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Given any arbitrary initial configuration of 𝑘≤ 𝑛 robots positioned on the nodes of an 𝑛-node anonymous graph, 
the problem of dispersion is to autonomously reposition the robots such that each node will contain at most one 
robot. This problem gained significant interest due to its resemblance with several fundamental problems such 
as exploration, scattering, load balancing, relocation of electric cars to charging stations, etc. The objective is 
to solve dispersion simultaneously minimizing (or providing trade-off between) time and memory requirement 
at each robot. The literature mainly dealt with dispersion on undirected anonymous graphs. In this paper, we 
initiate the study of dispersion on directed anonymous graphs. We first show that it may not always be possible 
to solve dispersion when the directed graph is not strongly connected. We then establish some lower bounds on 
both time and memory requirement at each robot for solving dispersion on a strongly connected directed graph. 
Finally, we provide three deterministic algorithms solving dispersion on any strongly connected directed graph. 
Let 𝐷 be the graph diameter, Δ𝑜𝑢𝑡 be its maximum out-degree, and 𝑑 be the deficiency (the minimum number 
of edges needed to add to the graph to make it Eulerian). The first algorithm solves dispersion in 𝑂(𝑑 ⋅ 𝑘2) time 
with 𝑂(𝑘 ⋅ log(𝑘 + Δ𝑜𝑢𝑡)) bits at each robot. The second algorithm solves dispersion in 𝑂(𝑘2 ⋅ Δ𝑜𝑢𝑡) time with 
𝑂(log(𝑘+Δ𝑜𝑢𝑡)) bits at each robot. The third algorithm solves dispersion in 𝑂(𝑘 ⋅𝐷) time with 𝑂(𝑘 ⋅ log(𝑘+Δ𝑜𝑢𝑡))
bits at each robot, provided that robots in the 1-hop neighborhood can communicate. All three algorithms extend 
to handle crash faults.

1. Introduction

The dispersion of autonomous mobile robots in a region is a problem 
of significant interest in distributed robotics [2,3]. Recently, this prob

lem has been formulated by Augustine and Moses Jr. [4] in the context of 
graphs as follows: Given any arbitrary initial configuration of 𝑘≤ 𝑛 robots 
positioned on the nodes of an 𝑛-node anonymous graph, the robots reposi

tion autonomously to reach a configuration where each robot is positioned 
on a distinct node of the graph, which we call the Dispersion problem. 
This problem has many practical applications, e.g., in relocating self

driving electric cars (robots) to recharging stations (nodes), assuming 
that the cars have smart devices to communicate with each other to find 
a free/empty charging station. This problem is also important due to its 
relationship to many other multi-robot coordination problems including 
exploration, scattering, load balancing, and self-deployment [4--7].

The objective in Dispersion is to simultaneously minimize (or pro

vide trade-off between) two fundamental performance metrics, (i) time 

✩ A preliminary version of this article appears in the Proceedings of SIROCCO’22 [1].
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and (ii) memory at each robot, to successfully solve the problem. The 
literature studied Dispersion mainly on undirected graphs [4--10]. The 
following question naturally arises: Is it possible to solve Dispersion on di

rected anonymous graphs? The main motivation behind posing this prob

lem is that the approaches for undirected graphs may not extend to solve 
dispersion on directed graphs. The existing approaches for undirected 
graphs rely substantially on visiting a graph edge in both directions. 
The main challenge for directed graphs is the direction on edges that re

stricts movement in only one direction. So any technique for directed 
graphs should take a critical care on this aspect. In this paper, we study 
Dispersion for the first time on directed graphs.

Contributions. We consider an anonymous port-labeled directed 
graph 𝐺 = (𝑉 ,𝐸), |𝑉 | = 𝑛, |𝐸| =𝑚, where nodes have no IDs and hence 
are indistinguishable from each other, but the outgoing ports (leading 
to outgoing edges and neighbors) at each node are distinguishable. The 
(outgoing) ports of any node 𝑣 ∈ 𝐺 with out-degree 𝛿𝑣

𝑜𝑢𝑡
have unique 
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Table 1
Summary of Contributions.

