ds < [y supp [(¢, (Xse() — Xs(-)®?)|ds.

3. We anticipate that the C'([—7,0])-valued window Brownian motion admits a x2-quadratic variation

but it does not have M([—,0]?)-quadratic variation. This will be seen in details in chapter 5.
We continue with some general properties of y-quadratic variation.

Lemma 4.22. If the sequence of random variables defined, for every ¢, by % fOT IlJ ((XS+E — XS)®2) |

X* ds

converge to 0 in probability then X admits a zero x-quadratic variation.

Proof. Condition H1 is verified because of Remark 4.17(1). We verify H2(i) directly. For every fixed
¢ € x we have

¢ Xs E_XS®2 t Xs E_XS®2 T Xs e_Xs®2
X x10] = | [ (0, FtemRID ) < [ e ZRIE g o [, s 22T
0 € 0 € 0 €
then we obtain
€ T (Xs+e - X5)®2 I 2 P
sup |[X, X](¢)(t)| < (0, =) ds < [dlx~ | T (Xsse = X5)@7) [+ ds — 0
t€[0,T] 0 € €Jo

in probability by the hypothesis of the lemma. This allows to conclude. O

An important proposition used later to prove Itd’s formula is the following.

Proposition 4.23. Let F" : x — C([0,T]) be a sequence of linear continuous maps and ﬁ”(w,) :
[0,T] — x*a.s. such that ﬁ"(w,t)(@ := F"(¢)(w,t). We suppose the following:

i) it exists a linear continuous map F' : x — C([0,T]) such that for all ¢ € [0,T] and for every ¢ € x
F™(¢)(-,t) — F(¢)(,t) in probability.
Moreover it exists F(w,-) : [0,T] — x* of bounded variation defined by F(w,t)(¢) := F(¢)(w,1).
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ii) for all (ny) it exists (ny,) such that sup; || F"%s lvaro,m) < 00.

Then for every t € [0,7] and every continuous process H : Q x [0,T] — x

/<H(-,s),dﬁ"(.,s)> H/ (H(-,s),dF(-,s)) in probability. (4.21)
0 0

Proof. Let t € [0,T] fixed. Let § > 0 and a subdivision of [0,¢] 0 =ty < t1 < -++ < t,,, = ¢ with mesh
smaller than §. Let (ny) be a sequence diverging to infinity and (ng,;) a subsequence according to ii. We

denote
t ~ t _
I(n)(w) = / (H(w, 5), dF™(w, )) — / (H(w, ), dF(w, 5))
0 0
Up to a further subsequence, that in general will always be denoted by (n;), we need to prove that
I(ng,;)(w) — 0 a. s. (4.22)

In fact, for w € 2 we have

[Lne,) ()| = f ( /:1<H<w,s>,dﬁ”kj (w.5)) - <H<w,s>7dﬁ<w7s>>> <

< il /t;ilgf(w, §) — H(w,tio1) + H(w, tim1), dF™5 (w, s))+

-/ :_:<H<w, $) = H(w,ti1) + H(w,ti1), dF(w,8)) | <
< L) (@) + B (g, @) + T (i, ) (@)
where

L(n,)(w) = Z / (F (. 5) = H{t,0 ). dF" (0,9} € (H(w.).8) 500 |F™ (@) voro
Ly(ny,)(w) = 22 / (H(w,s) = H(w,ti 1), dF(w,$))| < @(H(w,"),0) [|F()llvaro.1)
Iy, )(w) = i / (H (o, timy). (™ (w,5) = Flw, s>>>’ -

= S (i), T 0,) = Flant) = % (i) + Pl i) <

-
Il
_

[F™ 5 (H (w, ti-1))(w, i) = F(H (w, ti-1))(w, t:) |+

NE

N
Il
-

SIS (H(w, ti1)) @, tie1) — F(H @, 1)) (@, 1)

=1
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The notation w(H (w, ), ) indicates the modulus of continuity for H and it is a random variable, in fact it
depends on w in the sense that

W(H(w7 '), 5) = sup ||H(w, S) - H(w, t)”

X
ls—t|<d

Assumption i implies that I3(ng,)(-) — 0 in probability because F™(¢)(-,t) — F(¢)(-,t) for all
¢ = H(w,t;), 1 =0,...,m. After extracting a further subsequence we can suppose that I3(ny,)(-) — 0 a.s.

for 7 — 4o00. Therefore a.s.

lim sup [I(ns, ) ()] < (sup V™ (@) variorr) + ||ﬁ<w>|vw[o,ﬂ) w(H(w, ), ) (4.23)
J—o0 J

Since § > 0 is arbitrary and H is uniformly continuous on [0,t] so that w(H(-,-),d) — 0 a.s. for § — 0,

then limsup;_, o [I(nx,)(-)| = 0 a.s..

This concludes (4.22) and the proof of the Propositon. O

Corollary 4.24. Let X be a B-valued stochastic process with y-quadratic variation and H a continuous

measurable process H : Q x [0,7] — x. Then for every t € [0, T

/ (H (- 5), d[X] (- 5)) — / (H(- 5), d[X](,5)) (4.24)
0 0

in probability.

Proof. The proof follows from Proposition 4.23 and definition of x-quadratic variation. Of course the ucp

convergence implies in fact the convergence in probability for every ¢ € [0,T]. O

An important theorem for Banach valued stochastic integration is given below. It will be a consequence
of Banach-Steinhaus type result for Fréchet spaces, see Theorem I1.1.18, pag. 55 in [17]. We start with a

remark.

Remark 4.25. 1. In the mentioned Banach-Steinhaus theorem intervenes the following notion. Let E
be a Fréchet spaces, F-space shortly. A subset B of F is called bounded if for all € > 0 it exists §.
such that for all 0 < a < 4., aB is included in the open ball B(0, €).

2. Let (Y™) be a sequence of random elements with values in a Banach space (B, || - ||g) such that
sup,, |[Y"||g < Z a.s. for some positive random variable Z. Then (Y™) is bounded in the F-space of

random elements equipped with the convergence in probability equipped with the metric
dX,Y)=E[|X -Y]|A1].

In fact by Lebesgue dominated convergence theorem we have lim,_oE[yZ A 1] = 0.
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3. In particular taking B = C([0, T) a sequence of continuous processes (Y") such that sup,r [Y;"| < Z
a.s. is bounded for the usual metric in C([0,T]) equipped with the topology related to the ucp

convergence.

Theorem 4.26. Let F™ : x — C([0,T]) be a sequence of linear continuous maps such that F™(¢4)(0) =0
a.s. and such F™(¢)(w,t) = F™(w,t)(¢) where F™(w,-) : [0,T] — x* a.s.
We suppose the following:

i) Supy, ||Fn||Var < o0 a.s.

ii) There is a subset S C x such that Span(S) = x and a linear application F' : § — C([0, T]) such that
F"(¢) — F(¢) ucp for every ¢ € S.

Then there is a linear and continuous extension F : y — C([0,T]) and there is F : Q x [0, 7] — x* such
that F(w,t)(¢) = F(¢)(w,t). Moreover the following properties hold:

ucp

a) For every ¢ € x, F"(¢) — F(¢). In particular for every t € [0,T], ¢ € x, F"(¢)(-,t) LR F(¢)(w,t).

b) ||F||var < o0 a.s.

Remark 4.27. 1) Given G : x — C([0,T]) we can associate G : [0, T] — x* setting G(t)(¢) = G(4)(t).

G :[0,T] — x* has bounded variation if

1Gllvaror = swp > |Gt = Gw)| = s DT sup [G9)(t41) ~ G(O)(t)] < o0

7€50.1) (1), e XT o o€8 0.1 (4 g 111

This quantity is called total variation of G.
. : T .
For example if G(¢) = fot Gs(p)ds then ||Gllvar = [, sup| ), <1 G ()| ds.

2) Unfortunately the situation is more complicated for stochastic processes. Let F : x — C([0,T7]). For
every ¢ € x, F(¢) € C([0,T]) a.s. and we associate F(w,t)(¢) = F(¢)(w,t). It may happen that
for fixed w € Q, t € [0,T] the linear form F(w,t) is not continuous. In fact given ¢, — ¢ in x,
F(¢n) — F(¢) in C(]0,T]) with the ucp convergence, then there is only a subsequence such that
F(¢n,) — F(¢) a.s. in C([0,T)).

Proof of the Theorem 4.26.

a) We recall that C([0,77) is an F-space. It holds sup,ci 1 [F"(¢)(t)] < sup,, | F™|var|| @]l < 0o a.s. by
the hypothesis. By Remark 4.25(2,3) it follows that the set {F™(¢)} is a bounded subset of the
F-space C([0,T1]) for every fixed ¢ € S.

We can apply the mentioned Banach-Steinhaus type theorem, which implies the existence of F': x —
C([0,T7)) linear and continuous such that F™(¢) — F(¢) ucp for every ¢ € x. So a) is established.
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Let (nx) be a sequence, for w € Q, ¢ € [0,T] and ¢ € x we set

F(w,t)(¢) = F(¢)(w, ) and F™ (w,1)(¢) = F™ (¢)(w, 1)

We first prove the existence of a suitable version F of F such that F(w,-) : [0,T] — x* is weakly
star continuous w a.s.

Since x is separable, we consider a dense countable subset D C x. Point a) implies that for a fixed
¢ € D there is a further subsequence (ny) such that F™ (¢)(w,t) — F(¢)(w,t) for all t € [0,T] a.s.

Since D is countable there is a null set Ny and subsequence (ny) such that
F" (@) (w,t) — F(¢)(w,t) Vte[0,T], V¢ € D, Vw ¢ Ny (4.25)

Let t € [0,T], w ¢ Ny the sequence
Fe(w,t): x — R

are linear continuous forms such that

o ™ (w,t)(¢p) — F(w,t)(¢) for all ¢ € D, because of (4.25).

o sup |[F™ (w, 1)(9)] < supg supyg <1 [F™ (w, 0)(@)] [l < supy, | ™ (w, 1) | varl|gl| < oo as.

Banach Steinhaus thereom for Banach spaces implies the existence of

Flw,t):x —R
linear continuous form extending previous map ﬁ‘(w, t) from D to x with
F(w,t)(¢) — Flw,t)(¢) Yt e[0,T], V¢ € x, Yw ¢ No
Moreover, for every w ¢ Ny the application

F(w,-):[O,T]—>X9‘ t— F(w,t)

is weakly star continuous, i.e. for t, — t, F(w,t,)(6) — F(w,t)(¢) for all ¢ € x. F(w,-) is measurable

from [0,T] to x* being limit of measurable functions.

We prove now that the x*-valued process F has bounded variation.
Let w ¢ Ny fixed again. Let (t;)~, be a subdivision of [0,7] and let ¢ € . Since the functions

Flotis s — (Bltin) = F(1) (0)  F™t 6 — (F™ (1) = F™(1)) (9)

belong to x*, Banach-Steinhaus theorem says

sup |(F(tisn) = F(8) (6)] = [|F"4+

x < lim inf [|Frstictitn | L=
lloll<t —ee
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=lim inf sup ’(13‘” (tiv1) — Fnk( )) (‘ZS)‘

k=00 |g1<1

Taking the sum over ¢ =0,..., (N — 1) we get

glzﬁgll(mmmi)) (@) S:)llimklg({o sup [(Ftn) = P2 0) (0)] <

<sup2 sup [(F(tin) = B (1)) ()] < sup 1P var
—o llell<1 k

where the second inequality is justified by the relation liminf ¢ + liminf b < sup(al’ + b7).

Taking the sup over all subdivision (¢;)¥, we obtain

IFllvar < sup | F™ |y qr < 00

This shows finally the fact that F (w,-) : [0,T] — x* has bounded variation.

Corollary 4.28. We can replace condition ii) in Therem 4.26 with

ii”) There is a subset S C x such that Span(S) = x and a linear application F' : S — C([0,T]) such that
for every ¢ € S.

o F(¢)(t) — F(¢)(t) for every t € [0,T] in probability

e F™(¢) is an increasing process.

Proof. Since for every ¢ € S, F(¢) is an increasing process, Lemma 2.1 implies that F"(¢) — F(¢) ucp
for every ¢ € S, so ii) is established. O

Important implications of Theorem 4.26 and its Corollary 4.28 are Corollaries 4.29 and 4.30, which
gives us easier conditions for existence of y-quadratic variation. We will replace H2 with convergence in

probability in a generator system S of x.

Corollary 4.29. Let B be a Banach space, Y C (B®,B)* be a Chi-subspace and X a B-valued stochastic

process. We suppose the following
HO’ There is S C x such that Span(S) = x.
H1 For every sequence (€,) | 0 there is a subsequence (e, ) such that

Xs €n _Xs®721-
Kever, ) Yds < +oo

(¢,

T
sup/ sup
k- Jo flellx<1

€nk

and
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H2’ There is 7 : x — C([0,T]) such that [X, X]|¢(¢)(t) — T (¢)(t) ucp for all ¢ € S.
Then X admits a y-quadratic variation and it is equal to 7.
Proof. Condition H1 is verified by assumption. Conditions H2(i) and (ii) follow by Theorem 4.26. O

Corollary 4.30. Let B be a Banach space, Y C (B®,B)* be a Chi-subspace and X a B-valued stochastic

process. We suppose the following

HO0” There are subsets S, SP of x such that Span(S) = x, Span(S) = Span(SP) and SP is constituted by
positive definite elements ¢ in the sense that (¢,b® b) > 0 for all b € B.

H1 For every sequence (€,) | 0 there is a subsequence (€, ) such that

(X3+€nk - XS)®72T

€ng

T
sup/ sup
E Jo [¢llx<1
and

H2” There is 7 : x — C([0, T]) such that [X, X]¢(¢)(t) — T (¢)(t) in probability for every ¢ € S and for
every t € [0,T].

Then X admits a y-quadratic variation and it is equal to 7.

Proof. We verify the conditions of Corollary 4.29. Conditions HO’ and H1 are verified by assumption.
We observe that for every ¢ € SP, [X, X|°(¢) is an increasing process. By linearity, it follows that for
any ¢ € 8P, [X, X]¢(¢)(t) converges in probability to 7 (¢)(t) for any t € [0,7]. Lemma 2.1 implies that
[X, X]¢(¢) converges ucp for every ¢ € SP and therefore in S. Conditions H2’ of Corollary 4.29 is now
verified. O



Chapter 5

Evaluations of y-quadratic variations

In this chapter, for simplicity of exposition, we will consider in most of the cases 7 = T'. Only when it
is really necessary in view of furthers applications we develop computations also for 7 < T. We start with

some examples of y-quadratic variation calculated directly through the definition.

Proposition 5.1. Let X be a real valued process with Holder continuous paths of parameter v > 1/2.

Then the C([—T, 0])-valued process X (-) admits a zero global quadratic variation.

Proof. Since the injection J : B — B** is isometric, quantity

e )
E/O ||(Xs+s(')7Xs('>)® ||(B®WB)** ds (51)
equals
1 (T 1 (T
o] I = X008 s = 7 [ X = Xl gy s
1

T
2
= 7/ sup |Xs+u+e - Xs+u| ds
€ Jo wel-T,0]

Since X is a.s. y-Hélder continuous this is bounded by Z(e) := €27~! Z T where Z is a non-negative finite
random variable. This implies that (5.1) converges to zero a.s. for v > % Lemma 4.22 implies that the

process admits zero global quadratic variation. O

Remark 5.2. By Proposition 4.20 every window process associated to a continuous process with Holder
continuous paths of parameter v > 1/2 admits zero x-quadratic variation for every Chi-subspace x, for
instance x = M([-T,0]?).

Definition 5.3. The fractional Brownian motion B of Hurst parameter H € (0, 1] is a centered

Gaussian process with covariance

RA(t,s) = 5 (|t + s/ — |t — o)

N =

51
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If H=1/2 it corresponds to a classical Brownian motion. The process is Holder continuous of order v for

any v € (0, H). This follows from the Kolmogorov criterion, see [30].

Definition 5.4. The bifractional Brownian motion B#X is a centered Gaussian process with covari-
ance

1
REKE(t 5) = X ((tQH o s2HYE S|2HK)

with H € (0,1) and K € (0,1]. Notice that if K = 1, then B! coincides with a fractional Brownian
motion with Hurst parameter H € (0, 1).

We recall some properties about quadratic variation in the particular case HK = 1/2 from Proposition 1 in
[39]. If K =1, then H = 1/2 and it is a Brownian motion. If K # 1, it provides an example of a Gaussian
process, having non-zero finite quadratic variation which in particular equals 2'~¥¢, so, modulo a constant,
the same as Brownian motion. The process is Holder continuous of order « for any v € (0, HK). This

follows again from Kolmogorov criterion.
Remark 5.5. As consequences of Proposition 5.1 we have the following properties.
1. The fractional window Brownian motion B (-) with H > 1/2 admits a zero global quadratic variation.

2. The bifractional window Brownian motion B#¥(.) with KH > 1/2 admits a zero global quadratic

variation.

Remark 5.6. We recall that a Brownian motion W has Holder continuous paths of parameter v < 1/2 so

that we can not use Proposition 5.1.

Remark 5.7. In principle the window Brownian motion W(-) does not admit even a M([-T,0]?)-
quadratic variation because the first condition is not verified. However we do not have a formal proof of
this. Presumably the window Brownian motion W (-) does not admit a global quadratic variation. In fact
setting B = C([—7,0]), it is possible to show that the expectation

| 21y = Wl | = o (52)

lim E
e—0

This is a consequence of the following result.

Proposition 5.8. Let W be a classical Brownian motion. Let 0 < 73 < 7o, then there are positive

constants C'1, Cy such that

‘Wque - Wu|2

<
Ci<E eln(1/e)

sup
u€[T1,72]

du} S CQ

Proof. See [26]. O
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The following proposition constitutes an existence result of a y-quadratic variations calculated with the
help of Corollaries 4.29 and 4.30.

Proposition 5.9. Let X be a real continuous process with finite quadratic variation [X]. Then

1) X(-) admits zero x-quadratic variation, where x = L?([-T, 0]?).

2) X(-) admits zero y-quadratic variation for every i € {0,..., N}, where x = L%([~T,0])®,D;([-T,0]).
If moreover the covariation [X .4, X.;4,] exists for a given i,j € {0,..., N}, then

3) X(-) admits x-quadratic variation which equals

[(XOe(r) = p{ai, a; DX tass Xopas i (5.3)
where x = D; ;([-T,0]?).

Proof. Example 4.5 says that the three involved sets x are Chi-subspaces. Let {e;};en be a basis for
L([=T,0]); {fi = 04, } is clearly a basis for D;. Then {e; @ e;}; jen is a basis of L2([—T',0]?), {e; ® fi}jen
is a basis of L?([-T,0))®,D;([-T,0]) and {f; ® f;} is a basis of D, ;([-T,0]?). We will show the result
using Corollary 4.30. To verify Condition H1 we consider

T
Ale) 1:1/ sup [(¢, (Xepe() — Xo(+) ®%)| ds
€Jo el <1

for the three Chi-subspaces. In all the three situations we will show the existence of a family of random
variables {B(¢€)} converging in probability to some random variable B, such that A(e) < B(e) a.s. In

particular this clearly implies Assumption H1.

1) Suppose x = L?([-T,0]?). By Cauchy Schwarz inequality we have

1 /T 9
A<t / sup 0l rop [ Xere) = Xo() o) <
€ 0 ‘|¢HL2 T0]2)<1
< = / / Xute — 2 duds < B(e)
where

T 2
Xure— X
MQ:T/ALﬂi—le
0 €

which converges in probability to T [X]r.

2) We proceed now similarly for x = L?([~T, 0])®,D;([~T,0]). We consider ¢ of the form ¢ = q~5®)\i5{ai},

where ¢ is an element of L?([—T,0]), Ail{q,} is an element of D;. We first recall

o= [ s

[ Xidrany

1912 rapenm, = |9

L2([—T,0])
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Ai (Xste(ai) — XS(ai))/ (Xse(@) = Xs(2)) J)(x) dz| ds <

[7T’0]

I o (VA Ko~ X))

lgli<t
| (M L2 ([-T,0)) \//[_TO] (Xote(®) = Xo(@))* d:v) ds <

T . :
< /0 Z\/(Xs+e(ai) — Xs(a;)) \//[—T,o] (Xste() — Xs(2))” dx ds < B(e)

1 T
Ae) = */ sup
€ Jo ”¢”L2([—T,O])®h,Di<1

T B 2
B(G) _ /O (XZH‘E Xy) dy

€

sequence that converges in probability to [X]r.

