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Methods In this study, we investigate how different graphs and hypergraphs
embedding methods influence their unsupervised clustering, with the goal of
capturing taxonomy-based classes. We apply 14 distinct embedding strategies to a
large-scale dataset of 8467 metabolic hypergraphs. Each embedding was followed by
hierarchical clustering using a fixed linkage method. To assess performance, we
compared the resulting clusters against known taxonomic groupings.

Results Our findings show that the choice of hypergraph embedding has a
significant effect on clustering outcomes. Among the tested methods, Bag of
Hyperedges with Jaccard distance, Histogram Cosine Kernel, and a Hypergraph
Auto-Encoder consistently performed best. We also advocate that the embedding
method should be chosen based on the goal of the downstream task.

Keywords: Clustering, Embeddings, Hypergraphs, Kernel methods, Metabolic
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Introduction

Metabolic networks describe the full set of biochemical reactions within an organism
through pairwise interactions between metabolites. They are central to understanding
how organisms grow, survive, and adapt, and have applications in fields ranging from
evolutionary biology to biotechnology [1-3]. Because usually reactions involve multiple
metabolites, hypergraphs, which naturally model multi-way relationships, offer a more
accurate representation than standard graphs [4—6].
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It is natural to expect that the topological properties of metabolic networks or hyper-
graphs reflect systematic differences among evolutionarily distinct groups of organisms
(i.e. taxonomy-based classes). These structural patterns, shaped by ecological constraints
and evolutionary pressures, may offer insights that go beyond sequence similarity or path-
way annotation. In this context, clustering metabolic networks or hypergraphs provides a
way to uncover such patterns by grouping species based on their global metabolic orga-
nization [7,8].

To perform clustering on structured data such as graphs or hypergraphs, a common
approach is to compute low-dimensional embeddings that capture their topological fea-
tures. These embeddings allow complex objects to be compared in a common vector
space using standard clustering algorithms. In the case of hypergraphs, one widely used
strategy is to first convert the hypergraph into a graph by replacing each hyperedge with
a clique over its vertices, a process known as clique expansion or clique projection; then
apply graph embedding algorithms. However, clique expansion is lossy because it does
not preserve the full structure of the hypergraph: in most cases, it is not possible to recon-
struct the original hypergraph from the clique-expanded graph, even when using the dual
representation [9].

An alternative is the star expansion, where the hypergraph is transformed into a bipar-
tite graph: one part represents the original nodes, and the other represents hyperedges,
with edges connecting each node to the hyperedges it belongs to [10]. While this repre-
sentation is structurally complete, provided the two parts are clearly distinguished, most
downstream methods (e.g., embeddings) treat all nodes in the bipartite graph homoge-
neously. This uniform treatment ignores the fundamental asymmetry between entities and
relationships, often leading to embeddings that fail to capture the higher-order structure
of the hypergraph [11,12]. For these reasons, a variety of hypergraph embedding methods
have been proposed in recent years, each aiming to capture different aspects of higher-
order structure. It is therefore important to understand how these embeddings differ in
their ability to preserve biologically relevant information, particularly in downstream tasks
such as clustering.

Our Contribution. In this paper, we investigate how the choice of embedding influences
the unsupervised clustering of metabolic networks modeled as hypergraphs, with the ulti-
mate goal of capturing taxonomy-based classes through the clusters. Specifically, we apply
14 different embedding strategies (some taken from the literature and some proposed by
us) to the same large-scale set of metabolic hypergraphs and then cluster the resulting
embeddings using a fixed (classical and robust) hierarchical linkage algorithm. By holding
the clustering method constant, we ensure that differences in clustering outcomes reflect
the expressiveness of the embeddings rather than artifacts of the algorithm. Our goal is
to assess which embedding methods and spaces best capture the topological distinctions
encoded in the higher-order interactions that align with known biological classifications,
providing insight into the comparative utility of current hypergraph representation tech-
niques in real biological settings.

Related work. We mention that methods relying on metabolic networks (thus pairwise
relations) and aiming at recovering taxonomy-based classes appear for instance in [8].
It is known that the problem is inherently difficult: while distinguishing Eukaryotes vs
Prokaryotes (C1 level classes below) may be achieved with a good strategy, these authors
mention that “Instead, within Prokaryotes, Bacteria and Archaea cannot be clearly dis-
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tinguished” by their own method, and in fact by most of these approaches. A similar
graph-based approach, where nodes correspond to pathways and edges link two pathways
whether they share at least one compound, has also been used in [13]. In [14], the authors
compare 11 carefully selected organisms (1 Eukaryote, 6 Bacteria, 4 Archaea) in terms of
several graph invariants and statistics, showing that the metabolic networks of Archaea
are fundamentally different with respect to those of the other two domains. In [15], the
authors propose a web tool able to analyze metabolic networks and they evaluate its capa-
bilities in finding a “core reaction graph” (that is, a graph collecting common reactions)
at kingdom taxonomy level. Graph-based approaches have also been applied for research
questions different from the ones we face in this work (e.g., functional classification and
phylogenetic analysis [16—19]). Given the availability of ground-truth taxonomic classifi-
cation, several other research works employed supervised approaches to predict (that is,
classify) the taxonomic classification of an organism starting from its metabolic network.
To the best of our knowledge, no such works exist that leverage on hypergraph embedding;
conversely, works such as [20-23] employ feature engineered from graph representations
or graph embedding to perform classification.