Result Crash Memory (bits) Time (rounds) Remark 
Lower Bound - Ω(log𝑘) Ω(𝑘) for 𝑘≤ 𝑛 Section 3
Lower Bound - Ω(log𝑘) Ω(𝐷2) for 𝑘= 𝑛 Section 3
Lower Bound (DFS-based) - Ω(log𝑘) Ω(𝑘 ⋅min{𝑘,𝑑}) Section 3
Algorithm (Local Model) Crash Memory (bits) Time (rounds) Remark 
DFS-based No 𝑂(𝑘 log(𝑘+Δ𝑜𝑢𝑡)) 𝑂(𝑑 ⋅ 𝑘2) Section 4
DFS-based Yes 𝑂(𝑘 log(𝑘+Δ𝑜𝑢𝑡)) 𝑂(𝑓 ⋅ 𝑑 ⋅ 𝑘2) Section 7
DFS-based No Θ(log(𝑘+Δ𝑜𝑢𝑡)) 𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡) Section 5
DFS-based Yes Θ(log(𝑘+Δ𝑜𝑢𝑡)) 𝑂(𝑓 ⋅ 𝑘2 ⋅Δ𝑜𝑢𝑡) Section 7
Algorithm (1-hop Model) Crash Memory (bits) Time (rounds) Remark 
BFS-based No 𝑂(𝑘 log(𝑘+Δ𝑜𝑢𝑡)) 𝑂(𝑘 ⋅𝐷) Section 6
BFS-based Yes 𝑂(𝑘 log(𝑘+Δ𝑜𝑢𝑡)) 𝑂(𝑘 ⋅𝐷) Section 7

labels in [1, 𝛿𝑣
𝑜𝑢𝑡
]. The graph 𝐺 is assumed to have deficiency 𝑑, which 

denotes the minimum number of edges needed to add to 𝐺 to make it 
Eulerian. A directed graph is Eulerian if each vertex has the equal num

ber of incoming and outgoing edges. We consider 𝑘 ≤ 𝑛 robots on graph 
nodes, initially positioned arbitrarily (at least one node with multiple 
robots positioned on it; otherwise, the problem is trivially solved). Each 
robot has a unique 𝑂(log𝑘)-bit ID from [1, 𝑘𝑂(1)]. The robots have mem

ory, but the graph nodes do not. The setting is synchronous -- all robots 
become active and perform their operations simultaneously in synchro

nized rounds -- and time is measured in rounds. Following the literature 
[4--6,8--10], we consider local and 1-hop communication models. In the 
local model, only robots co-located at a graph node can communicate. In 
the 1-hop model, a robot may also communicate with robots positioned 
on its 1-hop neighbors (in addition to the co-located robots). The robots 
move respecting the direction of the edges. We model robot crashes such 
that a robot may stop communicating with other robots at any round 
and if it does so then it will continue to not communicating with other 
robots in each round thereafter as if it is vanished from the system.

First, we establish one impossibility and some lower bound results 
(Section 3). We show that it may not always possible to solve Disper

sion on a directed graph that is not strongly connected; a directed graph 
is strongly connected if there is a path in each direction between each pair 
of vertices. For strongly connected directed graphs, (i) we observe a time 
lower bound of Ω(𝑘) for any 𝑘 ≤ 𝑛, (ii) we prove a time lower bound of 
Ω(𝐷2) for 𝑘 = 𝑛, (iii) we prove a time lower bound of Ω(𝑘 ⋅min{𝑘,𝑑}) for 
any DFS traversal based algorithm, and (iv) we prove a memory lower 
bound of Ω(log𝑘) bits per robot. All these lower bounds are determin

istic.

Second, as our main contribution, we provide three deterministic al

gorithms solving Dispersion on any strongly connected directed graph. 
Specifically, we prove the following theorem.