3) For the last case x = D; j([—T), 0]?) we consider a general element ¢ = i a3 ®0{a;y = NiliO{(as,a;)}
Ai, 5 in R. Its norm is defined by ||¢HD7; S = V/A2u?. Then, again using Cauchy Schwarz inequality,

1 T
A(e) = 7/0 sup |)‘iﬂj (Xs+ai+e - Xs+a71) (Xs+aj+e - Xs+aj)| ds <

€Jo glp, <1
1 T
< E/O |(Xs+ai+e - Xerai) (Xs+a]-+e - Xs+aj)| ds <
T 2 T 5
i — stai Xsta;+e — Xsta,
< \// (Xé+al+€ XH"“) ds\// ( +a;+ + a) ds < B(E)
i ) ’ ‘ (5.4)
where
T 2
Xere — X
B(e) —/ (Xt 5) ds
0 €

We verify now Conditions HO” and H2”.

1) A general element in {e; ® e;}; jen is different of two positive definite elements in {e;®?, (e; +
e;)®?}i jen. Therefore we set S = {e; @ €, }i jen and SP = {e;®?, (e; + €;)®%}i jen. This implies
HO0”. It remains to verify

[X()]°(e: @ e5)(t) — 0 (5.5)

in probability for any 4,7 € N in order to conclude the validity of Condition H2”. Without restriction
of generality we can suppose {e;}ien € C1([~T,0]). We fix w € Q, fixed but omitted. We have

t 0
wmﬂa®m@=ﬁvm@/emw&ﬂﬂ—&MMMs (5.6)

—S
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where

1 O
s = ¢ [ ei0) Ketyre = Xan) dy

Now for every s € [0,T], a.s.

0
(s, €) — Xse;(0) — Xotyde;(y)

and for every s € [0,T], € > 0,

T
Al < sup (Xl sl + sup 1] [ )y
t€[0,T] t€[0,T] 0
Consequently Lebesgue dominated convergence theorem implies that
[(X()](ei @ €5)(t) — 0
a.s. and therefore (8.1).

2) A general element in {e; @ f;} ey is different of two positive definite elements of type {e;®?2, f;®?, (e;+
Ji)®?}jen. This shows HO”. It remains to show that

(X (e; @ fi) (1) — 0 (5.7)

in probability. In fact the left-hand side equals

t
| 960 Keae = X ds
0
A similar argument as for point 1) shows the result.

3) A general element f; ® f; is different of two positive definite elements (f; + f;)®? and f; ®* +f;@2.
So that Condition HO” is fulfilled. Concerning Condition H2” we have, for 0 <i,5 < N,

t
(XOIC(fi® f) @) = %/0 (Xstare — Xstas) (Xotay+e — Xota,) ds
This converges to [X.i4,, X.44,] which exists by hypothesis.
This finally concludes the proof of Proposition 5.9. O
We recall that Dy, Da, x2, X" and x® were defined respectively at (2.19), (2.17), (4.4), (4.6) and (4.12).

Corollary 5.10. Let X be a real continuous process with finite quadratic variation [X]. Then for every
ie{0,...,N}
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4) X () admits a D, ;([—T, 0]?)-quadratic variation which equals
[X(')]t(l‘l’) = :u‘({alaa’l})[X-‘r(ll7X+al]f (58)

5) X(-) admits a Dy([—T,0]%)-quadratic variation which equals

N

[XCe(e) = Y nl{ais ai}) (X, (5.9)

=0

6) X(-) admits a x°([-T, 0]?)-quadratic variation which equals
(X ()]e(p) = n({0,0})[X]:. (5.10)

7) X(-) admits a x®([~T, 0]?)-quadratic variation which equals

N
(XOle(w) =Y p{ai, a;})[Xisa, (5.11)
i=0
Corollary 5.11. Let X be a real continuous process with covariation structure [X.i,,, X 14,] for every

1,7 =0,..., N, in particular it is has finite quadratic variation process [X]. Then

8) X (-) admits a D([-T,0]%)-quadratic variation which equals

N

XOel) = Y p{ai a; DX opa, Xoga, e (5.12)

4,5=0

9) X(-) admits a x?([-T, 0]?)-quadratic variation which equals

N

(X ()]e(u) = Z p({aisa; )X ta;s Xosa,lt (5.13)
4,7=0

Proof of Corollaries 5.10 and 5.11. Space x? admits a finite direct sum decomposition given by (4.5).
Also X%, x°, Dy and D4 admit a finite direct sum decomposition by definition. Results follow using
Propositions 4.19 and 5.9 O

We mention a particular case of Corollary 5.11 that we will frequently meet in the paper.

Remark 5.12. Let X be a real continuous process with covariation structure such that [X.y,,, X.44,] =0

for i # j. In this case the x2([—T, 0]?)-quadratic variation of X (-) simplifies in

N N

XOelr) =Y nl{ai, aih)[Xorale = ) pl{ai, ai})[X Jera, (5.14)

=0 =0
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Remark 5.13. We remark that in Corollary 5.10 (respectively in Corollary 5.11) the quadratic variation
[X] of the real finite quadratic variation process X (respectively the covariation structure of X) not only
insure the existence of x-quadratic variation but complete determines the y-quadratic variation. For
example if X is a real finite quadratic variation process such that [X]; = ¢, then X(-) has the same
x%-quadratic variation as the window Brownian motion. On the contrary in Remark 5.12 all the covariation
structure of X is necessary to insure the existence of xy-quadratic variation even if it is completely determined

only by the quadratic variation [X].

Now we list two corollaries of Propositions 5.9 and 4.19 that will be useful in the application to Dirichlet

processes in chapter 6.3.

Corollary 5.14. Let V be a real continuous zero quadratic variation process. Then the associated window
process V(+) has zero D4 ([—T,0]?)-quadratic variation. In particular the associated window process of a

real bounded variation process has zero D4([—7, 0]?)-quadratic variation.

Corollary 5.15. Let V be a real continuous zero quadratic variation process. Then V(-) has zero

x2([~7,0]?)-quadratic variation.

Proposition 5.16. Let V a real absolutely continuous process such that V' € L?([0,7]) w-a.s. Then the

associated window process V(+) has zero M([—7, 0]?)-quadratic variation.

Proof. By hypothesis V; — V = fgg(s) ds w-a.s., with g € L2([0,T]) w a.s..

Using Lemma 4.22, it will be enough to show the convergence to zero in probability of the quantity

t1
—  sup
0 € pllver<t

for which we will even show the a.s. convergence. (5.15) equals

/[_ o2 (Voge(z1) = Vi(21)) (Voge(za) — Vs(z2)) p(day, dzs)|ds (5.15)

tAT 1

/ L / (Vere(21) = Va(21)) (Vase(i2) — Val2)) u(dicy, dacy)| s+
0 € ullvar<i|J[—s,0]2
t

/ - sup / (Vste(z1) = Vis(@1)) (Vspe(z2) — Vi(a2)) pldzy, dzs)| ds
tAT € ||lpllvaer<1|J[-7,0]2
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The proof for both integrals is similar, so we concentrate on the first one. It gives

ds <

tAT 1 s+x1+e€ s+xo+te€
/ -  sup / / / g(u)du p(dxy, dxs)
0 Cllullvaer<1|J[=5,002 Jsta +2
tAT 1 s+xi+e s+xo+e
§/ - / / u)du / uw)du |p|(dzy, das)ds <
0 € Hu|\va,<l [—s,0]2 +x1 +xzo
tAT st+x+e
< / sup [/ gz(u)du] sup / || (dxy, dzg)ds <
0 z€[—s,0] LS s+x [pllvar<lJ[—s,0]2

tAT s+x+e
< / sup {/ gz(u)du] ds
0 z€[—7,0] s+

Previous term converges to zero a.s. by dominated convergence theorem. O

Example 5.17. We list some examples of processes fulfilling the assumptions of Corollary 5.11 or only

those of Corollary 5.10. If we only know the quadratic variation but we do not know the whole covariation

structure of the process we use Corollary 5.10. We insist on the fact that to study the x?-quadratic variation

it is necessary to know the whole covariation structure of X.

1) All continuous real semimartingale X. In fact X is a finite quadratic variation process and it holds

2)

[X.ta;s X.4q;] = 0 for i # j, see Proposition 2.6.

In particular if X is the Brownian motion W. In fact [W]; =t and [W.y4,, W.4,,] = 0 for i # j

because W is a semimartingale.

Proposition 5.18. Let B¥:X be a bifractional Brownian motion with HK = 1/2. Then [BH#:X] =
2'-Kt and (BTN, BT K] =0 for i # j.

Remark 5.19. o If K =1, then H = 1/2 and B-¥ is a Brownian motion, case already treated.

e In the case K # 1 we recall that the bifractional Brownian motion BfX is not a semimartingale,

see Proposition 6 from [39].

Proof. Proposition 1 in [39] says that B¥X has finite quadratic variation equals to [BH-5] = 21=K¢,
By Proposition 1 and Theorem 2 in [32] there are two constants « and 8 depending on K, a centered
Gaussian process X "X with absolutely continuous trajectories on [0, +-oo[ and a standard Brownian
motion W such that a XX + BHEK = gIW. Then

H,K H,K H,K H,K
[aX ) + By, aX 0, + B, ] = 32 Wota: Woia,] (5.16)
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Using bilinearity of the covariation we expand the left-hand side in (5.16) into a sum of four terms
PIXSE XS + o[BS, XIS + ol X BILE + (BI, BILY (5.17)

Since XK has bounded variation then first three terms on (5.17) vanish using Proposition 1 in
[44]. On the other hand term the right-hand side in (5.16) is equal to zero for i # j since W is a

semimartingale, see point 1. We conclude that [Blif , Blifj ] =0 for i # j. O

4) Let X be a real continuous (F;)-Dirichlet process with decomposition X = M+ A, M local martingale
and A zero quadratic variation process. Then X satisfies the hypotheses of the Corollary 5.11, in
particular of Remark 5.12. In fact [X]; = [M]; and [X .14, X .14,] = 0 for i # j. Consequently the
associated window Dirichlet process admits a y2-quadratic variation.

More details about Dirichlet processes and their properties will be given in chapter 6.3.

5) Let D be a (F;)-weak Dirichlet process with decomposition D = W + A, W being a (F;)-Brownian
motion and the process A which is adapted and [4, N] = 0 for any continuous (F;)-local martingale
N. Moreover we suppose that A is a finite quadratic variation process. Then D is an example of
finite quadratic variation process in fact [D] = [W] + [A]. However the covariation structure is not

determined by D. This is an example where we only can use Corollary 5.10 but not Corollary 5.11.

We will show now that, under the same assumptions of Corollary 5.11, a finite quadratic variation
process X admits a Diag([—T,0]?)-quadratic variation, with 0 < 7 < T. We will see that in the case 7 < T
there will be an additive term. This will be used in Example 7.3 of application of the Itd’s formula to the

window Brownian motion.

Proposition 5.20. Let 0 < 7 < T. Let X be a real continuous process with finite quadratic variation [X].
Then X (-) admits a Diag([—7,0]?)-quadratic variation, where Diag([—7,0]?) was defined in (2.20). We

have
[X ()] : Diag([-7,0]*) — C([0,T1)

such that

i (X () = / 90X ey te o), (5.18)

—T

where y is a generic element in Diag([—7,0]%) of type u(dz,dy) = g(z)d,(dr)dy, with associated g in
L>([-1,0]).

Proof. We recall that for a generic element p we have ||il| piag = |19l co-
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Firstly we show the result for 7 = T. We verify Condition H1. We can write

ds =

/[_T 02 (Xope(r) = X(1)) ®% p(de, dy)

! / sup [, (Xape(r) = Xo()) @2)] ds = - / sup

€ HMHDiagfl

€ lullpiag<1
1 (T 0 )
= f/ sup / 9(2) (Xsqe(x) — Xs(x))” d| ds =
€Jo glle<1 /=T
r s X:v € Xa: ?
= / sup / “7)9(37 —8)dz|ds < T[X]r
0 lglle<1|Jo €

So in particular Condition H1 is verified by Remark 4.17.
Concerning the remaining conditions, we will use the setting of Corollary 4.29. S will be the set of

non-negative bounded functions, so that HO’ is obviously verified. It remains to prove Condition H2’.

Using Fubini’s theorem, we obtain

X5 () = = / ((de, dy), (Xoye() — Xo()) @2) ds =

€Jo
=t ) Ofere®) = X)) (Korely) = Xela)) o)) ds =

- [, o) = X, oo s =

2
:/ Q(SE)/ Korare = Xovo) dsdx =
—t —x €

0 t+a 2
—/ g(x)/o Mds dx (5.19)

—t €

Every function g can be written as g© — ¢, i.e. a difference of two non-negative functions: its positive
part g7 and its negative part g—. So without loss of generality we can consider a non-negative function g,

so process (5.19) will be an increasing process. It can be shown that

' g(z)  (Kope = X)° ds da e, ' 9(2)[Xipa dx (5.20)
¢ 0 € —t t€[0,T7]

t€[0,T]

In fact we have

< / " lo(a)] sup

T (Xgye — Xo)°
/ Mds—[X}tﬂ
-T tefo,T] |Jo €

2

/t Ksre = Xs) ds — [X]¢| dx (5.21)
0 €

< / " lg@)] sup

-T te[0,T]
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By the dominated convergence theorem and the ucp convergence for the real quadratic variation of the
process X, the last term in (6.25) converges to zero. Consequently ucp convergence in (5.20) follows. We
conclude the proof for 7 = T by applying Corollary 4.29.

For the case 7 < T Condition H1 is already verified. Developing [X (-)]§(x) we obtain

t 0 2 tAT 0 2
Xs r+e Xs x Xs rt+e Xs x
/ / (Koot ; +o) g(x)d:cds:/ / (Koot . +o) g(x)dxds+
0 —T 0 —s

t 0 2
Xs T+e€ _Xs T
+/ / Kot - +2) g(x)dxds = I{(t) + I5(t)
tAT J—T

By the same argument of the case 7 = T' we obtain the convergence ucp of the first addend I§(t) to

tAT
/ g(—l')[X](t/\-,-),de?
0

The second term I§(t) requires some more computations. It converges ucp to

0
/ 9(2) (Xl rz — [X)rs0) da

—T

Then we conclude the result. We remark that when ¢ < 7 (in particular this is always the case when 7 =T
because 0 <t < T') we only have the first term because the second term is zero. When 7 < ¢ < T, we have

to sum the two terms. More explicitly we obtain

S /0 9(—2)[X]t—dx 0<t<r
X(- t\H) = T T T
/ 9(=2)[X],_adz + / 9(—2) (X]p—a — [X]r_a) da = / o(—0)X)iads T<t<T
0 0 0

With the usual property [X]; = 0 for ¢ < 0 we rewrite the result in the compact form (5.18).

Direct consequences of Propositions 5.11, 5.10, 5.20 and 4.19 are the two corollaries below.

Corollary 5.21. Let 0 < 7 < T and X be a real continuous process with finite quadratic variation [X]
and covariation structure [X.iq,, X.4q,] for i,j € {0,...,N}. Then X(-) admits a x*([—7,0]?)-quadratic
variation where x3([—7,0]?) = x2([-7,0]?) @ Diag([—T,0]?). The x*([—, 0]?)-quadratic variation is

N 0

XOl) = Y plfai, a; DX va; Xora,l +/ 9(2)[X]iade

i,j=0 -

where p is a generic element in Diag([—7,0]?) of type u(dz,dy) = g(x)d,(dz)dy, with associated g in
L ([=,0]).
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Corollary 5.22. Let 0 < 7 < T and X be a real continuous process with finite quadratic variation [X].

Then X(-) admits a Dy([—7,0]?) @ Diag([—T,0]?)-quadratic variation which equals

N 0

X0 = Y- pllas e D Xeca + [ 9@ X]irada

i=0 —t

where 4 is a generic element in Diag([—7,0]?) of type u(dz,dy) = g(z)d,(dx)dy, with associated g in
L>([-1,0]).

Example 5.23. For further calculations we indicate a direct application of Proposition 5.20.

1. Suppose that [X] is absolutely continuous with A; = d[ji]t. For p € Diag([—7,0)?), u(dz,dy) =

g(x)d,(dz)dy, with associated g in L>°([—7,0]), we have

/OT<H7dm>t = /OT /i g(x)Asy pda dt

2. In particular if A =1, as for standard Brownian motion,

/0T<u7d[7(\(~/)]>t - /OT /_Ot g(x)dz dt (5.22)

We go on with evaluation of x-quadratic variation. We first recall that x*([—7,0]?) and x°([—,0]?)
were defined respectively at (4.13) and (4.14). In the next examples, the knowledge of the whole covariation

structure of the process is needed.

Proposition 5.24. Let X be a real continuous process with finite quadratic variation [X] and covariation

structure [X.iq,, X.4q,] for every 4, j € N. Then X () admits a x*([-T, 0]?)-quadratic variation equals to

(XOelw) = Y nlfan, )X var Xovas i (5.23)
i.jeN

where p is a general element in x* which can be written pu = Do jeN AijO(ai o)

Proof. We make use of Corollary 4.30. We recall that for a general p € x* the norm is [|u|,s =
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supi,j{|>\i’j li252}, then

] s (Xase) = Xo)e?) | ds =

Il a<1

1
7~/O sup Z i ,j s+a +e Xs+ai)(Xs+aj+e - X8+Ocj) ds =

€ Jo llula<t | 5en

T
/ sup Z )\”Z s+a +e Xs+ozi)(Xs+aj+e B Xs+aj) ds <
0

1252
lell<1 |52 €]

S \// s+o¢ +e — s+a \// 9+o¢3+5 - €+a]) d <
i JEN

§le/ Kote = S)ds:

1,J€N
2 2T (Xs-i-e - X5)2 P mt
= — - d —[X
( 6 ) /0 ¢ s = 5gXr

Condition H1 follows by using Remark 4.17 .
We set S = {0(a;,a:)» }i,jen and SP = {34,272, ((5% + (5%.) ®%}i jen and HO” is verified. Also Condition

H2” is proved, in fact for every element in S we have

ds ﬂ [X'-‘rﬂéi ) X'+Oéj]t

/t (XeraHre _ Xs+ai)(Xs+aj+e B X5+aj)
0

€

The result is established by Corollary 4.30. O

Proposition 5.25. Let X be a real continuous process with given covariation structure [X.i., X.4,]
for every z,y € [—7,0], in particular X is a finite quadratic variation process. Then X(-) admits a

X°([=7, 0]?)-quadratic variation

[(X()]e(w) = /[_ 0]2[X +ay Xopylep(de, dy) = Z)\ /_ o (X, Xowylepi(da, dy) (5.24)

where 1 is a general element in x°([—7, 0]?) which can be written as u = Ziil Aifti, pis a linear composition

of N fixed measures (u;);=1,.. n with total variation 1.
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Proof. We verify H1. We recall that HuHis = Zi\; A2, then

] s () = Xo)e?) | ds =

€ llulls <1
T
:/ sup
0 lull <1
T
:/ sup ds <
0 lulZs<1|:=
< / S s I ds
0 D3 XAzl

In particular |A;] < 1 for every 4, then using Fubini’s theorem and Cauchy Schwarz inequality previous

ds =

X € X@ X‘; [ X.
/[ | ( s+x+ k+w)€( Ss+y+ s+y),u(dx,dy)
7,0

N

Xs [ X XS € XG
Az/ | ( s+x+ 9+J))( +y+ +y),uz(d$7dy)
7,0

€

wi(dx, dy)

€

/ (Xstate — Xs+w)(Xs+y+e — Xs+y)
[—7,0]2

quantity is less or equal to

N T
|(Xs+w+e B Xs+x)(Xs+v+e B s+y>|
: i|(dx, dy)ds
S )

€

9 x e_Xs x Xs e_Xe
_Z/ / +at + )( +yt +y)|ds|u1\(dx dy) <
7,0]2

< s+m+e - s+f6 \// S+y+€ _ s+y) ds 2% dx dy

<Z/TO / Here =X 4ol dy) Z/ s dy) =
T_Z al([=7, ) < oo

By Remark 4.17, Condition H1 is verified. Since the signed measure u; can be decomposed in differences
of positive and negative parts p;” and p; , setting S = {mitieq1,.. vy and SP = {uj,u;}ie{l _____ ~y HO” is
verified. To verify Condition H2” we consider a fixed positive measure p with unitary total variation. It
holds

K Xs rt+e Xs T Xs [ Xs
/ / . (Xotos + )6( tyd +y)u(da:,dy) ds & (X 4y Xy leps(da, dy)  (5.25)
7,0

(=701

By Fubini’s theorem and passing to subsequence we have to show the deterministic convergence for every
w ¢ N of the quantity

/ / s+x+en Xs+x)(Xs+y+enk - Xs+y)
7,0]2

nk

ds p(dz, dy) /[ ] vk (w, y) p(de, dy)
7,0]2



65

where
ds

en t (Xs+:c-|-en,,C - Xs+x)(Xs+y+enk - Xs+y)
v (2, y) =
0

€ng

It holds that v (z, y) — (X 4a, X.4y]e and [yemr | < sup,, % fot(XSJrEmc —Xs)%ds € L*([-,0]%, ). Then, by
the dominated convergence theorem applied for every w ¢ N, we conclude with the convergence in probability.
The fact that the term ﬁ—7,0]2[X'+I’ X +ylep(dz, dy) is measurable, i.e. [X. 4, X.1y)r € LY ([—7,0]%, p) for
every x,y € [—7,0], is insured by the existence of the quadratic variation since by the Kunita-Watanabe
inequality we have |[X iz, X 44]| < v/[X.12][X +y] < [X]. Again by applying Corollary 4.30 the result is
established. O

Remark 5.26. As a particular case of Proposition 5.25 we observe that if X is a real continuous process
with finite quadratic variation [X] and covariation structure such that [X.y,, X.4,] =0 for z # y. Then

the x°([—, 0]?)-quadratic variation of X (-) equals
KOk = [ Xyt dy) (5.26)
—-7,0
where 1 is a general element x°([—7,0]?) which can be written as y = Zivzl Aipi, and D = {(x,y) €
[—7,0]%;2 = y} is the diagonal of the square [—7,0]2.