The paper is organized as follows: we first describe our large-scale data in Data collection
and discuss its characteristics as well as the taxonomic classes we aim to recover. Then
Methods: hypergraph embeddings presents the embeddings methods compared in our
analysis, as belonging to 3 main classes of methods: Bag of Words (BoW) type methods,
kernels methods and Neural Networks (NN) based methods. A summary of these 14
strategies is given in detail in Table 1. The performance evaluation and quality criteria used
in our comparison are introduced in Methods: evaluation criteria. Results are presented
in detail in Results, focusing first on each class of methods (BoW, kernels and NN) and
then enlarging the view to select the best performers among all methods (Section 5.4).
Finally, conclusions and perspectives are given in Conclusions and perspectives.

Data collection
The dataset includes a total number of 8467 organisms whose metabolic reactions have
been downloaded from the Kyoto Encyclopedia of Genes and Genomes [24, KEGG
database] using the Python libraries Bioservices [25] and BioPython [26]. The set of
metabolic reactions of each organism has been parsed as a hyperedge list, collecting
in each hyperedge (chemical reaction), the compounds (substrate and products) partic-
ipating in that reaction. Each node has also been labeled with the corresponding KEGG
compound identifier.

Each organism (thus hypergraph) has been lately mapped with the four hierarchical
classes-levels provided by the KEGG BRITE taxonomy! [27] that classifies the organism
itself at four different levels of granularity across the Linnaeus taxonomy:

cellular organization (hereinafter C1)
domain/kingdom (hereinafter C2)
class (hereinafter C3)

genus (hereinafter C4).

B =

'https://www.kegg.jp/brite/br08601
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Such progressively finer grouping supports both biological interpretation and grouping

of metabolic reactions. Specifically:

C1

C2

C3

C4

level classifies organisms based on their fundamental cellular structure in 2 classes:
Eukaryotes (organisms with a nucleus and complex cellular compartmentalization)
and Prokaryotes (organisms without a membrane-bound nucleus);

level indicates the highest-level taxonomic domain to which the organism belongs.
It corresponds to one of the 6 major divisions of life: Animals, Archaea, Bacteria,
Fungi, Plants and Protists;

level provides a finer taxonomic grouping below the domain level, typically repre-
senting a class, order, or phylum, depending on the organism. This classification
helps capturing evolutionary relationships and ecological roles more precisely;
level corresponds to the genus of the organism, a taxonomic rank grouping species
that are closely related and often functionally similar. This classification is partic-
ularly useful when analyzing metabolic patterns or pathway conservation across
related organisms.

Given the considered levels of taxonomy, a related issue is the non-homogeneous sizes of

the classes in each level (C1 to C4), meaning that large classes (i.e, containing many organ-

isms) co-exist with much smaller classes at the same level. This obviously complicates the

task of any unsupervised clustering approach.

Methods: hypergraph embeddings

In the following, we provide a theoretical overview of all methods exploited to generate

embeddings starting from metabolic hypergraphs.
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Fig.2 Homogeneity score versus number of clusters for kernel methods

As anticipated in Data collection, in the case of metabolic hypergraphs, nodes represent
chemical compounds (or metabolites) and hyperedges represent chemical reactions in
which the former are involved. Each of the nodes has its own label which makes it possible
to interpret metabolic hypergraphs as node-labelled simplicial complexes where node
identifiers belong to a finite set of categorical candidates (i.e., the union of all the compound
IDs across all considered metabolic hypergraphs, [28]). This particular aspect of metabolic
hypergraphs will be crucial for all the embedding strategies that do follow.

All of the herein presented methods were subsequently fed into the same hierarchi-
cal clustering algorithm based on Ward linkage [29]. This choice of an efficient, robust
and widely used algorithm was made to ensure fairness of comparison among all of the
presented embedding methods. Indeed, by keeping fixed the clustering algorithm that
operates on the embedding spaces, we may focus our discussion on the informativeness
of each embedding space (that is, how separable are the metabolic hypergraphs once
embedded in each Euclidean space). Also, contrarily to k-means, the hierarchical clus-
tering approach provides in one-shot a whole family (hierarchy) of clustering solutions
with different number of clusters, a characteristic that will be useful as we do not have a
simple way to select an estimated number of clusters from one hand; and want to com-
pare classifications at different levels (thus with different number of clusters) on the other
hand.

Bag of words inspired methods

This family of methods was inspired by a foundational concept of Natural Language
Processing (NLP) known as Bag Of Words (BoW). In NLP, the BoW approach represents
a document by counting the occurrences of each unique token (i.e., individual words)
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Fig.3 Homogeneity score versus number of clusters for neural network-based methods

within the document itself, resulting in a vector whose length equals the number of
distinct words in the corpus. The same concept has been adapted to metabolic networks
[20] by exploiting the fact that it is possible to create a universal “alphabet” of chemical
compounds for all organisms. Additionally, each compound appears only once in each
metabolic network. These properties make it so that one could super-impose the set of
metabolic reactions of different species and the only difference would be in the number of
chemical reactions in which each node takes part (i.e., degree of the node). In accordance
with such properties, two types of methods were developed: Bag of Nodes and Bag of
Hyperedges.