Theorem 1. Consider 𝑘 ≤ 𝑛 robots positioned initially arbitrarily on an 𝑛

node strongly connected directed anonymous graph with diameter 𝐷, out

degree Δ𝑜𝑢𝑡, and deficiency 𝑑, Dispersion can be solved in

a. 𝑂(𝑑 ⋅ 𝑘2) time with 𝑂(𝑘 ⋅ log(𝑘 + Δ𝑜𝑢𝑡)) bits at each robot under the 
local model with a DFS based algorithm. For 𝑓 ≤ 𝑘 robot crashes, the 
time bound becomes 𝑂(𝑓 ⋅ 𝑑 ⋅ 𝑘2). (Sections 4 and 7)

b. 𝑂(𝑘2 ⋅ Δ𝑜𝑢𝑡) time with Θ(log(𝑘 + Δ𝑜𝑢𝑡)) bits at each robot under the 
local model with a DFS based algorithm. For 𝑓 ≤ 𝑘 robot crashes, the 
time bound becomes 𝑂(𝑓 ⋅ 𝑘2 ⋅Δ𝑜𝑢𝑡). (Sections 5 and 7)

c. 𝑂(𝑘 ⋅𝐷) time with 𝑂(𝑘 log(𝑘+Δ𝑜𝑢𝑡)) bits at each robot under the 1-hop 
model. The time bound also applies for the case of 𝑓 ≤ 𝑘 robot crashes. 
(Sections 6 and 7)

To the best of our knowledge, these are the first results for Disper

sion on directed graphs, see also Table 1. The results in Theorem 1
are close to the Ω(𝑘 ⋅ min{𝑘,𝑑}) time lower bound for any 𝑑 > 0; it 

remains open to close the gaps between the lower and upper bounds. 
Additionally, Theorem 1(b) is the best among the algorithms as it uses 
the asymptotically optimal memory per robot.

Although Theorem 1 guarantees robots correctly reach Dispersion 
configuration (at most a fault-free robot per node), the robots individ

ually do not know whether Dispersion has been finished for all the 
robots and hence they cannot terminate. We note here that Theorem 1
can be made terminating if the respective problem parameters on the in

dividual time bounds, 𝑘,Δ𝑜𝑢𝑡,𝐷,𝑑, 𝑓 , are known to robots beforehand. 
The idea is for each robot to maintain a round counter initiated to 0 and 
incremented by 1 in every round. Each robot can then terminate as soon 
as its counter reaches the reported runtime of each result in Theorem 1. 
The only change in the respective algorithm is the maintenance of a 
counter variable. Since 𝑓 ≤ 𝑘, for the algorithms with time complexity 
based only on parameters 𝑓,𝑘,Δ𝑜𝑢𝑡 (Theorem 1.b), the memory remains 
asymptotically the same. For the algorithms with parameters 𝑑 or 𝐷 in

volved in their time complexity (Theorems 1.a and 1.c), their memory 
bounds have an additional factor of 𝑂(log(𝑘+ 𝑑)) or 𝑂(log(𝑘+𝐷)), re

spectively. We summarize the results in the following corollary.

Corollary 1. Dispersion can be solved with termination with the runtime 
guarantees reported in Theorem 1

a. If in Theorem 1(a), memory is 𝑂(log(𝑘+ 𝑑) + 𝑘 ⋅ log(𝑘+Δ𝑜𝑢𝑡)) bits at 
each robot and the parameters 𝑑,𝑘,Δ𝑜𝑢𝑡, and 𝑓 are known to robots a 
priori.

b. If in Theorem 1(b), no change in memory asymptotically but the param

eters 𝑘,Δ𝑜𝑢𝑡, and 𝑓 are known to robots a priori.

c. If in Theorem 1(c), memory is 𝑂(log(𝑘+𝐷) + 𝑘 ⋅ log(𝑘+Δ𝑜𝑢𝑡)) bits at 
each robot and the parameters 𝐷,𝑘,Δ𝑜𝑢𝑡, and 𝑓 are known to robots a 
priori.