Another significant example is the following. Let u be a fixed measure on [—7,0]? finite and singular

with respect to Lebesgue measure, we recall definition of x* in (4.15).

Proposition 5.27. Let u be a given positive, finite and singular measure on [—7, 0] and X be a real process
with finite quadratic variation [X] admitting a covariation process [X.;4, X.4,| for every z,y € [—7,0].

Then X (-) admits a x*-quadratic variation which equals, for a measure dv = g du with g € L*°(dp),

[)fc>h<u>::/£_ X X, iy (5.27)

Proof. We have

EA Sup (v, (Xpye() — Xo())@2)] ds =

€ vl <1

T
= / sup
0 lgllzoe(aum <1

_ /T/ (Xstare — Xs+w)(Xs+y+e — Xs+y)
0 J[-7,0]?
(Xepe — X

T 2
s/ /'————il@wwL@ﬂimw/ lul(dz, dy) = [X]r [l([=7, 02) < +oo
[-7,012 Jo € [—7,0]2

g(z,y)u(de, dy)| ds <

/ (Xs+z+e — Xerm)(Xereré — Xs+y)
[~7,0]2 €

l(de, dy)ds <
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So H1 is established using Remark 4.17. It is always possible to write g as difference of its positive and
negative part such that g = g© — g—, with g™ and ¢~ positive functions. Setting S = {9} geroo(dp) and
S? = {97, 9" }ger(du) Condition HO” is verified. Moreover for every dv = gdpu it holds

¢ Xs r+e Xs T Xs [ Xs P
| Remeem Rl Qoise = Xeni) oy pytamagyds & [ (X Xy lovlde,dy
7,0]2 € [~7,0]2
Also Condition H2” is verified and result follows again by Corollary 4.30. O

For further applications now we consider window processes as processes with values in the Hilbert space

L?([—7,0]) and we will compute some y-quadratic variations. We start with a preliminary result.

Proposition 5.28. Let X be a real continuous process with finite quadratic variation [X]; = ¢t. Then

2
e 2 ucp % 0<t<r
E/o 1) = Xs Oz rop 45 =3

Proof. The random variables are increasing with respect to time, so by using Lemma 2.1 it will be enough

to show convergence in probability for every fixed t € [0,T]. We have

1 t 1 t 0
f/u&ﬂm—&oﬁmﬂmm=i//(&Mﬂ—&wfm@:
tAT _ _ )
/ / Xstre s+'r d?" ds + / / Xoyrye = Xogr drds =
—s tAT J—T

sre_ s+r t
// srve = Xowr)® o @ B 0<t<r
—s e—0 2
- t 0 2 2
sre_ sr Xsre_Xsr
// At + drds—i—// (Xotrs +)drds F T——i—T(t—T) T<t<T
0 J-—s € rJ_r € e—0 2
O

Remark 5.29. Let X be a real continuous process with finite quadratic variation [X], = ¢. We

consider X (+) process with values in L?([—7,0]). As consequences of Proposition 5.28 we have

1. Condition H1 for existence of (L?([—7,0])® ) -quadratic variation of X(-) is verified. Let x be a
Chi-subspace of (L?([—T, 0])®i)*, using Remark 4.21.2, it follows that Condition H1 for existence of

Xx-quadratic variation of X (-) is verified.
2. We are not able to prove the existence of a (L2([—7,0])® )* quadratic variation because we can not
prove Condition H2, i.e. that it exists an application [X(-)], such that [X(-)]¢(¢) .u% (X ()](9)

(-
for every ¢ € (L*([-T, 0])®,r)* = B(L?([-7,0]), L*([-7,0])). Nevertheless we have an expression
of this limit for some particular ¢ € (L?([—T, O})®ﬂ) . For instance if we fix the bilinear bounded
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operator ¢ : L*([—,0]) x L*([-7,0]) — R, defined by (h, g) — ¢(h, g) = (h, g)r2([—r0]) We can show

that [X(-)]¢(¢) LI;> [X()](¢). This ucp convergence is exactly the one that has been shown in

Proposition 5.28.

Corollary 5.30. Let X be a real continuous process with zero quadratic variation [X] = 0. Then the

L?([—,0])-valued window process X () admits zero global quadratic variation.

Proof. The result follows immediately using lemma 4.22. O

We recall the definitions of Chi-subspaces L%([—7,0]?) and Diags([—T,0]?) given respectively in
Definition 4.9 and in (4.17).

Proposition 5.31. Let X a real continuous process with finite quadratic variation [X]. We consider X(-)

process with values in L?([—,0]).
1. X(-) admits zero L%([—7,0]?)-quadratic variation.

2. X(-) admits a Diags([—T, 0]?)-quadratic variation which equals, for every T/ € Diagg([—T,0]?),

0
(XORT) = [ F@)X]erydy t€[0,7] (5.28)
remembering that [X], = 0 for v < 0. In particular that quadratic variation is non zero.
Proof.

1. The proof is exactly the same that we have seen in Proposition 5.9 for the L?([—7,0]?)-quadratic

variation of the window process with values in C([—7,0]).

2. The proof is practically the same in Proposition 5.20. More explicitly, we have

/f(—y)[X]t_ydy 0<t<r
[(X(O)](T?) =<0

/0 ) Xydy T<t<T
O

Remark 5.32. Let consider H = L?([-7,0]?) and E = L?([-T, 0])®72T We recall that H is the Hilbert
tensor product of L?([—7,0]) with itself. Consequently E is densely embedded into H because of (2.11).

1. The norms || - ||g= > || - ||z by (2.7). Moreover they are not equivalent. In fact, consider (e;);y
an orthonormal basis of L?([—7,0]) and set g, = Y., €; ® e;. It holds ||g,||3;« = n. On the
other hand, let h and f in L2([—7,0]), gn(h, f) = Yi_i(h,e){frei) = Dio(h ® f,e; ® e;). So
lgn(h, f)] < \/Z?:1<h,ei>2 >z (fre)? = [[hll || f]l, where the last equality comes by Parseval’s
identity. Then [|g,|[£- = supyp i r1<1 19n (R f)] < 1.
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2. Let g € E* of the form g(h, f) = (h, f)L2(j—r,0))- We have

g(h, ) = (b freaoray = Y _(hoei)(fren) = Tim > (h@ frei@ei) = lim _ga(h, f)
=0 1=0

This means that for a h and f in L2([—7,0]), gn(h, f) — g(h, f). However g,, does not converge to g
according to E*. In fact the sequence (g,) is not Cauchy. For m,n € N, m > n, for h, f in L?([-7,0])
we have (gn, — gm)(h, f) = >0, 1 1(ei ® e, h® f)g. Taking h = f = e;, previous quantity equals 1
Ex = 1

so that ||gn — gm|

We would like to comment on a well-known functional analytical result, see for instance pag. 55 in [38],

which is the following.

Theorem 5.33. Let E be a reflexive Banach subspace densely embedded in a Hilbert space H. Then H*
is densely embedded in E*.

Remark 5.34. 1. In fact by an unfortunate miss print of [38] the reflexivity assumption on E does not

appear.

2. Using arguments related to covariation maps we can provide a probabilistic proof that the theorem

statement is wrong if E' is not reflexive.
Proposition 5.35. With previous conventions H* is not densely embedded in E*.

Proof. Let W (-) be a window Brownian motion considered with values in L?([—7,0]). Point 1 of Proposition
5.31 says that W (-) has zero H*-quadratic variation. We suppose ab absurdo that H* is densely embedded
in E*. We recall by Remark 5.29.1 that Condition H1 related to definition of E*—quadratic variation is
always verified. Setting S = H*, then Conditions HO’ and H2’ of Corollary 4.29 are verified. Consequently
W (-) has a E*-quadratic variation. Since the quadratic variation [W(-)] : E* — C([0,T]) is continuous, it

must be identically zero. This contradicts Point 2 of the same Proposition 5.31. O



Chapter 6

Stability of y-quadratic variation and

of y-covariation

In this chapter we will firstly introduce the definition of a so-called y—covariation between two Banach
valued processes X and Y and secondly we will concentrate about some stability results of the y-covariation

through a real function C*! in the Fréchet sense.

6.1 The notion of y-covariation

Let B1, B2 be two Banach spaces.

Definition 6.1. A closed linear subspace x of (B1®,Bs)*, endowed with its own norm, such that

-l = 11 By o). (6.1)
will be called a Chi-subspace of (B, By)*.
Definition 6.2. Let B;, By be two Banach spaces and y be a Chi-subspace of (B;®,Bs)*. Let X

(respectively Y') be B; (respectively Bs) valued stochastic processes. We say that X and Y admit a

x-covariation if

H1 For all (e,) it exists a subsequence (e, ) such that

(Xerenk - Xs) & (Y:%Lénk - YS)

€n

(¢,

Yds < oo (6.2)

T
sup/ sup
E-Jo igllx<t

H2 (i) It exists an application denoted by [X,Y]: x — C(]|0,T]) such that [X,Y]¢(¢) — [X,Y](¢) in
the ucp topology when € — 0 for every ¢ € x C (B1®,Bs)*.

k
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—_~—

(ii) Moreover we can associate a bounded variation function [X,Y](w,-) : [0,T] — x* defined by
(X, Y](w,8)(9) = [X,Y)(6) (@, 1)
If X, Y admit a y-covariation we will denote with ([X7 Y1)o<i<r defined for every w € Q and ¢ € [0,7] the
x*-valued process ¢ — [X,Y](w,t)(¢) := [X,Y](¢)(w, t) = lim"“P L fo s (Xoge = Xo) @ (YVoge — Ys))ds =:
(X, Y]i(¢).

If the covariation exists for y = (B1®,B2)*, we say that X and Y admit a global covariation.

We enunciate now an important proposition used later to prove Ito’s formula and other results of

stability. It is a corollary of Proposition 4.23.

Corollary 6.3. Let B, By be two Banach spaces and x be a Chi-subspace of (B;&,Bs)*. Let X and
Y be two stochastic processes with values in B; and By admitting a y-covariation and H a continuous

measurable process H : 2 x [0,T] — x. Then for every t € [0, T

Lﬁmwﬁﬁlw~/mwwmwm> (6.3)
0 0

in probability.
Proof. The proof follows from Proposition 4.23 and definition of x-covariation. O

Remark 6.4. 1) The statement of Propositions 4.19 and 4.20 related to the y-quadratic variation of
Banach valued process X can be immediately extended to the case of y—covariation of two Banach
valued processes X and Y. We obtain sufficient condition for the existence of y-covariation, if y is a

finite direct sum of Chi-subspaces, for instance the space x?([—7, 0]?).

2) Analogously the statement of Corollaries 4.29 and 4.30 related to the yx-quadratic variation of a
Banach valued process X can be extended to the case of y—covariation of two Banach valued processes
X and Y. Their proofs make use of Theorem 4.26. In most of the cases, the bounded variation
property of the x*-valued process [)(,/\_17] will be automatically satisfied. As an interesting consequence
of this last property we obtain a sufficient condition in the real case to have the bounded variation
of the covariation process. Let X and Y be two real continuous processes such that [X], [Y] and
[X,Y] exist in the sense of 2.2, then [X, Y] has bounded variation in fact via polarity can be written
as difference of positive functions. But this assumption is strong, in fact there exist processes not
necessarily with finite quadratic variation process that admit covariation. For instance an (F;)-weak
Dirichlet process D with decomposition M + A and an (F%)-local martingale N admit covariation
[D,N] = [M, N] even if D may not have a finite quadratic variation. Using Theorem 4.26 we obtain a
sufficient condition for the bounded variation of real covariation which does not involve the existence

of [X] and [Y]. We have the following proposition.
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Proposition 6.5. Let X and Y be two real continuous processes such that
i) [X,Y] exists and

ii) for all (ey,) it exists a subsequence (€, ) such that

SUP* ‘Xs+enk _Xs : YSJFEnk _Ys

ds < oo (6.4)

Then the real covariation process [X, Y] has bounded variation.

Proof. We just observe that if the processes are real valued, space (R®,R)* coincides with R. Processes X
and Y admit global covariation which coincides with the classical covariation [X,Y’] defined in 2.2. Taking

into account Remark 6.4 we obtain that [X, Y] has bounded variation. O

As an immediate corollary we show that all finite quadratic variation processes X and Y admitting a

covariation [X, Y] satisfy hypothesis of Proposition 6.5.

Corollary 6.6. Let X and Y be two real continuous processes such that [X], [Y] and [X,Y] exist. Then
Condition ii) of Proposition 6.5 is verified, in particular as it is well known the real covariation process
[X,Y] has bounded variation.

Proof. Using Cauchy Schwarz inequality we have that

/ |Xs+6 X | |Ys+e Y‘ds < \// S+6 — \// S+€ _ 8 d S = A(E)

where the sequence A(e) converges in probability to \/[X]r[Y]r. The convergence implies the boundness
and the result follows. O

The proof of the propositions below can be provided taking into account Remark 6.4.
Proposition 6.7. Let X and Y be two real continuous processes such that [X], [Y] and [X, Y] exist. Then
1) X(-) and Y (-) admit zero y-covariation, where y = L([-T,0]?).
2) X(-) and Y (-) admit zero y-covariation for every i € {0,..., N}, where x = L?([-T,0])®,D; ([T, 0]).
If moreover the covariation [X.,4,,Y 1 q,] exists for a given 4,5 € {0,..., N}, then

3) X(-) and Y(-) admits y-covariation which equals

(X, Y Ole(w) = p({as, a; )X pas, Yirali- (6.5)

where x = D; ;([-T,0]%).
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Proof. The proof is practically the same of Proposition 5.9. O

Concerning the y-covariation with x = D; ;([~T,0]?) we can even relax the hypothesis. It holds the

following proposition.

Proposition 6.8. Under the same assumptions as in Proposition 6.5 and if the covariation [X.;q,,Y 14,]
exists for a given 4,j € {0,..., N}, then X(-) and Y (-) admits y-quadratic variation which equals (5.3)
where x = D; ;([-7,0]?).

Proof. The proof is practically the same of Proposition 6.7, but to show Assumption H1 in 5.4 we will use

(6.4) instead of the finite quadratic variation property of processes X and Y. O

Remark 6.9. In particular assumptions of Proposition 6.5 give sufficient conditions for a y-covariation
with x = Dy ([T, 0]?) of X(-) and Y (")

Theorem 6.10. Let X and Y be two real continuous processes with finite quadratic variation [X] and [Y]
and with given covariation structure [X.i,,,Y.y4,], for every i, =0,..., N. Then X(-) and Y(-) admit

the following x2([—, 0]?)-covariation

N
[X (), Y ()]« X ([=7, 0*) ([=7, 0*) — €([0, T]) pe Y n{aia )X ova, Yoo,
i,5=0
Theorem 6.11. Let X and Y be two real continuous processes such that [X], [Y] and [X,Y] exist. Then
X (-) and Y (-) admit the following x°([—7,0]?)-covariation

[X (), Y ()]« X*([=7,0]*) — €([0,T7) p—= p({0,01)[X, Y]

Remark 6.12. 1. We remark that the existence of x°([—7, 0]?)-covariation only requires the existence
of the real covariations [X, Y], [X] and [Y]. We do not need the existence of [X.;q4,,Y.14,], for every
i,j=0,...,N.

2. Let D be a real (F;)-weak Dirichlet process with finite quadratic variation and decomposition M + A,
M being an (F;)-local martingale and let N be a real (F;)-martingale. Then D(-) and N(-) admit
x-covariation given by [D(-), N(-)](1) = 1({0,0})[M, N] for every u € x°. This follows from Theorem
6.11, because D and N are with finite quadratic variation processes and [D, N] = [M, N].

3. Let D be a real (F;)-Dirichlet process with decomposition M + A, M being the (F;)-local martin-
gale part and let N be a real (F;)-local martingale. Then D(:) and N(-) admit a y?-covariation
. N N
given by [D(), NOI) = XV_g ias, aDIDsa Novay ). = XN s, a DM s Nota)) =
ZZN=0 w({ai,a;})[M +a,, N.qq,]. This follows again from Theorem 6.11 and Proposition 2.6
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6.2 The stability of y-covariation in the Banach space framework

In this section, we analyze the stability of x-covariation for Banach valued processes transformed
through C*! Fréchet differentiable functions.
We recall first what happens in multidimensional case. We have a stability result concerning the covariation

for vector valued processes through a C* function.

Proposition 6.13. Let X = (X!,..., X") be a vector of real processes having all its mutual covariation,
F, G € C'(R"). Then the covariation [F(X), G(X)] exists and is given by

FO0.60L = Y [ ar(00,G(0dx" x)
i,j=1"0
This include the case of Propostion 2.1 in [42], setting n = 2, F(z,y) = f(z), G(z,y) = g(y),
f,g € C*(R). Now we develop those type of stability results in the Banach framework.
Let X, Y B-vaued stochastic processes and F,G : B — R of class C' in the Fréchet sense. We are mainly

interested in the three following situations.

1. The case when X admits a y-quadratic variation and (z,y) — DF(z) ® DF(y) is a continuous

application from B X B to x. Then the quadratic variation of the real process F(X) exists and equals

—_~

[F(X)]. = / (DF(X.,) ® DF(X.),d[X (],

2. The case when X admits a y-quadratic variation and (z,y) — DF(z) ® DG(y) is continuous
application from B x B to x. Then the covariation of F(X) and G(X) exists and equals

—_~

[F(X),G(X)). = / (DF(X.) ® DG(X.),dIX ()],

3. The case when X and Y admit y-covariation and (x,y) — DF(x) ® DG(y) is a continuous application
from B x B to x. Then the covariation of FI(X) and G(Y') exists and equals

[F(X),G(Y)]. = /0 (DF(X,) ® DG(Y5),d[X(-), Y (-)],

Remark 6.14. 1. Let S, T : By — R be linear continuous forms. S® T is the unique linear continuous
form from By®,Bg to R&,R = R such that S ® T'(by @ b) = S(b1) - T'(b2) and [|S& T|| = ||S|| Tl
see Proposition 2.3 in [46].