Bag of Nodes (BoN)

The BoN approach aims at creating an embedding vector which is the same size as the
alphabet of chemical compounds (2835 in our dataset). The vector may be subsequently
filled with various node statistics [30] calculated starting from either the hypergraph itself
or its clique projection [31]. Let us recall that the clique projection of a hypergraph can
be computed by substituting each hyperedge with a clique of the corresponding size (e.g.,
hyperedge {A, B, C} is replaced by the edges {A, B},{B, C},{A, C}). It is impossible to
recover the original structure from the projection but thanks to this transformation one
can calculate almost all nodes statistics typical of graph structures also on hypergraphs
(see e.g., [32,33]). In this context, we rely on the following classical and widely used node

statistics:

« Degree;
+ Degree Centrality;

Page 6 of 26
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Fig.4 Clustering solutions of the best performers for level C1. For each clustering solution we show as many
bars as there are clusters, with the height of each bar showing the number of samples in each cluster. Bars are
further colored according to the ground-truth class (see legend) and for each cluster we also report the purity
score p. Finally, for each clustering solution, we also show the cophenetic correlation ¢

+ Betweenness Centrality [34];
» Pagerank [35].

One embedding method corresponds to one choice of a node statistic among the 4 listed
here. In practice, we computed the first statistic (degree) on the hypergraph, while the
other 3 were computed on the clique projection graph.

Bag of Hyperedges (BoH)

The BoH approach is a natural evolution of BoN as it leverages the boundedness of the
nodes’ alphabet to create an alphabet of hyperedges (i.e., chemical reactions). The size of
such set could theoretically be orders of magnitude greater than the size of the set of nodes,
however when this concept is applied to metabolic hypergraphs (and more generally in
sparse graphs or hypergraphs) their sizes are comparable. In our context, we have 3236
different metabolic reactions which thus corresponds to the embedding dimension. The
embedding vector in this case is a binary vector f(H) for each organism or hypergraph
‘H where each entry is set to 1 if the organism performs such chemical reaction and
to 0 otherwise. Due to the binary and sparse nature of such embedding vectors, the
distance metrics chosen to cluster the embeddings were the Jaccard distance [36] and the
Manhattan distance. Conversely, for plain BoN, we used the standard Euclidean distance.
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Fig.5 Clustering solutions of the best performers for level C2. For details, see caption of Fig. 4
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Fig. 7 Clustering solutions of the best performers for level C4. For details, see caption of Fig. 4, with the only
modification that—due to the high number of classes—we show, for each cluster, the composition in terms of
number of organisms in the majority class versus minority class (see legend).

Hypergraphs Kernels

Graph kernels are among the most widely used techniques for machine learning tasks
on graph structures [37]. A kernel function evaluated between two given objects i and j
can be shown to correspond to the inner product between high-dimensional (or infinite-
dimensional) feature maps of the input objects in a Reproducing Kernel Hilbert Space
[38-40]. Kernel methods became popular in the late '90s and early 00’s in the context
of Support Vector Machines (SVMs), as they allowed a maximal-margin linear classifier
such as SVMs to solve non-linear pattern classification problems.

The methods presented in this section follow the approach described in [28]. That
is, building hypergraph kernels by treating them as simplicial complexes. The following
paragraphs provide a brief overview of the four kernel methods employed for clustering
metabolic hypergraphs. For further details, the interested reader is referred to the original
paper [28].

Histogram Cosine Kernel (HCK)

This method leverages the symbolic histogram technique, which generates explicit embed-
ding by counting the number of meaningful substructures in a structured object (e.g, sim-
plices in a simplicial complex). In our context, this reduces to counting the number of
hyperedges (metabolic reactions) in each hypergraph (organism). So the initial embedding
process is the same as for the BoH (see Bag of hyperedges (BoH)) with f () denoting the
binary vector for hypergraph H indicating which hyperedge is present in that hypergraph.
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Fig.8 2D UMAP visualization of the best performers for level C1

The Histogram Cosine Kernel (HCK) between any two hypergraphs H;, 7, is afterwards
computed as the cosine similarity between their respective vector representations, hence:

{f (o), f (H;)

KucMe M) = LrGa i aon

Jaccard Kernel (JK)

The Jaccard Kernel (JK) starts again from the same symbolic histogram as the BoH and
the HCK but it is computed as the ratio between the intersection and the union of the
two simplicial complexes. Considering £(H) as the set of hyperedges of hypergraph H,
the kernel in our case is defined as:

|E(H) N E(R,)]

Kj(Hy, H)) = 1E(H) UEM)|

Page 10 of 26
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Fig.9 2D UMAP visualization of the best performers for level C2

To better understand the links between the different kernels, note that HCK can also be

written as
[ECH:) N E(H))I
Kuc(Hyp Hj) = ———2—.
" T IEHINEH)I
Edit Kernel (EK)

The Edit Kernel (EK) measures the similarity between two hypergraphs considering the
number of hyperedges that need to be inserted, removed or substituted in order to trans-
form one hypergraph into the other. Considering d; (H;, H;) the Levenshtein distance [41]
between two hypergraphes, it is possible to convert it to a similarity metric as follows [42]:

Ke(Hiy Hj) =1 —

2-di(H;, H;)
IEH)| + |EH)| + di(Hi H)

30
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Fig. 10 2D UMAP visualization of the best performers for level C3

Stratified Edit Kernel (SEK)

The Stratified Edit Kernel (SEK) is a natural evolution of the EK, it avoids the excessive
relevance of hyperedges of the most common order (i.e., size). The way it achieves this
is by averaging the kernels calculated for each hyperedge size. For each hypergraph H
and integer m > 2, we let H"" denote the sub-hypergraph induced by hyperedges in H
with size m (m = 2 corresponding to simple edges, i.e. simple binary relations). Letting
M denote the largest hyperedge size, the SEK can be defined as:

M (m) (m)

L 2 dy (H™, 1)
1<SE(Hl'; H]) = 1 - g ‘
M IS e + |5(H}"’))| +d (H™, H}m))
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(a) C1 level. (b) C2 level.