Techniques. The impossibility result is established considering an ini

tial configuration on a not-strongly-connected directed graph so that 
there is always a node with two robots positioned on it, irrespective 
of the technique used. The time lower bound Ω(𝑘) is obtained con

sidering a (strongly connected) directed cycle. The time lower bound 
Ω(𝐷2) is established by constructing a (strongly connected) directed 
graph modified from an undirected tree 𝐺 with 𝑘 = 𝑛 nodes and diame

ter (height) 𝐷 = 𝜔(1) such that any deterministic algorithm needs Ω(𝐷2)
rounds to achieve Dispersion. The time lower bound Ω(𝑘 ⋅min{𝑘,𝑑})
for a DFS traversal based algorithm is proved considering a strongly 
connected directed graph where dispersing 𝑘∕2 robots on 𝑘∕2 differ

ent nodes needs exactly min{𝑘∕2, 𝑑} rounds each, requiring in total at 
least Ω(𝑘 ⋅min{𝑘,𝑑}) rounds to disperse all 𝑘 robots successfully. The 
memory lower bound Ω(log𝑘) bits per robot is established considering 
the minimum number of bits needed to distinguish IDs of two different 
robots as per the robot model used.



Journal of Parallel and Distributed Computing 204 (2025) 105139

3

G.F. Italiano, D. Pattanayak and G. Sharma 

As our main contributions, the time upper bound 𝑂(𝑘2 ⋅𝑑) is achieved 
through simulating Stephen Kwek’s exploration algorithm [11] for a 
strongly connected directed graph of deficiency 𝑑 appropriately to solve 
Dispersion, settling a robot on each new node visited while under ex

ploration. Note that Kwek’s algorithm uses a depth first search (DFS) 
traversal. The main drawback of Kwek’s algorithm for Dispersion is 
that the memory requirement per robot is 𝑂(𝑘 ⋅ log(𝑘+Δ𝑜𝑢𝑡) bits, which 
is factor 𝑂(𝑘) away from the lower bound of Ω(log(𝑘 + Δ𝑜𝑢𝑡)) bits per 
robot. Our second algorithm achieves the time upper bound 𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡)
running the DFS algorithm and improving the memory requirement so 
that only 𝑂(log(𝑘+Δ𝑜𝑢𝑡)) bits per robot is enough, which is an improve

ment of 𝑂(𝑘) factor compared to the adaption of Kwek’s algorithm. The 
main difficulty in improving memory is to backtrack over a directed 
edge 𝑢→ 𝑣, i.e., to find a directed path from 𝑣 to 𝑢. The challenge is, 
if not done carefully, the traversal gets stuck failing to reach 𝑢 from 𝑣
(which we call the local maximum problem). We avoid the local maxi

mum problem by ranking the nodes (with settled robots) based on the 
order of the first DFS arrival; for any two robots 𝑟1, 𝑟2 belonging to a DFS 
with ID 𝑗, 𝑟1 has a rank lower than 𝑟2 if 𝑟1 settles before 𝑟2 (no two robots 
belonging to a DFS settle at the same time). During the traversal, if it 
is found that there is a backtracking path to a lower ranked node, then 
the backtracking path is updated to point to that lower ranked node. We 
also devise a technique that bounds the length of each backtrack path to 
≤ 𝑘−1 edges, even when DFSs start in parallel from multiple nodes. Fur

thermore, when a DFS meets another, we subsume one DFS by another 
based on the unique DFS IDs derived from the robot IDs. Interestingly, 
we show that there is only additional overhead doing this subsumption. 
Putting these ideas together, we show that visiting 𝑘 ⋅Δ𝑜𝑢𝑡 directed edges 
takes the DFS traversal to at least 𝑘 different nodes, allowing to settle 
𝑘 robots, one on each node, with total time 𝑘 ⋅ Δ𝑜𝑢𝑡 ⋅ 𝑘 = 𝑂(𝑘2 ⋅ Δ𝑜𝑢𝑡)
rounds.

As our another main contribution, the time upper bound 𝑂(𝑘 ⋅ 𝐷)
is established exploiting the information that can be broadcasted and 
gathered from the 1-hop communication so that in every 𝐷 rounds, at 
least a robot can be settled on a previously empty node. Having 1-hop 
information is of no use in the DFS based algorithm as it cannot exploit 
the information collected through 1-hop communication. To bookkeep 
the information to successfully run broadcast and gather through 1-hop 
communication, the memory is increased to 𝑂(𝑘 ⋅ log(𝑘+Δ𝑜𝑢𝑡)) bits per 
robot.