2. Suppose that By is a Hilbert space. Then S (respectively T) can be identified via Riesz with &
(respectively 7) element of By. In this case S ® T' € (By®;,Bo)* and it will be identified via Riesz
with S ® 7, tensor product in By®p,Bo. That Riesz identification will be omitted in the sequel.
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3. With previous conventions, let 2z and y be fixed, DF(x) (respectively DF(y)) are linear continuous
forms from B to R. Then above term DF(x) ® DF(y) denotes the unique linear continuous form
from B&,B to R as explained in point 1. We insist on the fact that "a priori* DF(z) ® DF(y) does
not denote an element of some tensor product B* @ B*. With a little abuse of notation we will denote
the application f ® f by f®2.

As corollary of Remark 6.14.2 we have the following result. This corollary will be used in chapter 6.3.

Corollary 6.15. Let F'* and F? be two functions from C([—7,0]) to D,®L?([—7,0]) such that n — Fi(n) =
im0 M (1)3a, + g7 (n) with 5 € C(I=T,0]), Al : C(|=7,0)) — R and ¢/ : C([—7,0]) — L2([~T,0))
continuous for j = 1,2. Then for any (n1,72), (F* ® F?)(n1,n2) will be identified with the true tensor
product F!(n) ® F?(n) which belongs to x?([—7,0]?). In fact we have

F'm) @ F2 () = Y M)A (m2)0a, ® 60, + 9" (m) @ D> AF(02)0a,+
i,j=0,...,N i=0,..,N

+ Y A n)de, ® g% (n2) + g' (m) ® g° (1)
i=0,..,N (6.6)

Theorem 6.16. Let B be a Banach space, x a Chi-subspace of (B®,B)* and X!, X? two B-valued
continuous stochastic process admitting a y-covariation. Let F'!, F2 : B — R be two functions of class C*

in the Fréchet sense. We suppose moreover that the following applications

DF'(-)® DFI(-): Bx B — x C (B&,B)*
(x,y) — DF(x) ® DF(y)

are continuous for ¢,j = 1, 2.

Then the covariation between F*(X?) and F7(X7) exists and is given by

PO, P00, = [ (DR ) @ DR (), X5 X)) (6.7

e~

Remark 6.17. If there exists a x*-valued stochastic process H Bochner integrable such that [X?, XJ] =
fos H,, du. Then

[FIOC). 0. = [ (DX @ DFY (X)), 1) ds
0

Proof. This proof makes use in an essential manner of Corollary 6.3. Without restriction of generality we

only consider the case F' = F2 = F and X' = X? = X. In this case previous result reduces to Corollary

4.24.
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By definition of quadratic variation between real processes in [42] we know that [F(X)]. is the limit in the

ucp sense of the quantity

[ E) PO,
0 €
Since Lemma 2.1, it will be enough to show the convergence in probability for a fixed t € [0, T].

Using a Taylor’s expansion we have

,/ (F(Xoyl) — F(X.))2ds = %/ ((DF(X.). X — X+
0 0

1 2
+ / (DF (1 —-a)Xs +aXsye) — DF(Xy), Xsye — X5) da) ds =
0

= Ai(€) + Az(e) + As(e)

where

Ai(e) = 1/0 (DF(X,), Xope — X,)2ds =

€
(Xs+e _ X5)®2

d
€ )ds

- / (DF(X.)® DF(X.),
0

AQ(G) = 2/0 <DF<XS)7X5+6 _Xs>'

€
1
: / (DF (1 — )X, + 0Xspe) — DF(X,), Xope — Xo)dovds =

0
=2 /t /1<DF(XS) ® (DF (1 — a)X,s + aXo) — DF(X,)), M)da ds
0 0
1 1

€

Agle) = = /Ot (/0 (DF (1 — @)X, + aXyse) — DF(X), Xoie — Xs>da>2ds <

IA

t 1
%/0 /0 <DF((1_a)XS+aXs+€)_DF(XS)7X5+E_XS>2dads:

/ t / U(DF((1— )X, + aXopo) - DF(X,) a2, Kot = X&) o0
0 0

€

Using Corollary 4.24 it follows
t —_—
Ae) B / (DF(X,) ® DF(X,),d|X],)
0

It remains to show the convergence in probability of As(e) and As(e) to zero.

Concerning As(e) we observe that we can decompose as follows

DF(X,)®(DF (1 — a)X, + aXyye) — DF(X,)) = DF(X,)®DF (1 — @)X, + aXysc)—DF(X,)®DF(X,)
(6.8)
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and concerning Az (e) we have

(DF (1 — a)Xs + aXsie) — DF(X,))®% = DF (1 — @)X, + aXeyo) @° +
+ DF(X,) ® DF(X,)+
— DF (1 - @)X + aXsie) ® DF(X)+
— DF(X,)®DF ((1 — )X, 4+ aXsic).

(6.9)
Using (6.8), we obtain
|As(e)] < 2/0 /0 (DF(X,) @ (DF (1 — a) X + aXsie) — DF(X5)), M) dads <
< /t /1 IDF(X,) @ DF (1 - 0)X, + aXuye) — DF(X) @ DF(X,), | Eete =X g g
0 Jo € -
(6.10)
For fixed w € Q we denote by V(w) := {X(w); t € [0,T]} and
U =U(w) = conv(V(w)), (6.11)

i.e. the set U is the closed convex hull of the compact subset V(w) of B. From (6.10) we deduce

(Xs+e - Xs)®2
€

t
As(e)] < DY 1 n(e) / ds,

X
where w%}%DF is the continuity modulus of the application DF(-) ® DF () : B x B — x restricted to
U x U. We recall that

o rspr(d) = sup IDF(21) © DF(y1) — DF(x2) ® DF(y2)]|,
(z1,91) = (w2,52) | Bx B

where the space B X B is equipped with the norm equal to the norm obtained summing the norms of the
two components.

According to Theorem 5.35 from [2], U(w) is compact, then the function DF(-) ® DF(-) on U (w) x U(w)
is uniformly continuous and w%?% pp is a positive, increasing function on Rt converging to 0 when the
argument converges to zero.

Let (e,,) converging to zero; Condition H1 in the definition of y-quadratic variation, implies the existence
of a subsequence (€, ) such that As(e,, ) converges to zero a.s. We can now conclude that As(e) — 0 in

probability.
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With similar arguments, using (6.9), we can show that As(e) — 0 in probability. We observe in fact
t 1
|As(e)| < / / |[DF((1-a)X, +aXsy) ® —DF(X,) ® DF (1 — )X, + aXoidll, -
o Jo

dods+

. H (Xs+e - XS)®2
x*

€

t 1 )
Xore — X,
+/ / IDF (1 = a)X, + aXeio) @ DF(X,) = DF(X)@?| H(+)®
0 JoO

€

dads <
x*
(Xere - Xs)®2
€

ds

t
Uxu

< 2wD>Pi®DF(6)/O

X

O

Corollary 6.18. Let B, By be Banach spaces such that By D B, x a Chi-subspace of (B&,B)* such that
X = (Bo®xBo)* and X a B-valued stochastic process admitting y-quadratic variation. Let F*, F?: B — R

be functions of class C! in the sense of Fréchet differentiable such that applications
DF': B — B} C B

are continuous, 7 = 1, 2.
Then the covariation of F*(X) and F7(X) exists and it is given by

[F(X), F1(X)]. = /0.(DF"(XS) ® DFY(X,),d[X],) (6.12)

Proof. For any given x,y € B, i,j = 1,2, by characterization of DF(x) ® DFJ(y) given in Remark 6.14,
it follows that the following applications

DF(z) ® DF'(y) : By®,By — R
are continuous for 4, j = 1,2. The result follows from Theorem 6.16. O

Remark 6.19. Under the same assumptions as Corollary 6.18 we suppose moreover that By is a Hilbert
space. In this case for any x,y € B, DF(z) ® DG(y) belongs to (Bo®hBo)* and it will we associated to
the true tensor product in the sense of Remark 6.14.2.

In view of further applications we will see an important application of this corollary in Proposition 6.15, which
set B = C([—7,0]). This is the case when the Fréchet derivative of F' and G are in D, ([—,0]) ® L?([—,0])
as in Corollary 6.15.

Example 6.20. Let X be a R"-valued stochastic process with finite quadratic variation [X] : (R"®,R")* —

C([0,7]) and the associated [X](w,-) : [0,T] — (R"®,R™)** = (R"®,R"). This space can be identified

with the space of matrices M, ,(R). In fact the tensor product between a vector = (z1,...,2,)* and a
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vector y = (y1,...,Yn) can be linked to the matrix (2;v;)i j=1,....n € My, ,(R), see chapter 7.
Let F,G:R" — R € C*(R"). Then
[F(X).GOY). = [ (DF(X,) @ DG(X,).d[X],

which coincides with result recalled in Proposition 6.13.

6.3 Dirichlet processes

We formulate now some results about the stability of a window Dirichlet process and some related
Fukushima type decomposition. If X is a Dirichlet process and F : C([—7,0]) — R of class C! such that
the first derivative belongs to Do([—7,0]?) ® L([—7,0]), then Theorem 6.25 says that F(X(-)) is a Dirichlet
process.

First we need a preliminary result on measure theory.

Lemma 6.21. Let B be a topological direct sum By & By where By, By are Banach spaces equipped
with some norm || - ||g,. We denote by P; the projectors P, : x — B;, i € 1,2. For g : [0,T] — B*, we
define g; : [0,T] — B} setting g;(t)(n) := g(t)(n) for all n € B, i.e. the restriction of §(t) to Bf. Let g;
continuous with bounded variation and f : [0,7] — B with projections f; := P;(f) defined from [0, 7] to
B; by P;(f(s)). Then

1) fin LL(g) (for instance cadlag) iff f; in L} (g;) and it holds

i
t

AMMW%M@A&%@W$MﬁA&%@WM%; (6.13)

2) In particular if ga(t) = 0 then
/ 5 (F(), di()) - = / 5. (F1(), dn (3)) 5 (6.14)

0 0

3) Suppose that By = D; ;([—,0]?), B2 be a Chi-subspace of M([—7,0]?) and §2(¢) = 0. Moreover there
exists g; : [0,7] — R continuous with bounded variation such that gi(t)(u) = (&, da; ® da,)91(t) =
Agi(t) for every element p1 = Adq, ® dq; in Dij, A = p({a;, a;}) real number. Then (6.14) equals

/B<f(5)ad§(3)>3* =/ Bl<f1(8)a5ai®5aj>3fd91(8)=/ f(s)({ai, a;})dgi(s) (6.15)
0 0 0

Proof.

1) By hypothesis on g; we deduce that g : [0,7] — B has bounded variation. If f : [0,7] — x in
L, then f; = P;(f) : [0,T] — By, i = 1,2 belongs to Ly by the property ||P;f||p, < ||f]5. As we
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can see in the appendix vector valued integrations on L(g), as well as on LlBi (gi), is defined by
density on step functions. First we show the result for a step function f : [0,7] — B* defined by
fls) = Zjvzl ba,(s)f; with ¢4, indicator functions of the subsets A; of [0,T] and f; € B. We have
f; = fi; + f2; by projections, so

T N N
| s Z/ (Fydg(e)) = D¢ fw/ ) = SoU(4:) =
0 j=1 j=1
N
:Z<f1ja§1( Z f25,92(A
=1 =1
T
= [hdne) + [ Gt
0 0
A general function f in LL(§) is a sum of f1 + fo, fi € LlBi (g;) for i = 1,2. Both f; and f> can be
approximate by step functions. The result follows by an approximation argument.

2) Follows easily by 1).
3) Tt is a consequence of 2) and Theorem 30 in Chapter 1, paragraph 2 of [16]. Obviously ¢g; has bounded
variation and g1 (t) = g1(¢)d(a;,a;) = 91(t)da, ® da,. Consequently, by inspection
t
/ B, (f1(8),dg1(s)) B; / fi(s)({ai, a;})dgi (s / f(s)({ai, a;})dgi(s)
and the result follows.
O

Remark 6.22. Let x be a Banach subspace of M([—,0]?) containing D; ;([—7,0]?). A typical example of
application of Lemma 6.21 is given by x1 = D; ;([—7,0]%) and x2 = {u € x | p({ai,a;}) =0}. Any p € x
can be decomposed into p1 + 2, where 1 = p({ai, a;})d(a,,qa;) and p2 € x2. This framework will be the
one of proposition below.

Lemma 6.21 will be applied considering g as the y-covariation of two processes X and Y

Proposition 6.23. Let x2 be a Chi-subspace of M([—7,0]?) such that u({a;,a;}) = 0 for a given
i,j €{0,...,N} and pu € x2. We set x = D; j([-7,0]%) & x2, Let X, Y be two real continuous processes
such that X () and Y(-) admit a zero xo-covariation and a D; j([—T, 0]?)-covariation. Then

1) [X.1q,,Y4q,] exists and the D; ;([—7,0]?)-covariation is given by

[X(), Y ()] : Diy([~7,01*) — ([0, T7) o= pl{ai, a; )X ya;s Ygay)-
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2) x is a Chi-subspace of M([—,0]?).

3) X(-) and Y (-) admit a x-covariation of the type
(X(),Y ()] x — C([0,T]) [(X(), Y ()l(w) = p{ai a;})[X 1a,, Yiga, ]
4) for every y-valued process Z with locally bounded paths (for instance cadlag) we have

/0 (2o dX ()Y (),) = / Zo({as 4 )X o Viia ] (6.16)

Proof.
1) is a consequence of the fact that X () and Y(-) admit a D; ;([—7, 0]?)-covariation.
2) follows by Proposition 4.3.

3) Since D; ;([—7,0]?) and x2 are Chi-subspaces, X(-) and Y (-) admit D; ;([—7,0]?)-covariation and
Xz-covariation, then Remark 6.4 point 1) implies that X (-) and Y'(-) admit y-covariation which equals
the sum of D; ;([—T, 0]?)-covariation and xe-covariation. For u in x with decomposition p1 + pa,

w1 € D ;([—7,0]%) and po € x2 we have

(XY Ol) = [XC), YOl (a) + [XC), Y ()l (p2) =
= [X(), YO)l(u) =
= m({ai, 4;})[X 4, Yoras] =
= p({ai, a; )X ta;, Yipa, ).

4) Since both side of (6.16) are continuous processes, it is enough to show that they are equals a.s. for

every fixed t € [0,T]. This follows for almost all w € Q using Lemma 6.21 where f = Z(w) and
9=[X0),Y()lw).

Remark 6.24. Proposition 6.23 will be used in the sequel especially in the case a; = a; = 0.

Theorem 6.25. Let X be a real continuous (F;)—Dirichlet process with decomposition X = M + A, M
local martingale and A is a zero quadratic variation process with Ag = 0. Let F': C([-7,0]) — R be a
Fréchet differentiable function such that the range of DF is Dy([—,0]) @ L?([—7,0]). Moreover we suppose
that DF : C([—7,0]) — Do([—7,0]) ® L?([—7,0]) is continuous.

Then F(X(-)) is an (F;)-Dirichlet process with local martingale component equal to

/ DF(X,(9)({0})dM, + F(Xo()).
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Proof. We need to show that [A] = 0 where A := F(X(-)) — M. From now on in this proof we denote
ao(n) = DF(n)({0}). By the linearity of the real covariation we have [A] = A; + Ay — 2A3 where

A = [F(X.())]
4o = [ | ao(Xs(->)dMs}

@MMMAM&MMJ

Since X is a finite quadratic variation process, then by Corollary 5.10 its window process X (-) admits
X°([~7, 0]?)-quadratic variation [X(-)]. Moreover by Corollary 6.15 and Remark 6.19 the map DF ® DF :
C([-,0]) x C([-7,0]) — x°([=7,0]?) is a continuous application. Applying Theorem 6.16 and (6.16) of
Proposition 6.23 we obtain

—_~—

AF:AKDFM%O)®DFM%O%ﬂX(ﬂQ=

=A@a&OMWk=A@ﬂ&OMMh

Term A is the quadratic variation of an It6’s integral because the stochastic process ag(Xs(+)) is (Fs)-

adapted, so that
Ay = [ a3(x, ).

It remains to prove that As = [, af(Xs(-))d[M]s.We define G : C([-7,0]) — R by G(n) = n(0). We
observe that M = G(M(-)) where M (-) denotes as usual the window process associated to M. G is Fréchet
differentiable and DG(n) = &y, therefore DG is continuous from C([—7,0]) to Do([—7,0]) ® L*([-7,0]).
Moreover by Corollary 6.15 we know that DF @ DG : C([—,0]) x C([—7,0]) — x°([—7, 0]?) is a continuous
application. Remark 6.12 point 2. says that the x°([—, 0]?)-covariation between X (-) and M () exists and
it is given by

[X (), M()](1) = u({0,0})[X, M]. (6.17)

By usual properties of stochastic calculus we have [X, M] = [M, M] + [A, M] = [M, [, ao(Xs(-))dM,] =
Jo o (Xs(-))d[M],. Finally again applying Theorem 6.16, equation (6.16) in Proposition 6.23 and result
(6.17) we obtain

Ay = [F(X (), G(M("))] =

(DF(Xs()) ® DG(M; (), d[X (-), M(-)],) =

aO(Xs('))d[Xv M]s

S— >—

I
Q
o
I
—~
~
~—
=
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Theorem 6.26. Let X be a real continuous (F;)-Dirichlet process with decomposition X = M + A, M
local martingale and A zero quadratic variation process with Ag = 0. Let F': C([—7,0]) — R be a Fréchet
differentiable function such that DF : C([-7,0]) — D.([-7,0]) ® L?([~7,0]) is continuous. Denoting
a;(n) = DF(n)({a;}), we have the following.

1) F(X(+)) is a finite quadratic variation process and

FXO) = Y / M 1], (6.15)

i=0,...,N

2) F(X(-)) is an (F;)-weak Dirichlet process with decomposition F(X(-)) = M + A, where M is a local
martingale defined by M. := [; ao(X,(-))dM, + F (Xo(-)) and A is the (F;)-martingale orthogonal

process.

3) Moreover A is a finite quadratic variation process and

= > / )M a,]s (6.19)

i=1,...,N

4) In particular {F(X;());t € [0, —a;]} is a Dirichlet process with local martingale component M.
Proof.

1) By Corollary 6.15 we know that DF @ DF : C([-7,0]) x C([-7,0]) — x*([-7,0]?) and it is a
continuous map. Applying Theorem 6.16, equation (6.16) in Proposition 6.23 and Example 5.17 point

4) we obtain

and (6.18) is proved.

2) To show that it F/(X(-)) is a weak Dirichlet process we need to show that [F )=y ao(Xs(+))dM,, N]
is zero for every (F;)-continuous local martingale N. Again setting G : C([—T, 0]) — R setting
G(n) =n(0). Tt holds Ny = G(N¢(+)). Function G is Fréchet differentiable with DG : C([-7,0]) —
Do([—7,0]), DG(n) = . Corollary 6.15 says that DF @ DG : C([—7,0]) x C([-7,0]) — x?([-7,0]?)



6.3. DIRICHLET PROCESSES 83

4)

and it is a continuous map. Theorem 6.10 implies that X (-) and N(-) admit a x?([—7,0]?)-covariation

which equals

(X (), NO)J(n) = p({0,0})[M, N]. (6.20)

By Theorem 6.16 and (6.20) we have

—_~

[F(X(), N], = [F(X(-), GIN())], = /0 (DF(Xs(-)) ® DG(Ns(-)), d[X (), N(-)],) =
:/0 ao(Xs(-))d[M, N, (6.21)

On the other hand ag (Xg()) is (Fs)-adapted so fo o (XS(~))dMS is an Itd’s integral then by usual

properties of stochastic calculus

UO ao(Xs(.))dMS,NL = /Ot a0 (X.())d[M, N1,

and the result follows.