(c) C3 level. (d) C4 level.

Fig. 11 Distance heatmap (the lighter, the farther) obtained by BoH with Jaccard distance on the four
taxonomic levels

Neural Network-Based Methods
The methods in this section leverage Neural Networks architectures to extract relevant

hypergraphs representations.

Graph2Vec

The Graph2Vec approach was first presented in Narayanan et al. in 2017 [43] as an
unsupervised graph embedding method inspired its by NLP counterpart, Doc2Vec [44].
Graph2Vec is based on the concept of rooted subgraphs as they represent a high order
substructure of graphs as well as being innately non-linear, which conveys more informa-
tive representation of graphs [43]. The model works in two main phases: the algorithm first
creates rooted subgraphs of node neighborhoods using Weisfeiler-Lehman (WL) relabel-
ing process [45] which natively leverages node labels. This first phase generates a set of
rooted subgraphs for the target corpus of graphs; such set is then fed into simple feed-
forward neural network model commonly known as Skip-Gram model [46] to generate
embeddings. In order to accommodate the potentially enormous number of unique rooted
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subgraphs generated by WL iterations, “negative sampling” is added to the model [see for
more details][43]. This allows training the Skip-Gram model by sampling a small subset
of rooted subgraphs as negative examples rather than considering the entire vocabulary.

In order to optimize the hyperparamarers of the Graph2Vec model, Bayesian optimiza-
tion was applied with the objective of maximizing the Hopkins statistic [i.e., maximizing
cluster tendency, 47] of the resulting embeddings dataset. The Hopkins statistic is known
to be a fair estimator of randomness in a data set [48]. It is computed by sampling uni-
formly at random a set W of m points from the embedding space, and generating an equal
number of uniformly distributed “synthetic” reference points (setf). Let [wy, ..., wy,] (resp.
[41, ..., ui]) be the distances of the points in W (resp. in If) to their nearest neighbors in
the original embeddings dataset. The Hopkins statistic S is then defined as:

Sy

pay W,{i +200 ”}1

where d is the number of dimensions. Values of S ~ 0.5 indicate randomness, while values

S

S close to 1 signal strong clustering structure in the dataset [48,49].
Finally, is it worth mentioning that as Graph2Vec does not natively account for hyper-
graphs, it was applied to the clique projection of the available metabolic hypergraphs.

Hypergraph Auto-Encoder (HGAE)

The Hypergraph Auto-Encoder (HGAE) method was inspired by the typical structure
of Auto-Encoder models, a type of neural network architecture aimed at producing an
output as close as possible to the original input it was fed with [50]. Just like most encoder-
decoder architectures, the HGAE proposed in this paper passes input information through
a bottleneck layer before reconstruction: the process is therefore lossy by design with the
aim of retaining the most relevant characteristics of the input, while disregarding noise
or less relevant features [51]. The core idea was to train a HGAE model to reproduce the
incidence matrix of hypergraphs and then extract the latent representation learned in the
bottleneck layer of the model and use it as embedding vector. Considering » the number
of nodes in a hypergraph and m as the number of hyperedges, the incidence matrix can be
defined as H € {0, 1}"”"”" such that entry H;; = 1 if and only if node i takes part in hyper-
edge j, creating a complete representation of the connectivity of the input hypergraph.
Hypergraph convolution [52] is used inside the encoder part of the model for message
passing among nodes. The HGAE leverages the boundedness of the sets of both nodes
and hyperedges, assigning at each distinct element its own dense learnable embedding, it
then represents each hypergraph using two matrices: N € R"*? for nodes and M € R""*P
for hyperedges, with p being the embedding dimension. The decoder part of the model
simply computes H € R = NMT and model weights (and learnable embeddings)
get adjusted after every hypergraph pass considering the reconstruction error between
H and H. The process described generates node-level embeddings and hyperedge-level
embeddings. In order to transform them into hypergraph-level representations, the model
considers their average. Among the various versions of HGAE tested, three were included
in the paper due to their diverse structures:

+« HGAE-Complete
+ HGAE-Hyperedges-Only
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+ HGAE-One-Hot+Hyperedges.

The second and the third variations of HGAE can be interpreted as partial versions of
the model structure described in this section. The second variation does not exploit hyper-
graph convolution during encoding: it leverages only learnable embeddings followed by
matrix multiplication (during decoding), the hypergraph level embedding for this version
is then computed by considering only the hyperedge embeddings. The third variation, on
the other hand, uses convolution but does not involve learnable embeddings for node rep-
resentations: one-hot encoding is applied for every node label and then message passing is
applied before the decoding step. The final embedding in this case considers both nodes
and hyperedges.