For crash faults, we analyze the working principles of the fault-free 
cases of the above algorithms to see how much extra work (time and 
memory) is required for each crash. We show that the extra time is pro

portional to 𝑂(𝑓 ⋅ 𝑘2 ⋅ 𝑑) and 𝑂(𝑓 ⋅ 𝑘2 ⋅Δ𝑜𝑢𝑡), respectively, for the first 
two DFS-based algorithms and zero for the third algorithm; the memory 
bound stays the same as in the fault-free cases in all the algorithms.

Related Work. The literature studied Dispersion mostly in undirected 
graphs. Two communication models were considered, local and global.

A significant amount of work in the literature is in the local model 
which we discuss first. Augustine and Moses Jr. [4] were the first to 
study Dispersion assuming 𝑘 = 𝑛. They proved a memory lower bound 
of Ω(log𝑛) bits at each robot and a time lower bound of Ω(𝐷) (Ω(𝑛) in 
arbitrary graphs) for any deterministic algorithm. They then provided 
deterministic algorithms using 𝑂(log 𝑛) bits at each robot to solve Dis

persion on lines, rings, and trees in 𝑂(𝑛) time. For arbitrary graphs, 
they provided two algorithms, one using 𝑂(log 𝑛) bits at each robot with 
𝑂(𝑚𝑛) time and another using 𝑂(𝑛 log𝑛) bits at each robot with 𝑂(𝑚)
time, where 𝑚 is the number of edges in the graph. Kshemkalyani and 
Ali [5] provided an Ω(𝑘) time lower bound for arbitrary graphs for 𝑘 ≤ 𝑛. 
They then provided three deterministic algorithms on arbitrary graphs: 
(i) The first algorithm using 𝑂(𝑘 logΔ) bits at each robot with 𝑂(𝑚)
time, (ii) The second algorithm using 𝑂(𝐷 logΔ) bits at each robot with 
𝑂(Δ𝐷) time, and (iii) The third algorithm using 𝑂(log(𝑘 + Δ)) bits at 
each robot with 𝑂(𝑚𝑘) time, where Δ and 𝐷, respectively, are the max

imum degree and diameter of the graph. Kshemkalyani et al. [6] pro

vided an algorithm that runs in 𝑂(min(𝑚,𝑘Δ) ⋅ log𝑘) time using 𝑂(log𝑛)

bits of memory at each robot on arbitrary graphs, given that parameters 
𝑚,𝑛, 𝑘 are known to robots. Shintaku et al. [12] established the same 
time bound without robots knowing 𝑚,𝑛, 𝑘. Recently, Kshemkalyani and 
Sharma [9] improved the time bound to 𝑂(min(𝑚,𝑘Δ)) keeping memory 
𝑂(log(𝑘+Δ)) bits at each robot. For grid graphs, Kshemkalyani et al. [8] 
provided an algorithm that runs in 𝑂(min(𝑘,

√
𝑛)) time using 𝑂(log𝑘)

bits at each robot. Randomized algorithms are presented in [10] to solve 
Dispersion from rooted initial configurations where the random bits 
are mainly used to reduce the memory requirement at each robot.

Recently, there is some work in the global model which we discuss 
now. In the global model, the robots on the graph can communicate with 
each other despite their locations on the graph. Kshemkalyani et al. [7] 
provided two deterministic algorithms on arbitrary graphs: (i) the first 
algorithm using 𝑂(log(𝑘 + Δ)) bits at each robot with 𝑂(min(𝑚,𝑘Δ))
time, and (ii) the second algorithm using 𝑂(log𝐷+Δlog𝑘) bits at each 
robot with 𝑂((𝐷 + 𝑘)Δ(𝐷 + Δ)) time. For grid graphs, Kshemkalyani 
et al. [8] provided a 𝑂(

√
𝑘 ) time algorithm with 𝑂(log𝑘) bits at each 

robot.

Dispersion in dynamic (undirected) graphs was considered in [13]. 
Dispersion under crash faults was considered in [14] and under byzan

tine faults was considered in [15,16]. In this paper, we initiate study of 
Dispersion on directed graphs and present results using the local and 
1-hop communication models.