Moreover [A] = [F(X ()] + [M] — 2[F(X(-)), M]. The first bracket is equal to (6.18). The second

term is

[/ aO(XS(-))dM5:| = /Ot a2(X,(-))d[M],

0

Setting N, = fot ap(Xs(+))dMs, (6.21) gives

{F(X(-)),/'ao(Xs(-))dMs] :/Otag(Xs(-))d[M]S

0
and (6.19) follows.

It is an easy consequence of (6.19) since (At)te[o’,al[ is a zero quadratic variation process.

O

Remark 6.27. 1. Theorem 6.26 gives a class of examples of (F;)-weak Dirichlet processes with finite

2.

quadratic variation which are not (F)-Dirichlet processes.

An example of F' : C([—7,0]) — R Fréchet differentiable such that DF' : C([—7,0]) — Do ([—7,0])®
L?([—7,0]) continuously is, for instance, F(n) = Zi]io fi(n(a;)), with f; € C*(R). We have DF(n) =
Zilio fl/ (n(ai))éaz‘ .
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3. Let a € [—7,0[ and W be a classical (F;)-Brownian motion, process X defined as X; := Wy, is
an (F)-weak Dirichlet process that is not (F;)-Dirichlet. This result can be proved of course also

directly, see Proposition 4.11 in [9].

We now go on with a result concerning weak Dirichlet processes. Let D be a real continuous (F;)-
Dirichlet process. In [24], Proposition 3.10, it was proved that given u € C**(Ry x R), X; = u(t, Dy) is
an (F;)-weak Dirichlet process. Let F' € C%1(R, x C([—7,0])) in the Fréchet sense. Similarly to [24] we
cannot expect X = F(-,D.(-)) to be a Dirichlet process. In general it will not even be a finite quadratic
variation process if the dependence on ¢ is very irregular. However we will show that X is a weak Dirichlet

process, even if D is weak Dirichlet process with finite quadratic variation.

Theorem 6.28. Let D be an (F;)-weak Dirichlet process with finite quadratic variation where M is the local
martingale part. Let F': [0,T] x C([—7,0]) — R continuous. We suppose moreover that (t,n) — DF(t,n)
exists with values in Dy([—7,0]) ® L?([~7,0]) and DF : [0,T] x C([~7,0]) — Do([—7,0]) ® L*([-7,0]) is
continuous.

Then F(-,D.(+)) is an (F;)-weak Dirichlet process with martingale part

M} = F(0,Dy(+)) +/0t D% F(s, Dy(-))dM, (6.22)

where D% F (s, Dy(+)) denotes DF (s, D4(-))({0}), i.e. the Dirac zero component of the first derivative of F
calculated in (s, Ds(+)).

Proof. In the sequel we will denote real process M¥ simply by M. We need to show that for any

(F;)-continuous local martingale N
[F(-,D(-)) = M,N.], =0 a.s. (6.23)
Since the covariation of semimartingales coincides with the classical covariation
UWNL:AQﬂF@wameL (6.24)
It remains to check that, for every ¢ € [0, T,

M%M%MFADM%JMMMMS

For this we have to evaluate the ucp limit of

/ot <F(S +6Dsre(r) = F(s, DS(.))) Nsye = Ns

€
if it exists. (6.25) can be written as the sum of the two terms

ds (6.25)

Lt,e) = /Ot (F(s+ e D)) - F(s+e,D5(~)))Mds,
@wa:AXﬂwfpxn—mammDMW;Nws
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First we prove that I(t,e) converges to fot D% F(s,Dy(-))d[M,N]s. If G : C([-7,0]) — R is again
the function G(n) = 1(0), then G is of class C' and DG(n) = &y for all n € C([-7,0]) so that DG :
C([-7,0]) — Do([—T,0]) is continuous. In particular it holds the equality n(0) = G(n(-)) = (do,n). We

express

Ns [ Ns
e "B ds+ Ry(t,e)

Ii(t,e) = /0 (DE(s + € Ds (1)), (Ds4e(r) = Ds(-))) ——

<607 Ns+e(')Ns(')>

= /0 <DF(S + €, Ds('))7 (Dere(') - Ds())> ds + Rl(t7 6) (626)

Now we have

Ri(t,e) :/ [/ (DF(s 4 €,(1 = a)Dy(-) + aDy(-)) = DF(s + € D(+)), (Daye(-) = Ds(-)))da| x
0 0

X (60, Note() — NS('»ds =

- /Ot /01<DF(5 +6,(1—a)Dy() +aDy(-)) ® o — DF (s + €, Dy(-)) @ 8o,

(Dyse() = Do) @ (Noye(-) = No())

€

Ydads

We recall that for ¢t € [0,T], n1,m2 € C([—7,0]) the map DF(t,n1) ® DG(n2) equals the tensor product
DF(t,m) ® 0o by hypothesis and by Riesz identification of DF(t,n;). By Corollary 6.15 we know that
map DF ® &y : [0,T] x C([-7,0]) — x°([~7,0]?) and it is a continuous map.

We denote by U = U(w) the closed convex hull of the compact subset V of C([—7,0]) defined, for every w,
by

V= V(w) = {Dy(w); t € 0,77}

According to Theorem 5.35 from [2], U (w) = conv(V)(w) is compact, then the function DF(-,-) ® dy on

[0,7] x U is uniformly continuous and we denote by w[DO’g(]_)X,Z)/{@) 5o the continuity modulus of the application

DF(-,-)®J restricted to [0,T] xU. wg,g(]‘x.?@%

to zero when the argument converges to zero. So we have

sup |Ry(t,€)] < / w[DO’If(}_’X.Z)/@&O(e) H (Dste(-) = Ds(+)) (f (Nyie(-) = Ns(9)

is, as usual, a positive, increasing function on R converging

ds  (6.27)
XO([~7,012)

te(0,T)

We recall by Remark 6.12, point 2. that D(-) and N(-) admit x?([—7,0]?)-covariation. In particular using
ucp

condition H1 and (6.27) claim Ry (¢, €) — 0 follows.
On the other hand the first addend in (6.26) can be rewritten as

Dyte(-) = Dy()) ® (Nyse(-) — Ny(-))

€

/t(DF(s,Ds(-)) ® do, ( Vds + Ro(t, ) (6.28)
0
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where Ry(t,€) LZ;> 0 arguing similarly as for R;(¢,€). Using bilinearity and Corollary 4.24 the integral in

(6.28) converges then ucp to

P

¢
JADF(s.D.0) .0, AP OL) (6.29)
By (6.16) in Proposition 6.23 in the case a; = a; = 0, (6.29) equals

[ D EG.D.paD N, = [ D (s, D) N, (6.30)

It remains to show that I5(-, €) ici’(? 0.
€E—

By stochastic Fubini’s theorem we obtain

t
Ig(t,e):/ &(e,r)dN,
0
where

Ele,r) = 1/7” F(s+¢€ Dg() — F(s,Ds(-))ds

€ Jov(r—e)
Proposition 2.26, chapter 3 of [30] says that I5(,€) LI;> 0 if
T
/ €2(e,r)d[N], —=0 (6.31)
0 e

We fix w € Q and we can even show that the convergence in (6.31) holds pointwise. We denote by w&?’ﬂxu

the continuity modulus of the application F restricted to the compact set [0,T] x U. For every r € [0,T]

we have

Sen] < sup |F(r+eDp() = F(r. D, ()] < ™ (e)
rel0,T]

which converges to zero for e going to zero since function F on [0,7] x U is uniformly continuous on the

[0,T]xU
F

compact set and w is, as usual, a positive, increasing function on R converging to zero when the

argument converges to zero. By Lebesgue’s dominated convergence theorem we finally obtain (6.31). O



Chapter 7

I1to’s formula

We are now able to state an It6’s formula for stochastic processes with values in a general Banach space.

Theorem 7.1. Let B be a Banach space, x be a Chi-subspace of (B&®,B)* and X a B-valued continuous
process admitting a y-quadratic variation. Let F : [0,7] x B — R be a function once continuously
differentiable with respect to the first variable ¢ and of class C? in the Fréchet sense with respect to the

second variable such that

D?F :[0,T] x B— x C (B&,B)* continuous with respect to x (7.1)
Then for every t € [0, 7] the forward integral

/Ot p-(DF(s,Xs),d” Xs)p
exists and following formula holds.

Pt X,) = F(0, Xo) + /Ot O,F (s, X)ds + /Otu)p(s,xs), dX,)+ % /Ot<D2F(s,X5), dx))  (72)

Proof. We fix a t € [0,T] and we observe that the quantity

To(e, t) :/0 F(S“’XS*;)_F(S’XS)ds (7.3)

converges ucp for € — 0 to F(¢, X;) — F(0, X) since F(X;) is continuous. At the same time, using the

Taylor’s expansion, (7.3) can be written as the sum of two terms:

t —
Il(e,t):/ Flst 6 Xore) = F(5, Xovd) 5 (7.4)
0 €
and
(s, Xsre) — F(s, X,
L(et) = / (8 Xowe) = (s, Xs) (7.5)
0 €

87
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First we prove that
t
L(et) — / O,F (s, X, )ds (7.6)
0
in probability for every fixed ¢ € [0,T]. In fact

t
L(et) = / 0,F (5, Xo1)ds + Ra(c,t) (7.7)
0
where

t 1
Ri(e,t) = / / OF (s + (1 —a)e, Xope) — 0 F (s, Xope)dads
0o Jo
We have

sup |Ru(e,t)| < Twhp "% (e)
t€[0,T

where w[aot,;]xu(e) is the continuity modulus in € of the application 0,F : [0,T] x B — R restricted to

[0,T] x U. We recall that set U is been defined in (6.11) and there we have proved also that it is a compact
set, as well as [0,T] x U. By the continuity of the §;F as function from [0,7] x B to R follows that the

restriction on [0,7] x U is uniformly continuous and wé[}ot,;r]xu is a positive, increasing function on R¥
converging to 0 when the argument converges to zero. We deduce that R;(e,t) — 0 ucp as € — 0.

On the other hand the first term in (7.7) can be rewritten as

t
/ O F (s, Xs)ds + Ra(e,t)
0

where Ra(e,t) — 0 ucp arguing as for Ry (e, t). Convergence (7.6) is now established

The second term I (e, t) in (7.5), may also be approximated by using the Taylor’s expansion and it can be

written as the sum of three terms:

Kste — Xs
€

(Xste — Xs)®?

Ln(e,t) = /0 (DF(s. X,),

1 t
Ina(e,t) = 5/ (D*F (s, X,),
0

(Xere - Xs)®2

yda| ds
€

Iys(e,t) = /Ot [/01 a(D?F (s, (1 — a)Xype + aX,) — D*F(s, X),

By Corollary 4.24,

Iyo(e,t) RN 1 t<D2F(S,XS),d[f)}/]S>

64)020
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for every ¢ € [0,T].
We study now I23(e, t) and we will show that Io3(e, t) . 0. We have

[Ioz (e, t)| < = / / a[(D?F (s, (1 — a)Xype + aX,) — D*F(s, X,), (Xope — X5)®%)| dads <

/ / al|D?F (s, (1 = a)Xosre + aXy) = D*F(s, X)|| [|[(Xspe — X5)@?|| . dads <

Xere — Xo)®2
< =B / up (9, e = )
0 llgllx<1 €

(¢, )| ds

where w[Dozzgxu( ) is the continuity modulus of the application D?F : [0, T] x B — x restricted to the

compact set [0, T] x U. We recall that U was defined in (6.11) and there we also proved that it is a compact

set. So again D?F on [0,T] x U is uniformly continuous and w[DOZL,q;XM is a positive, increasing function

on Rt converging to 0 when the argument converges to zero. Taking into account condition H1 in the
definition of x-quadratic variation, Iz3(e,t) — 0 in probability when e goes to zero.

Since Iy, I, Izo and Is3 converge in probability for every fixed t € [0, T7, it follows
¢
I (e,t) — / (DF(s,Xy),d” X)
0

in probability. This insure by definition that the forward integral exists.

This in particular also implies the so-called It6’s formula (7.2). O

As corollary of Theorem 7.1 we have the so-colled 1t6’s formula in the homogeneous case, i.e. without

the dependence on the time variable t.

Corollary 7.2. Let B be a Banach space, x be a Chi-subspace of (B&,B)* and X a B-valued continuous

process admitting a y-quadratic variation. Let G : B — R a function of class C? Fréchet such that
D?>G : B — x C (B&,B)* continuous with respect to x (7.8)

Then for every t € [0, 7] the forward integral

t
/ 4 (DG(X,),d" X.)5
0
exists and following formula holds:
t 1 t
GX) = G(Xo) + [ 5 (DE(X).d X} + 5 [ (DPGOX). X e (79)
0 0
Proof. The proof is just an application of Theorem 7.1 without the dependence on time variable ¢ O

The Chi-subspace x of (B®,B)* constitutes a degree of freedom of validity of It6’s formula. In order

to find the suitable expansion for F (¢, X;) we may proceed as follows
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e Let F:[0,7] x R — R of class C'! we compute the second order derivative D?F if it exists.

e We check the existence of a Chi-subspace x of (B&,B)* for which the range of D?F : [0,T] x B —
(B®,B)* is included in y and it is continuous with respect to the topology of x.

e We verify that X admits a xy-quadratic variation

We observe that whenever X admits a global quadratic variation, i.e. x = (B®,B)*, previous points

reduce to check that F' € C1'2. When X is a semimartingale we rediscover the classical Itd’s formula.

We illustrate now an application of Corollary 7.2 for window processes X (-), where X is a real continuous

finite quadratic variation process. X (-) can be reasonably observed in the two following perspectives:

a) X(-) is C([-,0])-valued and x has to be a Chi-subspace of (C([-7,0])®,C([-7,0]))*. Related

examples of such x are listed in Example 4.5.

b) X(-) is L*([—,0])-valued and x has to be a Chi-subspace of (L?([—T,0])®.L*([~7,0]))*. Related

examples of such y are listed in Examples 4.8.

Let G : L?(|-7,0]) — R be defined by

0
G = [ P (s)ds =l (7.10)
G is a continuous function as well as its restriction F' to C([—7,0]).
We have
D*G : L*([~,0]) — Diags([-7,0]%) (7.11)

In fact it is constant and equal to the double inner product in L?([—,0]), i.e. the bilinear map such that
(f,9) = 2(f, 9) L2(|=r,0))-
Also the restriction F is C? Fréchet in fact
D?F : C([~7,0]) — Diag([-7,0]?) (7.12)
and it is the constant Radon measure on [—7, 0]2, defined by
pl(dz, dy) = 21—, o) (x)d, (dz)dy (7.13)

Being constant previous maps are both continuous with respect to the corresponding x-topology. We
illustrate an application of Corollary 7.2 to function F(X(-)) and G(X¢(-)). The proposition below gives

in particular a representation of a forward type integral.
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Proposition 7.3. Let 0 < 7 < T and X a continuous real process such that [X], = ¢t. Weset B = C([—7,0]).
Then for the B-valued window process X(-) it holds
tAT

2 / e (X d X () p = X2 o) — / (t — y)dy (7.14)

Proof. We apply Ito’s formula of Corollary 7.2 to F(X;(:)). In this case we have for 7, h, h; and hs in
C([_T7 0])

D?F(n)(hy, ho) = 2/ hi(s)ha(s)ds = 2(h1, ha) r2(—n,0))

wwhere D?F was given in (7.13). In terms of measures, it gives
DdIF(n) = 2]]-[—7',0] (x)n(x)dx

D3, 4y F(n) = 21, ()0, (dz)dy (7.15)

We set x = Diag([—7,0]?). By Proposition 5.20 X(-) admits y-quadratic variation given by (5.18). For
every t € [0,T], by Corollary 7.2, we obtain

[ore e, T =R 2y [ e.axe) (7.16)
0 0

€ €e—

The x-quadratic variation (5.18) in the case [X]; = t and for a general diagonal measure p(dx,dy) =

g(z,y)d,(dz)dy is given by

At g(—y)t —y)dy 0<t<T
[(XO)]e(n) = / g(=y)(t —y)dy = /OT
’ | stnte=niy r<i<T

We denote D?F(X,(-)) by p for every s € [0,T], where pp = 21[_, (2)d,(dz)dy. So the second order

derivative term in It6’s formula became a trivial case of Lebesgue-Stieltjes integral:

5 | (DPPOGOLAXOL) = 500 XL - 3 KOl = 51X = [ =y =
B g 0<t<r

This concludes the proof. O

Remark 7.4. Even in the case when X is a classical Brownian motion W, the forward integral f(f (Ws(-),d=Wy)

is of anticipating type, see for example [53] for similar considerations.
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Remark 7.5. 1) We set now H = L?([—7,0]). Expressing G(X;(-)) where X(-) is seen as a H-valued

process and G is defined as in (7.10), we can obtain

tAT

2 / e Xa (A X it = X O m) / (t —y)dy (7.17)

This follows again by Corollary 7.2 and the fact that X (-) admits a Diags([—T, 0]?)-quadratic variation
given by (5.28), see Proposition 5.31.

2) Remark 3.5 implies that

t t
| o 50 X000 = [ (0.4 X
so that point 1) provides another proof of Proposition 7.3.

Remark 7.6. In the case X = W a Brownian motion, formula (7.17) was established in Example 8.7 of
[63]. Their techniques use Skorohod anticipating calculus and they only could be applied because X is a

Gaussian. Our considerations did not make any assumption on the law of X.



Chapter 8

A generalized Clark-Ocone formula

8.1 Introduction

In this chapter we will consider 7 = T'. Let Y = (Y;):[0,7] be a stochastic process such that [Y]; = t.
The main aim of this chapter consists in looking for classes of functionals H : C([-T,0]) — R for which

there is Hy € R, £ an adapted process with respect to the canonical filtration of Y such that

T
H=ty+ [ . (8.1)
0

Moreover we look for an explicit expression for Hy and &.
We do not aim to find out the full generality under which (8.1) is possible. We start with the following toy

model.

H = [(¥r) so that Hn) = F(n(0)).
We recall, see [47, 3, 9], that whenever u € C12([0, T[xR) N C°([0,T] x R) with u(T,z) = f(x), then we
can choose

HO = U(O, }/0) gt = 8xu(t7 }/t)

We recall that in that case

T
/ H,d™ Y
0

is the improper integral
t

lim H,d™Y,
t—T 0

We will investigate the following cases

93
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1. H € C*(L*([-T,0))) such that D*H(n) € L?([-T,0]?) with polynomial growth such that DH(n) €
HY([-T,0]) for every n € C([-T,0]). This can be generalized to the case H = C?(L?([-T,0]) ®
Do([-T,0])) which includes the previous toy model. However we have chosen not to formulate this

full generality.
2. H(n) = ||77H%2([—T,0])'
0 r 1
3. Hn)=f (J;T n(s)ds) and f : R — R such that f (fo Wsds) € L(Q).

4. Hin)=f (fET o1(u+T)dn(u),. .., f_OT on(u —|—T)d77(u)) where ¢; : [0,T] — R in C?([0,7];R) and

f:R™ — R be a measurable and bounded function.

We need now to develop some technical preliminaries.

8.2 Some technical preliminaries

Let us consider a process (Y;):>o such that [Y], = ¢. We make the usual convention of prolongation by

continuity for ¢ < 0. In this chapter we aim at representing
h=H(Yr(")) where H:L*(-7,0) —R

is of class C2, in the form

T
H = H, +/ &d™ Y (8.2)
0
Let now consider a standard Brownian motion W and its canonical filtration (7).