Summary of compared algorithms

In this section, we have introduced the 14 embedding strategies (summarized in Table 1)
whose performances and characteristics will be described in Methods: evaluation criteria.
To foster variety in our comparison, such 14 embedding strategies belong to 3 different
families: BoW-inspired, Kernel-based and Neural Network-based (introduced in Sections
Bag of words inspired methods, Hypergraph kernels and Neural network based methods,
respectively).

All BoW-inspired methods yield explicit embedding spaces spanned by N x M instance
matrices, where N is the number of hypergraphs in the dataset and M is the number of
features (that is, number of unique nodes or number of unique hyperedges—see Sections
Bag of nodes (BoN) and Bag of hyperedges (BoH), respectively). On the plus side, such
explicit embedding spaces foster interpretability as each feature is unambiguously defined
and well-characterized (that is, each feature corresponds to either a node or a hyperedge—
see Sections Bag of nodes (BoN) and Bag of hyperedges (BoH), respectively). However, they
share the negative side of BoW-based modelling in NLP: such matrices can be potentially
huge, depending on the size of the input hypergraphs.

Kernel methods provide, as instead, an implicit embedding under the form of pairwise
evaluations of a kernel function. In other words, kernel methods yield an N x N condi-
tionally positive definite matrix scoring, in position (i, j) the value of the kernel function
evaluated between two given objects i and j. As kernel matrices endow the pairwise simi-
larities between objects [53,54], they can directly be used as input (dis)similarity matrices
for clustering algorithms such as hierarchical clustering or other distance-based pattern
recognition models [55]. Although kernel methods are well-known for their solid mathe-
matical background rooted in statistical learning theory, they lack interpretability due to
their implicit embedding.

Lastly, the two Neural Network-based models do yield explicit vectorial embeddings
(like BoW-inspired methods), but they are not interpretable (like Kernel-methods and
conversely to BoW-inspired methods). Another difference with respect to BoW-inspired
methods is that they yield a (usually) smaller embedding space which is compact and
dense [43]. However, they learn their embeddings in a fully data-driven, unsupervised
manner: latent embeddings from auto-encoders and Graph2Vec are not interpretable
because they are optimized for reconstruction (the former) or similarity (the latter), not
human understanding. They produce entangled representations where each dimension
blends multiple abstract features without clear semantic meaning.



M. Cervellini et al. Algorithms for Molecular Biology(2026)21:9 Page 16 of 26

Table 1 Summary of the 14 embedding strategies stratified by their respective family, type of input
representation and size of the resulting embedding space

Family Method Representation Size References
BoW-inspired BoH w/Jaccard distance hypergraph 3236 [20,56]
BoH w/Manhattan distance hypergraph 3236 [20,56]
BoN w/Betweenness Centrality clique expansion 2834 Proposed
BoN w/Degree Centrality clique expansion 2834 Proposed
BoN w/Node Degree hypergraph 2834 Proposed
BoN w/PageRank clique expansion 2834 Proposed
Kernel-based Histogram Kernel hypergraph - [28]
Jaccard Kernel hypergraph - [28]
Edit Kernel hypergraph - [28]
Stratified Edit Kernel hypergraph - [28]
Neural Networks-based Graph2Vec clique expansion [21 5—28HJr [43]
HGAE (Complete) hypergraph 400 Proposed
HGAE (Hyperedges-Only) hypergraph 400 Proposed
HGAE (One-Hot+Hyperedges) hypergraph 400 Proposed

t Depending on the problem: 215 (C1 and C2), 281 (C3), 272 (C4)

Methods: evaluation criteria
This section presents the performance criteria used to evaluate the methods.

A first relevant evaluation criteria is the goodness of the entire clustering solutions.
The problem at hand does not allow to define an optimal number of clusters for each
classification level a-priori, being clustering an unsupervised learning problem, and the
main objective was to place organisms belonging to the same class in the same cluster.
For these reasons, the possibility of the same class of organisms being spread among
various clusters was not regarded as a major concern in this context, as long as most
clusters retained a high degree of purity—that is, they contain organisms belonging to the
same class. After such considerations, the performance metric of choice for evaluating the
goodness of clustering solutions was the homogeneity: an entropy-based external cluster
valuation measure bounded in the range [0, 1] with 1 being the most desirable score [57].

Formally, let C be the set of classes in the dataset (i.e., coming from the KEGG BRITE
taxonomy, see Data collection) and C denote a set of clusters (i.e. obtained through the
embeddings). We let H(C | K) be the conditional entropy of the classes given the clusters
and H(C) be the entropy of the classes and respectively defined as:

Kl Ic| ur
nein=-L3 o )
k=1 c=1 c 1 %ck
[C] I/C\
Z Ack Zk_lack
HEC)=-) == log( = )
pot C C

where in turn, N is the number of data points (i.e. the number of organisms or hyper-
graphs), C is the number of classes (that depends on the level under consideration) and
a;j is the number of data points belonging to the i™ class lying in the /™ cluster. The
conditional entropy H(C | K) will be close to 0 when the class distribution within each
cluster tends to be skewed to a single class. This quantity is compared to the entropy H(C)

which represents the maximum reduction in entropy the clustering information could
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provide. Finally, the homogeneity / of a clustering solution is defined as:

1, if H(C) =0,
WY =4, _HCIK

— W’ otherwise.

The homogeneity is maximized when each cluster is composed entirely of entities
belonging to a same specific class hence, when the conditional entropy of the clusters
is 0. Note that when the classes distribution degenerates, H(C) = 0 and there is a single
class, so the clusters will also (by force) be homogeneous. The biggest limitation of homo-
geneity is that it increases naturally as the number of clusters increase: for this reason it is
not helpful in selecting an appropriate number of clusters.

After the overall evaluation of the clustering solutions, a more detailed analysis was
conducted on the top-performing methods. This involved examining the resulting clusters
to gain deeper insight into how organisms belonging to different classes are spread across
the resulting clusters. In this context the performance metric used for each individual
cluster was the purity, defined as the ratio of elements in a cluster belonging to the
majority class in the cluster: its range is (0, 1] and 1 is the most desirable value [58].

Formally, considering Ky the k" cluster in a clustering solution K and C = {cj, .., cc}
the set of C true class labels, the purity p of a cluster can be defined as follows:

p(K) = |’C_1k| max [Ky N g

This choice was driven mainly due to its superior intuitiveness compared to homogeneity.

In order to select an appropriate number of clusters for each embedding method at each
classification level, it was decided to select the solution presenting the best silhouette score
[59] by considering a symmetric portion of the dendrogram returned by the hierarchical
clustering algorithm centered at the cut point where the number of clusters equals the
number of classes for a given classification level or granularity (C1, C2, C3 or C4). Formally,
the silhouette score s(x;), for a given data point x;, is defined as:

(x) = b(xi) — a(x:)
ST max{b(x), alx))

1)

where a(x;) is the average distance between x; and all the other data points in its own
cluster and b(x;) is the nearest-cluster average dissimilarity of which «; is not a member.
Finally, the overall silhouette (i.e., for the whole clustering solution) is taken by averaging
each data point’s score:

1
s=+ 2 s(x;). (2)

By definition, s(x;) € [—1,+1] (Vi = 1,...,N) and, by extension, s € [—1,+1] as well:
the closer to +1, the better the clustering solution.
Animportant specification to be made is that, due to classifications introduced in Section

2 becoming finer and finer from C1 to C4, the number of classes in each level increases
exponentially while the number of organisms for each class decrease drastically. When
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Table 2 Efficiency of the 14 strategies to calculate the
embedding/kernel matrix

Family Method Running Time Memory [MB] avg (peak)
BoW-inspired BoH 3[s] 1169 (1857)
BoN w/ Betweenness CentralityJr 395 [s] 22,413 (22,969)
BoN w/ Degree Centrality" 5[5 10310 (22,992)
BoN w/ Node Degree 3[s] 1,365 (1892)
BoN w/ PageRank’ 6s] 11,876 (23,080)
Kernel-based Histogram Kernel 2 [s] 909 (1512)
Jaccard Kernel 34[s] 12,042 (17,491)
Edit Kernel " 29[h] 20,500 (20,785)
Stratified Edit Kernel™ 30 [h) 20,605 (20,892)
Neural Networks-based GraphZ\/eci 18 [s] 6,301 (10,131)
HGAE (Complete)¥ 610 [s] 19,699 (19,981)
HGAE (Hyperedges—Only)i 463 [s] 19,588 (19,907)
HGAE (One—Hot+Hyperedges)jk 995 [s] 20,005 (20,176)

t These methods exploit multiprocessing strategies to parallelize execution. In our experiments, the number of processes
equals the number of CPU cores

* Running times and memory occupation refer to a fully CPU-based implementation (no GPU acceleration) and they include
both training and inference

Results have obtained on a 14” MacBook Pro with 16-cores M4 Max CPU and 128GB of RAM

applying the hierarchical clustering algorithm to the finer classification levels (C3 and C4)
it was decided to cut the dataset in order to keep only classes having a significant number
of observations according to the following rationale:

« in the case of C3 level, any class containing at least 100 observations was retained:
bringing the number of organisms to be clustered to 7622 and the number of distinct
classes to 18;

+ for C4 level, any class containing at least 20 observations was retained: the number
of organisms went to 3237 and the number of distinct classes became 70.

For C1 and C2 levels, the entire dataset was used and the number of distinct classes was

2 and 6, respectively.

Results

This section includes an overview of the results achieved by all of the methods presented
in Methods: hypergraph embeddings. Before delving into the detailed performance for
each method, in Table 2 we report the running time and memory footprint needed to
evaluate the embedding on the full dataset. Experiments do not include the evaluation of
the distance matrix and/or the clustering algorithm solution.

BoN and BoH methods results

Figure 1 illustrates the performances of the BoW-inspired methods across all 4 classifi-
cation levels (panels la—d, respectively) as a function of the number of clusters (i.e., the
cut-point on the hierarchical clustering dendrogram). The vertical dashed line in each
subplot represents the number of distinct classes present in each classification level (in
our dataset). From the plots it is apparent how methods using hyperedges as pivotal fea-
tures for the embedding of the hypergraphs tend to have higher performances compared
to BoN methods on all classification levels. This result appears as a consequence of the
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fact that the hyperedge set of a metabolic hypergraph exactly coincides with the set of
chemical relations happening inside an organism, the latter being a fingerprint of its tax-
onomy. The overall best performer seems to be the BoH embedding with Jaccard distance
reaching homogeneity scores # > 0.8 for all classification levels. In particular the score
for C1 was slightly above 0.95, highlighting an almost perfect clustering discrimination.