Notation 8.1. For 0 < s <t < T, n € C([-T,0]) we define the “flow”

X0 () = { n(x+t—s) xe[-T,s—1 (.3)

n(0) + We(z) =W, =z €[s—1t,0]

(X Mo<s<t<r,nec(—r,0) is a C([=T,0])-valued random field. We observe that (X;"")o<s<i<7, nec(—1,0))

is continuous with respect to the three variables.
Lemma 8.2. The following flow property holds, for 0 < s <t <r < T,

X = x5 (8.4)
Proof. We have, for 7 € C([-T,0)),

Xt,ﬁ(x): ﬁ(l"i”f’*t) .TG[*T,t*T’]
' 7(0) + Wo(a) =Wy x € [t —r,0]
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We substitute 7 = X5 to get

nx+r—s) x€[-T,s—r]
X2 @) =4 n(0) + Wia + 7 — 1) — W, wels—rit—r] p=X""()
n0)+ (W, = W)+ Wy(x) =Wy z€[t—r,0]
This concludes the proof of the Lemma. O

Remark 8.3. We have

Xt’”(x) ) on+T 1) xe|[-T,t—T]
T p0)+ Wooy(z) zeft—T,0]

where W is a standard Brownian motion.

Given H : L*([-T,0]) — R, we express
E[HWr()IF] = u(t, We(-)) (8.5)
where u : [0,7] x C([-T,0]) — R. Clearly Lemma 8.2 implies Wr(-) = X2"*0) g0
Vi =E [H(XEN)F] =B [HXEYO)FR] = ut W)
with
u(t.) = B[ (X")] (5.)

In the sequel n will always be a generic function in C'([-T,0]).
That function u will play a crucial role in this chapter. In particular, given Y; a real continuous process,
we will evaluate an Itd’s type expansion of u(t, Yi(+)).

By definition 8.1 it follows the following homogeneity property.

Remark 8.4. We have
ultn) =B [H(X3",)] (8.7)
We need an ulterior preliminary tool.

Lemma 8.5. Let (t,), a sequence in [0, 7] such that ¢, — to. Then

a.s. in C([—T,0])

0,m
XT—tn

X3, (8.8)

n—oo
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0,7 0.7
Proof. For every w, sup,e_r,q | X7, — X7, | equals

sup | (n(z+T —t,) —n(x+T —to) L—r—1)(x) + Wr—y, (x) = Wr_t,(2)) Lji—7,0)(2)] <

z€[—T,0]
< sup [n(@+T —tn) —n(e+T —to)|+ sup [Wr, (2) = Wrg,(2)] <
z€[—-T,0] z€[—T,0]

< @y (e) + Ww(w)(€) —= 0

e—0

where @, and wyy () are respectively the modulus of continuity of 7 and the Brownian motion for every

fixed w. Since n and W (w) are uniformly continuous on the compact set [0, 7] both modulus of continuity

. a.s. in C([-T,0])
converge to zero when € — 0. In particular X%jt @ in AT, X%ﬁto- [

n—oo

We continue stating two Fréchet regularity results about u defined in (8.6).

Theorem 8.6. Let u defined by (8.6) and H € C?(L?([-T,0])) such that the second order Fréchet
derivative D?H belong to L?([—T,0]?) and has polynomial growth (for instance bounded).

1) Then u € C%%([0,T] x C([-T,0])) and Du(t,n) and D?(t,n) are given by (8.12) and (8.13).

2) If moreover DH(n) € H*([-T,0]), i.e. function x — D, H(n) is in H'([-T,0]), every fixed n. Then
u € CH2([0,T] x C([-T,0])) and dyu(t,n) is given by (8.24).

Moreover u satisfies
1
Ayu(t,n) + (D u(t,n), dn) + 5 DF gu(t,n) = 0. (8.9)

Proof of 1) of Theorem 8.6. o Continuity of function u with respect to time t.
We consider a sequence (t,), in [0,T] such that t, —— t;. By Assumption H € C°(L*([-T,0])) and
therefore also H € C°(C([—T,0])). Consequently, by Lemma 8.5, it follows

H(X7", ) == H(X7",) (8.10)

n—oo

By a Taylor’s expansion, given for instance by Theorem 5.6.1 in [6], the fact that D?H has polynomial
growth implies that H also has also polynomial growth. Therefore there is p > 1 such that

[H(C)] < const <1+ sup IC(t)|p>

te[0,T]
We observe that

p
[H(X3",)| < const (1 + HX%LH ) <

< const <1 + sup [P + sup |Wt|p>
t<T t<T
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By Lebesgue dominated convergence theorem, the fact that sup,., [W;|? is integrable and (8.10), it follows
that

w(tn,n) = E[H(XP", )| —— B [H(XP,)| = ulto,n) (8.11)
The continuity is now established by Remark 8.4.
e First Fréchet derivative
We express now the derivatives of u with respect to derivatives of H. We start with Du : [0,T] X
C([-T,0]) — M([-T,0]). We have

Dasult,n) = D3pult,n) + DiCu(t, n)dz (8.12)

where

0
DY u(t,n) =E [/ DSH(X%")ds} So(dx)
t—T

0 SL’G[_T7_t]
Déu(t,n)dr = E [Dy_ri e H(X7")] 112 dz =
seult,n)de = B [Dor o H (X3")] 1y (2)da {E[Dx_THH(X%")} v €] =10

e Second Fréchet derivative
We discuss the second derivative D?u : [0, T]xC([-T,0]) — (C([-T,0])&.C([-T,0]))* = B(C([-T,0]),C([-T,0])).
We obtain

D3, ayu(t:n) = B Dy 1 Do H(XE") | 1001 () Do)y dy+

r ro
+ E / Dst_T+tH(X;in)d5:| ﬂ[—t,O] (:L')dl’ 50 (dy)+
LJt—T

r ro
+ E DyT+tDSH(X§w’T,)dS:| ]l[—t,()] (’y)dy 50 (dl’)‘f‘
LJt—T

+E / Dy, Dy, H(X5")ds d52] do(dz) 0o (dy) (8.13)
[t—T,0]2

Clearly D?u(t,n) € (Do & L2([~T,0]))&..
It is possible to show that all the term in first and second derivative are well defined using similar technique

used in the first part of the proof. We omit this technicality for simplicity. O

Proof of 2) of Theorem 8.6. We will denote D’ H (n) the first Fréchet derivative in L?([-T,0]) of H, every
fixed 7.

e Derivability with respect to time ¢.

In order to express O;u, let € > 0 and try to express the quantity

u(t+e,m) — u(t,n)

(8.14)
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The flow property (8.4) gives X" = X;met;“, then
e, X5
u(t,n) =E {H(X;+ ’XHE)} (8.15)
By derivability of H in L?([-T,0]) we have
H(XE) — (XS (DI (x87) Xt - iy
1 t,m e xtm
+ / (DH (aX?'E’" +(1— oz)XtT+€’Xt+€) — DH (XK1Y, Xkren - xo% ey qg =
0
0 t t+ t+e Xt
= [ oo () (x50 - x5 @) ) o+ Rt
r (8.16)
where
1 t,m e xtm
R(e’t,n) = / <DH (aX;f,fe,Tl + (1 _ a)X;+€,Xt+e> _DH (Xf,l”) 7)(;j-em _ X;Jr ,Xt+e>da
0
We need to evaluate
XEem(z) — X5 (@) x € [-T,0] in view of v = X[/ (8.17)
(8.17) gives
T—t—e)— T - E[-T,t—T
X;:‘re,n(x) _ X;:‘re,’y(x) _ 77($ + 6) ’V(x + 6) T [ + 6] (8.18)
n(0) = v(0) = =Wiie(0) + Wi €[t —T+¢0
where 7(0) = X;.(0) = n(0) + Wi(0) — W;. Moreover we have, by (8.3),
Tt e[-T,t—T
Ya+T—t—€) =X (a+T—t—¢) = nlz + ) zel ]
n0) +Wr(z) =W, ze[t—T,t—T + ¢
Finally we obtain an expression for (8.17), (8.18) gives in fact
ne+T—t—e€)—nlxz+T—1t) ze[-T,t—T|
XM a) — X (@) npla+T —t—€) —n(0) — Wr(z)+ Wy zelt—T,t—T +¢ (8.19)
Wi — Wige ve[t—T+¢0]

Consequently, using (8.15), (8.16) and (8.19), (8.14) can be written as sum of the following terms

t+en) — ult, 1 . X 1
utrem b _ Lg g (xpron) - (x5 )| = et +da(eton)+Iae. )+ B [R(e )

€ €

(8.20)
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where

t—=T

Do (XL) 77(:5+T—t—e)—77(x+T—t)dx]
-T €

—t €
t—T+e

+

/
— _E [ Dyt () 12 0 =) dx}
J

Dg:H(X;") n(x—i—T—t—e)—n(O)—WT(x)-l-Wtdx
-T €

t—T—e .
Tk l [ b Wwd]
t €
0
Wy — Wipe
Ii(e,t,n) =E U D.H (X5 tﬁ“dm}
t—T

and L1E [R(e, t,n)] is equal to

1 1 0 e xtm e
e[ (perr (et 0 Xy <o () () - 5T @) o] da
€ Jo

N (8.21)

o First we prove that I (e, t,n) — Ii(t,n) == Ii(t,n) + T12(t,n) + L13(t,n) where
L (t,n) = E [DrH (Xz") n(—t)]

Lia(t,n) = —E [ /_ Ot Dl gy (X537 n(az)dx}

Ls(t,n) = —E [Dy_rH (X%n) 1(0)]
In fact I;(e,t,n) can be rewritten as sum of three terms

—t+e _
Iy(et,n) =K [ / Dy r o H (X57) ”(f”e)dx}
—t €

/0 Dyye-riieH (X3") = Dy_gi o H (X37)
—t

112(6775’77) =-E €

n(x)dx]

fufet) =7 U Dyt (x47) 1229 d;z:]
0 €

By hypothesis function x — D, H(n) in H*, for every fixed  and where we have denoted its derivative
by D’H (7). Then in particular « — D, H(n) is a continuous function.By application of finite increments

theorem and dominated convergence theorem the following limit holds Iy;(e, ¢, n) — I (t,n) fori =1,2,3.
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e Secondly we prove that Iy(e,t,n) — 0. In fact, by using mean theorem, there exists T = Z(e) €
[t —T,t —T + €] such that

) nx+T—t—¢)—n(0) = Wr(z) + W,

€

t—T+e
Lye t,n) = / E [DZH (xp" dz
t

=E [D:H (X3") (n(@+T —t — ¢) —n(0) — Wr(z) + W)

We have that when e goes to zero then Z goes to (¢t — T) and by continuity of flow (8.3), in particular in
x=(t—1T), it follows that

Dz H (X3") n(Z+T—t—€)—n(0)—Wr(Z)+Wie — Dy_rH (X2") ((0) = n(0) — Wr(t — T) + Wy) = 0 a.s.

Again by using dominated convergence theorem we conclude that Is(e, t,n) converges to zero.

e Finally we prove that

13(67t777) — —E

e—0

/[ o Dy, Dy, H(X ;") ds dSQ] =: I3(t,n)
t—T,

Using Skorohod integral term I3(e, t,n) can be rewritten as follows

1 0 t+e
- / E [DIH (X / 6W5} dzx (8.22)
t=T t

€

We observe that D, H (erp’") € D2 then using integrations by parts in Malliavin’s calculus, following
equality holds

t+e t+e
E [DxH (X5 / 5Ws} =E U D" [D.H (Xz")] dr
t t
We calculate, using results of [35], chapter 1, pag. 32.
0
D" [D,H (X7")] :/ D D, H (X3") ds (8.23)
r=T

Using Fubini’s Theorem and then integrating with respect to variable r we obtain that (8.22) equals

1 0 t+e 0
Ig(e7t,77)=—f/t TE[/t /TDSDIH(X;")dsdr] dz =

€

1 0 0 t+€

— _7/ E [/ DyD,H (X}") dr ds} de =
t—T t—T Jt

€

0 0
- _/ E U DyD,H (X;") ds} dz
t—T t—T

Then the result follows, in fact I3(e, t,n) = I3(t,n).
e We study now the term 1/¢E [R(e,t,n)]. By using (8.19) and the fact that H € C*(L?([-T,0])), (8.21)
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can be rewritten as the sum of the following terms

1 t—T .
Ai(et,n) = / E l / (DxH (M}*E’" +(1- a)XtT+6’Xt+‘> - D,H (X;n)> “

0 T
><17(9c+T—t—e) —n(x+T—t)d4 o
€
1 t—T—e . e ot .
Az(e,t,m) =/ E / (DIH (aXT“’H(l—a)XT ’ fﬂ) - D.H (XT’")) x
0 t—T

XU($+T—t—€) —n(0) = Wr(z) + Wiy

€

dz] da

A3(67 t? 77) = ASI (67 ta 77) + A32(6a tv 77)

where
1 Wi — Wiio)?
Azi(e,t,n) = §]E {<D2H (X;’n) ) (tEH)Mt—T,o]"’} =
1 Wy, — Wite)?
=_F / D,D,H (X%") Mdm dy
2 [t—T,0]2 €

1 2
€ tn W - W €
A32(€7t,7]) :/ E |:< <D2H (O&X;j_em + (1 _ Oé)X;+ 7Xt,+6) _ DZH (X;JI)> ’ ( t t+ ) >|[tT,0]2:| =
0

€
1
0

€, t+€’Xttme s
/[tTOP <DmDyH <aX;+ T —-a) Xy ) - D,D,H (X;”)) X

_ 2
> de dy} do
€

With the usual technique we obtain that Aj(e, ¢,m), Aa(e,t,n) and Asa(e, t,n) go to zero as € goes to zero.
On the contrary we observe that X} t—7,0) is independent from (Wy;. — W;), as well as its second
derivative. By the factorization of the expectation we obtain then

1
Azi(et,n) = 2/[t o2 E [DyDyH (X7")] da dy =: Az (t,1)

e Concerning the derivative with respect to t, we obtain that du : [0,7] x C([-T,0]) — R and we get
opu(t,n) = I (t,m) + Is(t,n) + As1(t,n) which gives

0
deu(t,n) = E [DrH (Xz") n(—t)] —E [ Do (X7") n(z)dz| —E [Dy—rH (X7") n(0)] +

1
— 5/ E [D,D,H (X3")] dz dy
[t—T.,0]2 (8.24)
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Remark 8.7. It remains clear that dependence with respect to time ¢ is a difficult problem. In general we
will make this assumption, but in most of the examples that we will see u will be C12? even with weaker

assumption on functional H.

Corollary 8.8. Let u defined by (8.6) and Y a real continuous process with [Y], = t. If H € C?(L*([-T,0)))
and D?H with polynomial growth and such that D?H belongs to L*([-T,0]?), then u € C12([0,T] x
C([-T,0])) and following representation formula holds

T
w(T,Yr(-)) = Ho +/o &d™ Wy (8.25)

with Hy = u(0,Yy(+)) and & = D%u(t, Y;(-)).

Proof. We recall that D?u(t,n) belong to (Dg & L*([—T,0]))®3 continuously, then we apply Itd’s formula
(7.2) to equation u in (¢,Y;(-)). We obtain, with the previous notations,

T T T
(T, Y () = u(0, Yo()) + / L (£, Yi()dt + / Ion (1, V()i + / An (6, Y:())

T T
S0y +(1)d7Y: “Cu g Yi(-
+/0 Dou(t, Yi())d Y+/O (Deu(t, Yi()), d"Yi()+

—~—

T
% /0 (D>u(t, Y (), d[Y (-)],) =

T
— (0, Yo()) + / Dou(t, Yi()d"Y;

In fact we recall by (8.24) that

T T
/ L(, Yi())dt = — / (Du(t, Vi), d"Yi(-))
0 0

and that

—_~—

T T 1 T
| mevienars [ anyvien = = [ (0fuev0) a0l

A more signicant achievement concerns the comparison with Clark-Ocone formula. It is illustrated in

the following Lemma.

Lemma 8.9. Let u defined by (8.6) fulfilling assumption of Theorem 8.6 and Y aqual to the Brownian
motion W. Then

| EDrEWONE AV = [ DR W) W) (8.26)
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Proof. We try to compare with the classical Clark-Ocone formula. We calculate, using results of [35],

chapter 1, pag. 32.
0
DPHWr() = [ DHWr()ds
=T
Taking the expectation with respect to (F;) we obtain
’ W)
BlP HW()F = | [ (i O)m] = rano)
=T
where
0
L(n) =E [/ DsH(X?n)}
=T
Now we observe that
T T T
| BDrEW)E W = [ V)W = [ Dl W), d W)
0 0 0
O

Remark 8.10. Using previous Lemma 8.9 with (8.25) we have a generalization of Clark-Ocone formula.
We will see in the sequel that a Clark-Ocone formula it is found also in weaker assumption, as in application
8.5.

Let us consider an (G;)-martingale M square integrable and h = H(Mz(-)) with H : L*([-T,0]) — R
with linear growth. We are interested in sufficient condition so that
T
h =El[h] +/ Esd M (8.27)
0
where (&) is explicit. We start with a Corollary for Theorem 6.28 that give us sufficient conditions for
such representation.
Corollary 8.11. Suppose there is u : [0,T] x C([-T,0]) — R with property of Theorem 6.28 statement
such that E [h|G;] = u(t, Mi(+)). Then
T
h = E[h] +/ D%wu(s, M,(-))dM,
0

where as usual D%wu(s, M(-)) denotes Du(s, M4(-))({0}).

Proof.  According to Theorem 6.28, u(-, D.(+)) is a (G;)-weak Dirichlet process with martingale part given
in (6.22). Since u(-, M.(+)) is obviously a (G;)-martingale being a conditional expectation with respect to
filtration (G;), then uniqueness of the decomposition of weak Dirichlet processes allows to conclude. In

particular the (F;)-martingale orthogonal process is zero. It holds

T
H = u(0, My(-)) +/O D%ou(s, My(-))dM,
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8.3 Some particular representations

In this chapter we will develop explicitly some calculus with It6’s formula in some path dependent
options. In particular we will retrieve the terms appearing in the Clark-Ocone’s formula. As first example

we will consider S = W the Brownian motion equipped with its canonical filtration (F3).

8.3.1 First example

We consider the contingent claim defined with the function H : L*([-T,0]) — R by H(n) = ||n||2., i.e.
0 T
HWr(-) = / Wr(s)?ds = / W2ds
-T 0
H(Wr(+)) is Fr—measurable and is in D2, then, by Clark-Ocone’s formula (2.28), we have
T
H=E[H] + / E (DI H|F,] dW, (8.28)
0
where the Malliavin’s derivative D" H can be easily calculated as follows.
T T T T
D"H = D™ (/ Wfds> = / DM (W2)ds = / QW D™ (W,)ds = / 2Wds
0 t ¢ t
Consequently, using usual properties of the conditional expectation,

E[D{"H|Fi] =E

T T

/ 2Wsds|]—"t] = 2/ E [W,|F] ds = 2W,(T — t)
¢ ¢

Then (8.28) gives

T
H=E[H]+ 2/ W (T — t)dW, (8.29)
0

We will retrieve this representation using It6’s formula (7.2). For all ¢ € [0,T] we define the real stochastic

process V' by
Vi = E[H|F] (8.30)

So (8.30) gives

T

%”2 = /_Ot W2(u)du + W2(0)(T —t) +

t 2
W:/Wfds+Wt2(T—t)+( T-t°
0

D) = ¢(t7Wt())
with ¢ : [0,T] x C([-T,0]) —= R

0 N2
oton) = [ (e)ds +n(oP(r - o)+ TS5 (831)
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2

In particular H = Vp = ¢(T, Wr(+)) and trivially E [H] =E {fOT Wfds} =L
We want to apply Ito’s formula (7.2) to the function ¢ € C1? applied to Wy(+). First of all we evaluate the

different derivatives of ¢.

p(t,n) = —n*(0) — (T —t)
D, ¢(t,n) = 2n(x)dz + 21(0)(T — t)do(dx)
D3, q,0(t,n) = 26, (dx) dy + 2(T — t)do(dx)do(dy) = 205 (dy) dx + 2(T — t)do(dx)do(dy)

It happens that D?¢(t,n) belongs to the subspace Diag ® Dy o of M([-T,0]2) and (¢,1) — D?¢(t,n) is
continuous from [0,7] x C([-T,0] into Diag @ Dy,o We recall that the window Brownian motion admits a

Diag ® Dy p-quadratic variation given by

[W.(-)]¢ : Diag ® Doy — C([0,T])
0

0
p1 + py — /_tg(y)(t+y)dy+a[W]t = /_tg(y)(t”)dy“‘t (8.32)

where p1(dz, dy) = g(y)d, (dx) dy, with g € L>([-T,0]) is a general diagonal measure and ,ug(dm dy) =
ado(dz)do(dy), o € R, is a general Dirac’s measure on {0, 0} and d[W ()] (¢) (p1+p2) = d; (f_ )(t+ y)dy) +

adt = f g(y)dydt + adt or [W ()] (p1 + pa)( fo (f_ dy) ds + at. We apply It6’s formula for ¢:

O(T, W () = 6(0, W ) / Drb(t, Wi())dt + / (Dé(t, Wy ()),d"Wi()+

+ % /OT<D2¢(t,Wt(~)),d[WA(-/)]t> - T; ‘L4 L+ =
—E[H|+ 1+ L+ (8.33)
For the other terms we have
T T
I :/O (t—T—Wt)dt:/O (t— W2)dt —
b= [ Dot Wi).a i) =ty [ (Do), LX) i 1)+ aafe)
0 0

121 —2/ _tW( )Wt+€( ) Wt(r)d’l“dt:

€

_ T
—2/ /W ke ddt—>2/ /Wdet /(Wf—t)dt
0

_ T
Ioa(e) = 2 / W, (0)(T —t) Wire(0) = Wil0) 2, / Wo(T — t)dW,
0

and

€
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Previous convergence of Is2(€) holds because 1td’s integral coincides with forward integral, see Remark 2.4
2. This limiting term is the same as in (8.29). Coming back to (8.32) and (8.33) it follows

Igz/OTdt (/_i(t-l—y)dy)—l—/OT(T—t)dt:/OTtdt—i—/OT(T—t)dt:TZ

0 dy (fi)t(t + y)dy) = dt(g) = tdt. Finally (8.33) gives
T T
H = ¢(T,Wr(-)) = E[H] - T? + 2/ Wi(T — t)dW; + T? = E[H] + 2/ Wi(T —t)dW,  (8.34)
0 0
that is exactly (8.29).