Kernel methods results

Figure 2 illustrates the performances of the kernel methods on the 4 classification levels
(panels 2a—d, respectively). The HCK and the JK perform significantly better than the
ones based on Edit distances. In particular, HCK manages to reach homogeneity # = 1
on the first classification level keeping the number of clusters equal to the number of
classes, meaning that Eukaryotes and Prokaryotes are perfectly distinguished using the
HCK. The SEK in particular shows lack of performances probably due to the abundance
of hyperedges of order two in the metabolic hypergraphs. Giving the same relevance to
all hyperedge orders (i.e. sizes) was probably not a suitable approach for this particular
application. The performances overall are a bit superior to the ones obtained by BoW
inspired methods.

Neural network-based methods results

Figure 3 illustrates the performances of the neural network-based methods on the 4 clas-
sification levels (panels 3a—d, respectively). Graph2Vec and the HGAE-Hyperedges-Only
display the same perfect performance as the HCK on C1 which is very promising. Con-
sidering the other classification levels, the HGAE-Hyperedges-Only exhibits good perfor-
mances in all of them while the Graph2Vec shows a slightly lower performance overall.
Both HGAE-Complete and HGAE-One-Hot+Hyperedges structures perform generally
worse than the one considering only hyperedges. This phenomenon suggests that infor-
mation regarding the chemical reactions of an organism (i.e., hyperedges) is the most
relevant for the creation of effective hypergraph level embeddings for metabolic net-
works. Convolution also does not seem to be optimal probably due to metabolic networks
being extremely sparse hypergraphs.

Best performers results

This section provides the detailed analysis of the clustering solutions deriving from the best
performing method from each of the families analyzed in the previous sections. The best
performers were chosen according to their performance in terms of overall homogeneity
score (cfr. Figs. 1, 2 and 3), yielding the following shortlist: BoH with Jaccard distance
(for BoW-inspired methods), HCK (for kernel-based methods) and HGAE-Hyperedges-
Only (for neural network-based methods). A first important observation is that all of the
best performing models create the embeddings starting directly from the hypergraphs
of the metabolic networks. This finding suggests that embeddings deriving from clique
expansions tend to loose important details and therefore are less informative compared to
methodologies which are natively tailored to the hypergraph nature of metabolic networks.
Conversely to the previous results from Sections BoN and BoHmethods results—Neural
network-based methods results—in which we have shown the homogeneity scores as a
function of the number of clusters—we are now interested in analyzing, for each best



M. Cervellini et al. Algorithms for Molecular Biology(2026)21:9 Page 20 of 26

performer, the resulting best clustering solution in terms of clusters composition. As
anticipated in Methods: evaluation criteria, in order to determine the appropriate number
of clusters for each classification level and each embedding method, the silhouette score
was used. Specifically, the chosen solution was the one that maximized the silhouette
score in a symmetric neighborhood of the number of distinct classes at each classification
level.

Figure 4 presents the results on level C1 and, in accordance with the very high homogene-
ity scores presented in the previous sections, both the HCK and HGAE-Hyperedges-Only
manage to perfectly separate eukaryotic and prokaryotic organisms (i.e., two clusters with
maximal purity). Also the BoH approach manages to achieve almost perfect separation
with a minimum purity score among the clusters of 0.996. In conclusion, the selected
embedding methodologies are explicative enough to represent the first level of the Lin-
naeus taxonomy perfectly.

Figure 5 presents the results on C2 level, in this case different embedding methodologies
maximized their silhouette score at a different number of clusters inside the candidate
range, which for C2 was [4, 8]. With a total of 6 distinct classes in C2, the HCK and the
HGAE-Hyperedges-Only had the most conservative result, with only 4 clusters while the
BoH highlighted 6 clusters. Despite the differences in the number of clusters all solutions
tend to present the same limitation: Bacteria tend to split up in different (albeit pure,
p > 0.8 for all methods) clusters while the Eukaryotic organisms (i.e., Animals, Fungi,
Plants and Protists) remain in a single, separate, and less pure cluster (p =~ 0.6 for all
methods). The HGAE was not able to accurately isolate Archea however it managed to
keep most of the Bacteria into a single cluster. This phenomenon highlights how, in all the
presented embedding spaces, different kinds of Bacteria are more widely separated from
one another than different kingdoms of Eukaryotic organisms are from each other. This
result is probably due to Bacteria representing the majority of the dataset and presenting
many differences among them, also considering their effect on Humans: from rare and
very dangerous (e.g., Bacillus Anthracis) to common and harmless (e.g., Staphylococcus
Epidermidis).

When considering C3 level, presented in Figure 6, the HGAE-Hyperedges-Only high-
lighted 21 clusters while the other methods settled on 23 clusters, the allowed range for
C3 was [13, 23]. As anticipated in Results the number of distinct classes in C3 was lowered
to 18 by cutting any class that did not include at least 100 organisms in the dataset. Results
were overall coherent among all clusters: the same classes tend to split up in different clus-
ters for all embedding spaces (e.g, Firmicutes - Bacilli and Actinobacteria). All methods
exhibit a very similar performance however the separation is far from perfect, all methods
show between 15 and 18 clusters with very high purity while the rest remains quite mixed
with scores ranging from p = 0.4 to p = 0.7. The HGAE in particular includes 7 very small
clusters in its clustering solution while other methods show only 2 or 3 micro clusters.

For C4 level, presented in Figure 7, the number of clusters differs again just as in the case
of C3 level, the search range in this case was [40, 100] considering a total of 70 remaining
distinct class labels after cutting any class not including at least 20 organisms. In this
case the HGAE-Hyperedges-Only and BoH selected the lowest number of clusters (82)
while the HCK went for 85. The type of visualization adopted in Figure 7 for C4 level
is different compared to the other classification levels, in order to accommodate for the
high number of classes and clusters. Indeed, each bar shows in green the majority class
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in a certain cluster and in red the sum of all minority classes in the same cluster. The
numeric purity score was removed as well to foster readability. The performances on
C4 level are exceptionally remarkable, with the vast majority of the clusters exhibiting a
very high degree of purity for all embedding methods. While BoH and the HCK show
only one cluster with major impurity, the HGAE highlights more clusters with relatively
low purity. This is probably due to the fact that HGAE embeddings derive directly from
Neural Layers which (as explained in Summary of compared algorithms) are intended to
minimize reconstruction loss without explicitly defining which aspects of the structures
drive latent representations.

In Figs. 8, 9 and 10, we show the UMARP visualizations [60,61] of the three best per-
forming embedding strategies for each of the classification levels from C1 to C3 (C4 was
excluded due to the high number of distinct classes which made the plots unreadable).
Figure 8 highlights a very clear separation of the classes in the UMAP dimensions at the C1
level. At the C2 level (Figure 9), the separation is less precise however definitely present.
Specifically most classes appear in very concentrated hot-spots, Eucaryotic organisms
however tend to mix together. This result strengthens the previous observation on the
diversity of Bacteria compared to other C2 classes. When looking at C3 (Figure 10), the
results are mitigated as some classes are extremely well isolated (e.g., Alphaproteobacteria)
while others appear quite mixed (e.g., Gammaproteobacteria - Enterobacteria, Betapro-
teobacteria, Firmicutes - Clostridia, etc.). It is important to note that these figures include
only organisms that were considered during the clustering of C3. These visualizations
overall confirm the results presented in this section.

Finally, to complete the overview of the separation between organisms, Figs. 11, 12 and
13 show the heatmaps of the distance matrices calculated from the three best performing
embedding methods. For each best performer, panels (a), (b), (c) and (d) refer to C1, C2,
C3 and C4, respectively, with red solid lines grouping together organisms pertaining to
different classes at each taxonomic level.

Conclusions and perspectives

In this paper, we have investigated the problem of embedding in a vectorial space sets
of metabolic reactions, originally represented as hypergraphs of compounds, in order to
perform unsupervised clustering of organisms. We have presented a wide range of embed-
ding methodologies, spanning from Bag-of-Words inspired methods over hyperedges and
nodes (easy to interpret and to compute, but potentially sparse and high dimensional), to
Kernel-based methods (which implicitly embed the data points and are not interpretable)
and Neural Network-based methods (which are compact and dense, but not interpretable).

The embedding methodologies were then used to perform unsupervised clustering of
organisms at different levels of Linnaeus’ taxonomy, from the most coarse-grained (C1
level, that is, cellular organization) to the most fine-grained (C4 level, that is, genus), and
they have been evaluated in terms of homogeneity (at clustering solution level) and purity
(at individual cluster level) of the resulting clusters.

The overall performances of the methods remain quite high across all levels of Linnaeus’
taxonomy, with C3 and C2 levels presenting the most challenges. Future embedding
methodologies should probably be developed especially to face the intricacies of those
classification levels. Besides that, considering the fully unsupervised clustering framework,
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) C1 level. ) C2 level.
) C3 level. ) C4 level.

Fig. 12 Distance heatmap (the lighter, the farther) obtained by HCK on the four taxonomic levels

the results are satisfactory and open the possibility for additional research on the optimal
embedding space for metabolic hypergraphs.

Finally, we advocate that the embedding method should be chosen based on the goal
of the downstream task to be performed and believe our findings will be of interest to
researchers working on computational biology, metabolic modeling, and network-based
analysis of evolutionary systems. Beyond taxonomy recovery, such embeddings could sup-
port tasks like metabolic pathway reconstruction, prediction of missing reactions, identi-
fication of functionally similar organisms, or analysis of host-microbiome metabolic com-
plementarity. In these contexts, it would be important not only to develop task-specific
evaluation criteria, but also to design embedding strategies tailored to the biological struc-
ture and functional goals of each task.

We mention that we considered undirected graphs and hypergraphs, thus losing impor-
tant information about reaction paths and causality. Future work could explore the
possibility to consider embedding methods for directed interactions, and/or taking into
account stoichiometry coefficients (for e.g. authorizing multiset hyperedges in the context
of hypergraphs).
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(a) C1 level. (b) C2 level.

(c) C3 level. (d) C4 level.

Fig. 13 Distance heatmap (the lighter, the farther) obtained by HGAE-Hyperedges-Only on the four taxonomic
levels
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