8.3.2 Second example

We consider the contingent claim defined with the function H : C([-T,0]) — R

H(n) = ( / ) n(S)ds> : (8.35)

-T

H(Wr(+)) is Fr-measurable and it belongs D2, We compute first the Malliavin’s derivative of H denoted
by D" H; it gives

T 2 T T T
DI'H = D" (/ Wsds> —2 </ Wsds> Dy (/ Wsds> — T - t)/ W,ds
0 0 0 0

Consequently, using usual properties of the conditional expectation,

E[D"H|F] =E

T t
2(T —t) / Wsdsft] =2(T - t)/ Weds + 2(T — t)*W,
0 0
Clark-Ocone formula (8.28) gives

H =E[H) +2/OT(T—t) </Ot W, ds> AW, + 2/0T(T — )XW, dW, (8.36)

T 2 T 2 T T3 T3
E[H]=E / Weds | | =E TWT*/ sdW :T3+/ 52d5727:?
0 0 0

because it is a difference of mean-zero Gaussian random variables with covariance fOT sTds =T3/2. We
will retrieve this representation using It6’s formula (7.2). For all ¢ € [0,T] we define the martingale V' via
the conditional expectation of r.v. H:

2

Vi=E[H|F] = (/j Wi(s)ds + W (0)(T — t)> n (T —1t)3

3

= o(t, Wi())
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with ¢ : [0,T] x C([-T,0]) = R

0 2 _
o) = ([ nopas+nor-n) + LT (5.37)

In particular H = Vg = ¢(T, Wr(+)) and trivially ¢(0, Wy(-)) = T3/3 = E [H].
Since we will apply Itd’s formula to the function ¢ € C1? applied to the window Brownian motion, we

need to evaluate the corresponding derivatives.

0

Brb(t, 1) = —20(0) ( [ tsyis + o) - t)) (@1

-T

0
Dusd(t,m) = 2 ( [ tsyds +no)(7 - t)) (L0 (@)dz + (T — 1)do(dz))

-T
Dy ay®(t,n) = 20 g o2 (2, y)dx dy+
+2(T — )1 7.0)(x)dz 5o (dy)+
+2(T = t)do(dx) Ti_7,0 (y)dy+
+2(T — t)*80(dx) 8o(dy)

We observe that for any (t,n), D?¢(t,n) belongs to (L*([-T,0]) & Do)®i and D%¢ : [0,T] x C([-T,0]) —
(L*([-T,0]) & Do), is continuous. We recall that the window Brownian motion admits a (L2([—T,0]) &

D0)®,21—quadratic variation given by Corollary 5.11. 1t6’s formula gives

T T
(T, Wr(-)) =¢(0,Wo('))+/0 at¢(t>Wt('))dt+/O (De(t, Wi (-)), d=We(-))+

—~—

T
+%/0 (D?¢(t, Wy (1)), d[W(-)],) =

T
=—+ L+ L+I3=E[H|+1; +1s+ I
3+1+ 2+ 13 H|+ L+ 1+ I3 (8.38)

Moreover we have

T 0 T T
I = —2/ Wt/ Wi (s)ds dt — 2/ Wf(T—t)dt—/ (T — t)%dt
0 -T 0 0

T t T T
:—2/ Wt/ Wududt—Q/ Wf(T—t)dt—/ (T —t)%dt
0 0 0 0

= [ Dot Wi, awi) = timy [ (ot wi(), HeeO T,

e—0 0

- li_{r(l)(lgl(e) + Is(€))
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where

T t t i T t -
121(6):2/ (/ Wsds> (/ Mds)dt+2/ (T — )W, </ M@)dt
0 0 0 0 0

T + B T B
A0 =2/ (T —1t) (/ Wudu> derz/ (7 — 2w, Vire = We
0 0 0

€

We observe that for any (t,7) in [0,T] x C([-T,0]) the first Fréchet derivative D¢(t,n) belongs to
L3([-T,0]) ® Dy. With our notation in I2; () appears the L?([-T,0]) contribution and in I»2(e€) appears
the Dy contribution of Dg¢(t, W;(+)). Since fot

dominated convergence theorem we have

uds — Wy a.s. when € — 0 and by Lebesgue

T t T
121(6) B) 2/ Wt / WS dsdt + 2/ Wtz(T - t)dt = .[21
0 0 0

and again because Remark 2.4 2 we obtain convergence in probability of Iz (e)

T t T
122(6) E) 2/ (T — t) / Ws ds th + 2/ (T — t)QWtth =: .[22
0 0 0

Expression I35 coincides with the stochastic integral appearing in Clark-Ocone’s formula and we observe
that it is given by the Dirac contribution of the first derivative. Recalling the y2-quadratic variation for
the window Brownian motion in Corollary 5.11 we obtain

1 T T
Iy= = / 2T — t)%dt = / (T —t)2dt
2 0 0

Finally (8.38) gives

T t T
H=¢(T,Wr(-)) =E[H] + 2/ (T —%) / Wy dsdWy + 2/ (T — t)° W dW,
0 0 0

which corresponds exactly to (8.36).

Before the next section we introduce a particular function that will be useful.

Notation 8.12. Let the function p : [0,7] x R — R be the density function of a gaussian random variable
with expected value 0 and variance, which depends on t € [0, 7], denoted by 2. Equivalently the standard
deviation, i.e. the square root of variance, will be denoted by ;. The function ¢ — o(t) := oy from [0, T

to RT has to be differentiable and its derivative will be denoted by o7.

(ta) = ——

p(t,z) = e
oV 2T

When the variance has null value, o7 = 0, we have to consider the case of a random variable with mean

zero and null variance, i.e. a dirac function concentrated in 0. To consider the limit case p(T, dx) = §o(dx)
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we introduce, with a little abuse of notation, the function p : [0, 7] x B(R) — M(R), which is a measure
on R for every t € [0,T], defined as follow

2

pltdz) =4 = p(t,x)dx = Ut\l/ﬂe_ﬁdx ift € 0,7 (8.39)
== 60 (dl‘) ift=T
For the real function p it holds
Op(t,z) = 040,0.2p(t, ) (8.40)

As particular case we have

1. oy = (T;t)g. For instance o; is the standard deviation of the random variable f tT(WT — Wy)dr. Tt

holds in particular

(T —t)?

op(t,z) = [— } Ozep(t, x) (8.41)

We remark that o = 0.
2. oy = LT ©2(s)ds, whith ¢ as in (8.54) then we have
L

Also in this example we remark that o7 = 0.

8.4 Toy model with H(Wy(:)) = f (fi)T WT(S)dS)

We consider a general case where the value of the option at time T is given by H(Wr(-)), H is a
function H : C([-T,0]) — R defined by

Hn)=f (/O n(S)ds) (8.43)

-T

and f: R — R is a function such that

f (AT ng8> c LY(Q) ie. E||f (AT Wsds>

This hypothesis allows to compute the conditional expectation of H.

] :/le(y)lp(O,y)dy <+oo  (8.44)

Theorem 8.13. Let H and f be defined such that (8.43) and (8.44) hold. Then we have

T
H = HO —‘r/ Atd_Wt
0
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where Ho = E[H] and (A¢)¢cjo,) is the process defined by

A= (T —1) /R f ( / " ()ds + (0T — ) + 1:) up(t, v)de (8.45)

-T

Proof. The value of the option at time T is

aovet) =1 ([ T Wr(s)ds )

The option that we have considered in (8.35) can be see in this class of options in the special case f(z) = z2.

Let (F;) be the Brownian filtration, we define, for every t € [0, 7], the real stochastic process V as the

conditional expectation of the option H with respect to (F;):

T

where ¢ is the function from [0,T] x C([-T,0]) to R defined by

V,=E =E

¢ T
f (/0 Wi dS+Wt(T—t)+/t (W —Wt)d5> |‘7:t] = o(t, Wi("))

0 T
o(t,n) =E f(/ MHW+UWXT®+/‘MGWUW>1—
-T t
0
- / 7 ( / n(r)dr +n(0)(T — 1) + x) p(t, dz) (8.46)
R -T
Where p(t, dx) is the function defined in (8.39), with oy = @ because ftT(Wr — Wh)dr is a centered

gaussian random variable with standard deviation o;.
Int:IUMT¢m):5ddw7ﬂwn¢aﬂw&w):f<ﬁfmgﬁ):]Y:Vh

From now on we will consider ¢t < T, then p(t, dx) = p(t, x)dz.
W@hm@a&uﬂ&ﬂ@@):E[f(ﬁTW@@M5+W6T+jKUVy—WMd%]:JEU(ﬁfW@mO}:EHH}
We need the linear change of variables z = ( S ET n(r)dr +n0)(T —t) + o:) to obtain another expression of
¢ which is in C12([0, T[xB) N C°([0,T] x B), B = C([-T,0]).

¢@n)4f@ﬁ<tﬁft/iManmXT@)

::AfQM(tv—liMMm‘w@XT—ﬂ>W
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In order to apply the It6’s formula to ¢ from 0 to u < T we evaluate the different derivatives.

o(t,m) /f (t z— /_OT n(r)dr — n(0)(T — t)) dz+
+ [ rwow (t, /. (e —(0)(T t>) dz

Dustltn) = = [ 10,0 (t - [ n(r)dr = n(0)(T - t)) = (1 gy (@) + (T — )5 (da))

Dﬁx dy¢(ta n) = /Rf(z)axacp (t7 z— /0 n(r)dr —n(0)(T — t)) dz - (Al +As + Az + A4>

-T

where

Ay =1 1 0p(2, y)dz dy

Az = (T — t)1_7,0)(z)dx do(dy)
Az = (T — t)do(dz) 17,0/ (y)dy
Ay = (T — t)%60(dx) do(dy)

2
2

and Oyp(t,z) = Ut\l/ﬂ (—;—;) ¢ 27 and Op(t,x) = [— (Tgt) } Orzp(t, x) by (8.41).

We have D2 : [0,T] x C([-T,0]) — (L*([~T,0]) & Dy)®; and we recall that the window of a real
process having finite quadratic admits a (L?([~T,0]) @ D0)®i—quadratic variation which is determined

only by the Dyg component, which is in this case

A [ 50 (12 [ i —no)r )

Now we apply the It6’s formula for ¢ from 0 to v < T. We obtain

o, W) = H = 6(0, Wo(") / D16 (. Wi())dt + /“<D¢<t,wt<->>,d—wt<->>+

—_~—

N % /O D2(t, W), WO} =

—EH]+ L+ 1+ (8.47)

For simplicity we make another change of variable z = (z - fET n(r)dr —n(0)(T — t)) Concerning the
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first term I; and using (8.41) we obtain
u 0
L= / / f (/ Wy(r)dr + Wi(T — t) + x) Wy 0yp(t, x)dx dt+
0o JR -7
u 0
+ / / f </ Wi(r)dr + We(T —t) + x> Op(t, x)dx dt =
o Jr -7
u 0
= / / f (/ Wy (r)dr + Wi(T — t) + J;) Wy Opp(t, x)dx dt+
o JR -T

_ ;/ou/Rf (/OT Wi(r)dr + Wi(T — t) —|—m> (T — t)?Opup(t, x)da dt

We continue with the second term I obtaining

Wite(r) = Wi()

b= [ Dot Wi).awi) = tim [ (Do), ) = lim (I (€) + I22(6))

Wt+€ — Wt

€

dt

122(6)/[)“ {Af(/iwt(r)dr+wt(Tt)+x> 3mp(t,x)dx} U;Mdu] dt

We have if it is the Brownian motion the term I;(€) converges and it is the Itd’s integral being the process
(Fi)-adapted:

I () = _/Ou URf( Wl 4 Wi — 1) —|—a:> Bwp(t,x)dac} (T —1)

(o) B — /Ou [/R f (/_OT Wi(r)dr + Wi(T — 1) + x) Dup(t, x)dm} (T — B)dw,
Ino(e) B — /Ou UR f (/_OT Wi(r)dr + Wi(T — 1) + x) 2.p(t, x)dx} W, dt

Finally concerning the term I3 we have, after the study of the appropriate x-quadratic variation for the

window of a process with finite quadratic variation

I = ;/Ou@ 1y Mf (/_OT Wi(r)dr + Wi (T — t) + a:) (9mp(t,x)dx] W], =

:;/Ou(T—t)z {/Rf(/f;wt(r)dwwt@—t)m) 8wp(t,x)da:] dt

So (8.47) gives explicitly
o W () =ElH) ~ [ cd; (8.48)
0

where (A¢)iejo,y) 18 the process defined by (8.45) If u — T in probability we have exactly
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T
H = 6(1,Wr () B[] - [ AW, (8.49)
0
with (A¢)eepo,r) the process defined as in (8.45). O

Next proposition gives sufficient condition such that, let X be a Gaussian random variable, f(X) belong
to L1(Q).

Proposition 8.14. Given 7' > 0 and X a Gaussian random variable with mean 0 and variance 7°/3. Let
f R — R be a function such that

i f € Llov(R)
ii f subexponential, i.e. there exist M > 0 and v > 0 such that |f(y)| < el for |y| > M
then f(X) € LY (), i.e. E[|f(X = [ [f@)p(0,y)dy < +o0

Remark 8.15. Proposition 8.14 gives sufficient conditions, for instance, such that f (fOT Wsds) € LY(Q),

fulfill the assumption in the previous toy model (we show sufficient condition to apply Itd’s formula).
Proposition 8.16. Let H be an option with values in time T equal to H(Wr(-)) = f (fOT Wsds) and

f : R — R is a real function once differentiable and with polynomial growth, denoted by f € C pol (R). Then

the integral in (8.49) is an It6’s integral and
Ay =E[D{"H|F]

Remark 8.17. If f € C;OZ(R) then f (fOT Wsds) € LY(Q), via the remark in fact we can show that
f € L},.(R) and it is subexponential.

Proof of the Proposition. Let (F;) be the Brownian filtration, H(Wrp(-)) = f (fOT ngs) is (Fr)—measurable
and it is in D2 because fo Wds € DY? and f € C,,(R) by hypothesis. Then we compute the Clark-

Ocone’s formula as in (8.28) (that is a representation theorem).
We compute tha Malliavin’s derivative of H denoted by D;"H:

D"H = DJ"f (/OTWSds> =f (/OTWSds> D" (/OTWSdS> -
fl(/o st)/ DI"(Wy)ds =
_ </OT Wsd5> /t Lo, (t)ds =

I </OTWsds> (T —t)
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Again we compute the conditional expectation

f! (/0 Wsds> (T —t)|F

t T
f (/0 Wsds+Wt(T—t)+/t (WS—Wt)ds> (T—t)lft] =

E[D"H|F] =E

=E

= F(t, Wi())

where F : [0,T] x C([-T,0]) — R is defined by

F(t,n)=E

0 T
! (/ n(s)ds +n(0)(T' —t) +/t (W — Wt)d8> (T—-1)

-T

- / Iz ( / " (s)ds £ n(0)(T — 1 +x) (T — t)p(t, @)d =

-T

— (T /R f (/0 n(s)ds +n(0)(T — t) + m) up(t, w)dz =

-T
The last equality is obtained via integration by parts. The function p is the one with variation o2 = (T;f’)s,
because ftT(VVS — Wh)ds is a gaussian random variable with mean zero and variance %
Then (8.28) gives
T 0
H=E[H] - /0 (T —1) /]R f ( /_ nfe)ds +n(O)(T ~ 1)+ x) D.p(t, z)dx WV, (8.50)

Moreover the limit for ©w — T is with the Itd’s integral because f continuous.
O

Now we want to illustrate an example where we have a ‘representation theorem’ via the improper
forward integral of a random variable that is not in L?(£2). We recall that a random variable in L?(£2)

admits a representation via the representation martingale theorem or the Clark-Ocone’s formula.

Proposition 8.18. Let f : R — R be a positive function such that f(Wz) € LY(Q). Let u: [0,T] xR — R
be a function in C12([0, T[xR) such that

{ u(t,z) = [ pr—i(e —y) f(y)dy
u(T,z) = f(z)

Then
T
FWr) = u(0, Wo) + / Dous, W.)d— W, (8.51)
0

The last integral is the improper forward integral, i.e. is the limit in probability for ¢ — T of the forward

integral whenever it exists.
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Proof. Let N be a fixed number. We pose fV = f A N.
By construction u(t, W;) = E[f(Wr)|F:]. We know the martingale process E [f(Wr)|F:] admits a cadlag
version because the Brownian filtration (F;); fulfill the usual assumption. Then by Doob’s second martingale

convergence theorem (controllare!) it exist a process denoted by Np— such that
E[f(Wr)|F] — Np-  as.
We want to compare f(Wr) and Np- and show that they are equals a.s.

fWr) = Np— = (f(Wr) = fFNWr)) + (FYWr) —E [f¥(Wr)|F]) +
+ (E [fN(WTN}—t} —E[f(WT)U'—t]) +(E[fWp)|F] =Np-) =L+ 1o+ I3+ 14

We observe that fV(Wr) € L%(Q), in fact it is also in L because it is bounded.
We fix N large enough and for each N we choose a suitable cadlag version for E [f~(Wr)|F] that will be
prolonged.

Now we consider
- N < Tim - - - <
llmt£1§|f(WT) Np-| < hmgﬂ%ﬂ\[ﬂ+11mt1£g|12|—|—11mt1£§1|13|+hmt1£§1|l4\ <
< |f(Wr) = fN(Wr)| + 1imti£§E [N (W) — F(Wp)|F)

because liminf;_, 1 |I4| for the suitable versione by the convergence a.s. zero by dominated Lebesgue’s

theorem We take the expectation and with Fatou’s lemma we have

E[|f(Wr) = Np-[] <E[[fY(Wr) - f(Wr)]]

1
Now we choose just N > Ny such that E [fN(Wr) — f(Wr)] < € since fN(Wr) L@, f(Wr), ie.
E [|f(Wr) — f¥(Wr)|] — 0. This allows to conclude that Ny— = f(Wr) a.s.
Now we apply the Ito’s formula to u(t, W;) for t < T and we have
t
u(t, W) = u(0, Wp) —|—/ Oz u(s, Ws)dWs
0
On the left side, taking the limit in probability we obtain
tlirr% u(t, W) = tlirr%E [fWp)|F] = Np- = f(Wr)  as.
On the right side we obtain the improper integral u (0, WO)—I—fg Ozu(s, Ws)dW, =T, u(0, WO)+fOT Ozu(s, Ws)d~Ws.
The result is now established. O

8.5 Toy model

We will consider the window Brownian process Wy(-). Let F; be the Brownian filtration, F; =
o(Wgs<t) = o (W(+). Foralli =1,...,n, let ¢; : [0,T] — R be C?([0,T];R), then they are in
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particular H*([0, T]; R)-valued functions, i.e. it exists ; € L2([0,T]) such that ¢;(T) — ;(0) = fOT Bi(s)ds.
Moreover we have that ¢; are bounded variation functions for all i = 1...,n. We consider, without
restriction of generality, o1, .., ¢, orthogonal in the space L?([0,7]) and we pose, for every i, ¢;(t) =0
for ¢t ¢ [0,T]. Obviously we have ;(07) =0 and ¢;(TF) = 0.

Let f: R™ — R be a measurable and bounded function (or linear increasing). We consider the function
H : C([-T,0]) — R defined by

Hn) = f ( / T prlu+ Ty, [ OT pulu+ T )

- . . 0
This is well defined because by integration by parts we have [ ¢;(u+T)dn(u) = @;(t)n(t —T) — fot n(s—
T)dp;(s). So for the stochastic process Wr(-) we have

T T
HWr()))=f (/0 s01(8)de,..-7/0 %(S)dWs> =

=f </OT o1(u+T)dWr(u), ..., /OT on(u+ T)dWT(u)> (8.52)

We remark that by integration by parts for stochastic processes
t 0 0
[ eodw. = [ eifus 0imiw) = e OWi© - ¢:0Wil-1) ~ [ Wilwdgi(u+t) =
0 —t —t

= pi(t)Wy —/O Wdpi(s) (8.53)

i.e. it is just a pathwise integral. We calculate the conditional expectation and we have

f (/()T%(S)dWs,-~.,/OT90n(s)dWS> |}‘t] _

f (/Ot wl(s)dWﬁ/tT gal(s)dWs,...,/Ot %(s)dWer/tT %(s)dws) |.7-"t] =
=v (L/Ot w1(s)dWs, .. .,/Ot @n(s)dWS> =

Y (t,/o <p1(u+t)th(u)7...,/0 wn(u—l—t)th(u)) =

—t —t

E[H|F] =E

=E

_y <t,/OT<p1(u+t)th(u),...,/O <pn(u+t)th(u)>

-T
where the function ¥ : [0,7] x R™ — R is defined by

f <y1 + /tT ©1(8)dWs,...... 2 Yn + /tT @n(s)dWs>]

\I/(Ta yla"'7yn) = f(yla """ ;yn) (854)

lp(tvylv"'7y7l) =E
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If we fix the hypothesis that the gaussian vector (ftT v1(s)dWs, ..., ftT ©n (s)dWs> has a variance
covariance matrix ¥, defined by (X¢), ; = ftT ©i(s)@;(s)ds that is invertible for every ¢ > 0 then ¥ €
C12([0, T[xR™). In fact the function p: [0, 7] x R® — R defined by

1 (21, 20) S0 (215 ey 20)*
b)) =g —— _
p( y 21, y 2 ) (27T)nd6t (Zt) exp{ 5

is the density function of the gaussian vector ( ftT 01(8)dW, ..., ftT wn(s)dWS). The function ¥ becomes

\I’(t7y17--'7yn) = f(yl+Z17"'ayn+Zn)p(taz17"'7zn)dzl"'dz'fl =
Rn
= f(gh...,én)p(t,%l7y1,...,2nfyn)d21"'d2n
R"'L

The function p is a solution C12([0, 7] x R™) of

n

1

Op(tyz1, .. 2n) = ~3 Z <pi(t)goj(t)8i2jp(t, Z1y.vy2n)

ij=1
We remark that when (¢;)i=1,.. . is an orthogonal system in L?([0,T]) the variance covariance matrix
is a diagonal matrix in M"™"(R).
From the relation for p we deduce that the function ¥ is a solution C*2([0, T[xR") of

1 n
OV (t,z1,...,2n) = —3 Z api(t)@j(t)afj\ll(t, Z1ye.ey2n) (8.55)

4,J=1

Finally we define a function
u: [0, T[xC([-T,0)) — R  ue Ch([0,T] x C([-T,0)))

by
t

u(t,m:W(t,m(tmm)— / 0(s — )dgr(s), .-, oa(t)(0) — / n(s—t)dgonw))

We note that ¢; is a bounded variation function for every ¢ = 1,...,n, then the term
t t
2O~ [ (s = 0dgils) = (n(0) = [ nls— (s
0 0

is well defined in the Riemann-Stietjies sense and will be denoted for simplicity by

t 0 t
/0 pi(s)dn(s — t) = / pi(s + )dn(s) = @i(t)(0) — / n(s — H)dei(s) =

—t

— 0(0)i(t) — n(—t )i (07) — / n(s — O)pi(s)ds =

= 1(0)¢;(t) —/0 (s = t)@i(s)ds (8.56)
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The last equality comes from ¢;(07) = 0. We recall that in general let g, f : [a,b] — R be cadlag (continue
a droite and limité & gauche) and g of bounded variation we have
[, o =90 50 g ) sl [ g (8.57)
a,b a,

With this notation we have another expression for the function «

u(t,n) =¥ (t,/i @1(s +t)dn(s), .. /Ot ©n(s +t)d7,(s)> -

_E lf (/i <p1(s+t)dn(s)+/tT<p1(s)dWS, ...... ,/0 <pn(s+t)d77(s)—&-/tTgon(s)dWS)]

(8.58)

We can verify, as a property, that for every window process X;(-) such that X;(0) is a real process with

finite quadratic variation [X.(0)] =¢

0 0
(T, Xr()) = E {f (/ o1(5 + )AX(5),s ... / onls + t)dXT(s))] (8.59)
-T -T
oppure u evaluated in (¢, W;(+)) verifies the equation for the conditional expectation, in fact by (8.53) we
have
t t
u(t, W(1)) =" <t,g01(t)Wt —/ Wedp1(s), ..., on(t) Wy —/ Wsdgon(s)> = E[H|F] (8.60)
0 0

In the following proposition we will use that function u to apply It6’s formula.

Proposition 8.19. Let u: [0,T] x C([-T,0]) — R be the function in C*? defined in (8.58) via a function
U such that is a solution C12([0, T[xR™) of (8.55). Let X (-) be a window process such that X (0) is a real
finite quadratic variation process with [X (0)]; =¢. Then

1.
T, X () = (0. Xo() + [ " Adx, (8.61)

with the process A defined by

n 0
ASZZ&‘\I’ (s,/ <p1(r—|—s)d_Xs(r),...,/
i=1 —s

—S

0
on(r + s)d_Xs(r)> wi(s) (8.62)

2. If X(-) is the window Brownian motion W;(-) and if (7T, X7 (-)) is square integrable then Ay is

exactly the adapted process given by martingale representation theorem

A = i@i\ﬂ (s, /OS <p1(r+s)dWs(r),...,/

—S

onlr + s)dwsm) oi(s)
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3. If Xy(-) is the window Brownian motion W;(-) and if f € C}(R") then
A, =E[D"H|F,] (8.63)

Proof.

1. The stochastic process X (-) admits a (Do ® L2)®,2L. We have to verify that the second order derivative
with respect to the space is in (D @ L2)®i to apply the Ité’s formula for the function wu.
The first derivative Dyu : [0,T] x C([—T,0]) — R with respect to the space [0, 7] is

—t

+Zn: <ai\1/ (t/ot <p1(s+t)dn(s),...,/(1 <pn(s+t)dn(s))> . <at /Ot @i(s—i-t)dn(s)) _

=1

=5, (t,/o p(s+ t)dn(s)> +

—t

+§; (&\I’ (t,/i <P1(s+t)d77(3),...,/0t <pn(s+t)dn(s))> . (/i %‘(S—i-t)dn(s))

(8.64)

yu(t,n) =0, 0 (t, / (s +t)dn(s)> 4

The last equality because by integration by parts

o (/—Ot plot t)d”(3)> = (U(O)wi(t) - /_Of n(s)i(s + t)ds> -
= n0):(t) ~ n(~1)02:00) - | " s)i(s + t)ds =
n=00:0) - |

0

n(0)i(t) — n(~)p:(0) — / i(s)@i(s + H)ds| =

—t

=n(0)¢i(t) —

(8.65)

We remark that the term f? , ¢i(s +t)dn(s) is an integral that exists for every continuous function
n. In fact ¢, being C1, is also of bounded variation and then the integral has a sense simply via

integration by part. On the other hand the integral

[ et smi = [ aies naw, = [ aan,

is a well defined Itd’s integral for (8.53) and it is exactly equal to the one in (8.65) if we fix n = Wi (+).
We go on with the evaluation of the derivative: the first derivative Dyu : [0,T] x C([-T,0]) —
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M([-T,0]) with respect the space C([—T,0]) is a measure

Dasult,n) Zn: (ai\p ‘) /O @1(s+t)dn(s),...,/0 gon(ert)dn(s))).

—t —t

/
~—

@i(1)d0(ds) = T _o0)(5)i(ds +1)) (8.66)

We recall that, for avery i, dp;(s+t) = ¢;(ds+1t) and ¢; is of bounded variation because it is supposed

in C'. The measure 1[_; o)(-)dg;(- +t) on [ T,0] is a measure such that on a continuous function

h € C([-T,0]) we have (h, Lj_; o (-)de;(- f_ (8)L_¢01(s)dpi(s +t) f_ s)dpi(s+t) =
f h(s)i( ds + t). Moreover the measure dc,oZ is singular with respect to the Dirac measure .
For the second derivative with respect to the space D? u : [0,T] x C([-T,0]) — (C([-T, O])®i)*
with respect the space C'([—T),0]) we have

Dl gz ult: 1) = Z (@?ﬂ (u /_ 0 (s + t)dn(s), .., / O (s + t)dn<s>)) :

i,j=1

: <<Pi () (t)do(dv)do(dz) — @i(t) Lt 0 (v);(dv + t)do(d2)+

= @ (O)L[—t,01(2)@i(dz + t)do(dv) + L[—y,0) (V) L]—t,0(2)@i(dv + t)p; (dz + t))

(8.67)

We recall that, for all i = 1,...,n, ¢; are C? functions, then in particular ¢; are in L?. Then
D2y : [0,T] x C([=T,0]) — (Do ® L?)&}, continuously.
We can apply the It6’s formula for the function u and the process X. We have

u(T, X7(-)) = u(0, Xo(-) / Opu(t, Xe (- ))dt—i—/o (Du(t, X ()),d” Xe())+

P

1 T
45 [ 0P Xi(), dX0)) = 00, Xo() + I+ Bt o
0
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where

L= /OT 0,0 <t/0t (s +t)dXt(s)) dt+

—i—iz:/OT (@\If <t,/_0t @1(s+t)dXt(s)7...,/_0t <pn(5+t)dXt(s))> X
x (/t ois +t)dXt(s)> it —
=111+ 1o

I, = lin% (I21(€) + Iza(e)) in probability with

n

Iy (e) = Z/OT <81-\I/ (t,/o gol(s—l—t)dXt(s),...,/O on(s +t)dXt(s))> @i(t)wdt
i=1 —t -t

Ina(e) = _g/OT (&‘1’ <t, /Ot gpl(s+t)dXt(s),...,/()t wn(s+t)dXt(s))> )

: (/i @i(ds + t)—X”E(S)e_ Xt(s)) dt 7

and finally

=g 3 [ (0 (0 et 00X [t a5 ) it a0 =

i,j=1 —t

% zn: /OT (aﬁjw (t, /i <p1<s+t)dxt(s),...,/0 <pn(s+t)dXt(s)>> pi(t)p;(t)dt

i,j=1 —t

The Ito’s formula in particular tell us the convergence in probability for the sum I (€) 4 I22(€)

@+ 10 = [ a5, X0y 2 ip g xnaxi e
Moreover we will show
Ipo(€) L25= Iy = Iy
Iyp = — i/oT (&-W <t,/_0t v1(s +t)dX(s), .. .,/_Ot on(s +t)dXt(s)>) (/Ot gbi(u)d_Xu(0)> dt

(8.69)

In fact Iza(€) is always convergent pathwise, i.e. for almost all w. We show firstly the a.s. convergence

of f?t i(ds + t)w to fg ©i(s)d~ X,. Even if a priori it is an anticipating integral, ¢ is of
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bounded variation, so the integral has a sense via an integration by parts. We have in fact

0 Xiie(s)— X t Xeie — X,
/ gbi(ds—l—t)M:/ <pi(s+t)%ds:
—t 0

€
t+e .. _ t . _ 5. € .
. / PilU =)y du / pile =9 =W gy / 20 du
t € 0

€ € €

t t
wE G (1)K, — / Xodpi(u) — ¢1(0)Xo = / pi(u)d- X,
0 0

By the dominated convergence theorem we have the a.s. convergence for I»s(¢). Consequently by

(8.68) and (8.69) we deduce the convergence in probability for I2;(€) to Iz

I (e Z/ <a\IJ< /Ot 901(8+t)dXt(s),...,/()tcpn(ert)dXt(s))) w;i(t)d™ X¢(0) = I

(8.70)

The first result follows from the Itd’s formula with (8.55):
u(T, X7 () = u(0,Xo(+) + 11 + In + I3 =
n_oo.T 0 0
= u(0, Xo) + Z/ (al-xp (t/ ©1(s 4 t)dXy(s),. . / on(s+ t)dXt(s))> ©i(t)d™ X,
— Jo —t —t
T 0 0
+ / oA (t7/ w1(s +1)dXi(s),. .. ,/ on(s+ t)dXt(s)> dt+
0 —t

4= Z/ ( <t,/0t<p1(s+t)dXt(s),...,/Otsﬁn(Sth)dXt(S)))901() i (t)dt =

’le

— u(0, Xo) + Zj:/OT <ai\1/ (t/i o1(s + DAXo(s), .. ., /O on(s +t)dXt(s))> o (1)d= X,

—t

(8.71)

2. For the second result we pose as window process the window Brownian motion W;(-). Clearly the
process 0; ¥ ( f Lp1(s+t)dWy(s) f L Pn(s +1)dW(s )) ©;(t) is Fy-adapted, then the forward

integral coincides with the classmal Ito’s integral:

H = u(T, Wr()) = u(0, W[ / Zazm (v [ awan..... /Otson<s>dws) (1),

At the same time we know, by the martingale representation theorem, that it exists a Fi-adapted

process A; such that the square integrable martingale H = u(T, XT(o)) hs the following decomposition
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The second result follows by uniqueness of decomposition.
n t t
A = Z@Z—\Il (t,/ 1(s)dWs, .. .,/ gon(s)dWs> ©i(t)
i=1 0 0

3. For the last result we observe that if f € C}(R™) then, using Proposition 2.12, we know the

decomposition given by the Clark-Ocone’s formula (8.28). By unicity of decomposition we have

an expression for the conditional expectation of the Malliavin’s derivative of H. In particular the

expression will be independent from the derivatives of function f, in fact

T
D{"H = D{* [f (/ p1(8)dWs, . ..

, /OT wn(S)dWsﬂ =

- ' son<s>dws> Dy [ / ' ms)dvvs] -
/OT san(S)dWs> <‘Pi(t)+/tT D" [pi(s)] dWs> =

T
..,/0 san(S)dWs> ei(t)

n T T
E[D"H|F] =E [Zaif (/0 @1(s)dWS,...,/O @n(s)dWS> @i(t)|ft] =

= ZE laif (/0 901(5)dWs»~~a/0 gon(s)dWs> ft] wi(t)

By the definition of ¥ in (8.54) we have just to verify that for every i = 1,...,n we have

E laif ( / L)W / ' wn<s>dWs> m] P (t, / ()W / t gon<s>dws)

This is trivial in fact it will be n functions such that

T T
E |f3if </0 wl(s)qu,...,/O cpn(s)dVVs> |-7:t] =

=E

of ( [oaves [Ca@ava..., [[eoms [0 gon<s>dws> |ﬂ] _

=y (L/Ot cpl(s)dWs,...,/[)t@n(s)dWS)

where U : [0,7] x R" — R defined by

\I’i(tvylw"ayn) =E

T T
Oif <y1+/ wl(s)dWs,...,yn—F/ @n(s)dW3>]
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Now it is easy to know that W’ is exactly the function 9;¥, then the result.

O

Remark 8.20. In the previous proposition we have an expression for the conditional expectation of the

Malliavin’s derivative dependent only from the derivative of ¥ even if the hypothesis f € C*(R").

Lemma 8.21. ¥ is a CY2([0, T[xRR") solution of (8.55), as in the hypotheses of the proposition, under

the following assumptions:

1. f € C*(R") and ¢; € C?([0,T)).

2. For all t > 0 the matrix X, defined by (%), ; = ftT ©i(s)p;(s)ds is invertible.

This is the example that we have seen at the beginning of this chapter.
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Titolo: Calcolo stocastico via regolarizzazione in dimensione infinita e motivazioni finanziarie

Riassunto: Questa tesi di dottorato sviluppa certi aspetti del calcolo stocastico via regolarizzazione per dei processi a valori in
uno spazio di Banach generale B. Viene introdotto un concetto orginale di x—variazione quadratica, dove x & un sottospazio del
duale de prodotto tensoriale B ® B, munito della topologia proiettiva. Una attenzione particolare é dedicata al caso in cui B é lo
spazio della funzioni continue su lintervallo [—7,0], 7 > 0. Viene dimostrata una classe di risultati di stabilitd attraverso funzioni
di classe C! di processi che ammettono una x-variazione quadratica e viene dimostrata una formula di Ité per tali processi. I
processi continui reali a variazione quadratica finita Y (ad esempio processi di Dirichelt o anche Dirichlet debole) giocano un ruolo
significativo. Viene definito un processo associato chiamato processo finestra e indicato con Yi(-) definito da Yi(y) = Yiyy per
y € [-7,0]. Y(-) & un processo a valori nello spazio di Banach C[—7,0]. Se Y & un processo reale con varazione quadratica uguale
a[Y]y =teh = F(Yp()) dove F & una funzione di classe C?(H) Fréchet e H = L?([-T,0]), & possibile rappresentare h come
somma di un numero reale Hp piu un integrale forward di tipo fOT £d™Y dove £ & un processo di cui diamo la forma esplicita. Questo
generalizza la formula di Clark-Ocone valida quando Y & un moto Browniano standard W. Una delle motivazioni viene dalla teoria di

copertura di opzioni che dipendono da tutta la traiettoria del sottostante o quando il prezzo dell’azione sottostante non € una semimartingala.

Title: Infinite dimensional calculus via regularization with financial motivations

Abstract: This paper develops some aspects of stochastic calculus via regularization to Banach valued processes. An original concept of
x-quadratic variation is introduced, where x is a subspace of the dual of a tensor product B ® B where B is the value space of the process.
Particular interest is devoted to the case when B is the space of real continuous functions defined on [—7,0], 7 > 0. Itdé formulae and
stability of finite x-quadratic variation processes are established. Attention is devoted to a finite real quadratic variation (for instance
Dirichlet, weak Dirichlet) process X. The C([—7,0])-valued process Y(-) defined by Y;(y) = Yi+y where y € [—7,0] is called window process.
Let T > 0. If Y is a finite quadratic variation process such that [Y]; = ¢t and h = F(Yr(-)) where F is a C2(H) Fréchet function with
H = L?([-T,0)), it is possible to represent h as a sum of a real number Hy plus a forward integral of type fOT £d™Y where & will be
explicitly given. This decomposition generalizes the Clark-Ocone formula which is true when Y is the standard Brownian motion W. The

main motivation comes hedging theory of path dependent options without semimartingales in mathematical finance.
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