One problem that is closely related to Dispersion is the graph ex

ploration by mobile robots. The exploration problem has been quite 
heavily studied in the literature for specific as well as arbitrary graphs, 
e.g., [17--22]. The vast majority of works considered undirected graphs. 
It was shown that a robot can explore an anonymous graph using 
Θ(𝐷 logΔ)-bits of memory and the runtime of the algorithm is 𝑂(Δ𝐷+1)
[20]. In the model where graph nodes also have memory, Cohen et 
al. [18] gave two algorithms: the first algorithm uses 𝑂(1)-bits at the 
robot and 2 bits at each node, and the second algorithm uses 𝑂(logΔ)
bits at the robot and 1 bit at each node. The runtime of both algorithms 
is 𝑂(𝑚) with preprocessing time of 𝑂(𝑚𝐷). The trade-off between ex

ploration time and number of robots is studied in [22]. The collective 
exploration by a team of robots is studied in [23] for trees. In directed 
graphs, two cooperating robots were considered to explore and learn 
about the anonymous strongly connected directed graph in [24]. The 
exploration and mapping of directed graphs was also done by using 
a pebble in [25]. Exploration in directed graphs is also studied for a 
searcher that tries to minimize the tour required to visit all the nodes 
in a graph [26] using both randomized and online algorithms [27]. Ex

ploration of directed graph has been parameterized by deficiency of a 
directed graph. Deficiency as a measure of difficulty was introduced by 
Shay Kutten [28]. Deng and Papadimitriou [29] studied the competitive 
ratio of an online exploration algorithm vs offline ones with respect to 
the number of edge traversals. They showed that an Eulerian graph has 
a competitive ratio to be 2 and proposed an optimal exploration algo

rithm for Eulerian graphs. They proposed an exploration algorithm for 
a graph with deficiency 𝑑 that has a ratio 𝑑𝑂(𝑑). Albers and Henzinger 
[26] improved the dependency on deficiency to 𝑑𝑂(log𝑑). Fleischer and 
Trippen [30] improved the bound further to show a polynomial depen

dence with an algorithm having competitive ratio 𝑂(𝑑8).
Another problem related to Dispersion is the scattering of robots in 

graphs. Scattering has been studied for rings [31,32] and grids [33,34]. 
Furthermore, Dispersion is related to the load balancing problem, 
where a given load at the nodes has to be (re-)distributed among sev

eral processors (nodes). This problem has been studied quite heavily in 
(undirected) graphs, e.g., see [35].

We refer readers to [36,37] for recent developments in the above 
mentioned research topics.

2. Model and preliminaries

Graph. Let 𝐺 = (𝑉 ,𝐸) be an 𝑛-node arbitrary, connected, unweighted, 
directed, port-labeled, anonymous graph with 𝑚 edges, i.e., |𝑉 | = 𝑛 and 
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|𝐸| =𝑚, such that nodes do not have identifiers but, at any node 𝑣𝑖 ∈ 𝑉 , 
its incident (outgoing) edges are uniquely identified by a label (aka port 
number) in [1, 𝛿𝑣𝑖

𝑜𝑢𝑡
], where 𝛿𝑣𝑖

𝑜𝑢𝑡
is the out-degree of 𝑣𝑖. The out-degree 

of graph 𝐺 is Δ𝑜𝑢𝑡 = max1≤𝑖≤𝑛 𝛿
𝑣𝑖
𝑜𝑢𝑡

, i.e., the maximum 𝛿𝑣𝑖
𝑜𝑢𝑡

among the 
nodes in 𝐺. There is no bandwidth limitation on the edges, i.e., any 
number of robots are allowed to traverse an edge at any time following 
the direction of the arrow. The graph nodes do not have memory.

For any two nodes 𝑢, 𝑣 ∈𝐺, we denote by path 𝑝(𝑢, 𝑣) the sequence of 
consecutive directed edges starting from 𝑢 and ending at 𝑣. The diameter 
𝐷 is the longest shortest directed path 𝑝(𝑢, 𝑣) between any two nodes 
𝑢, 𝑣 ∈ 𝐺. A directed graph 𝐺 is said to be strongly connected if for each 
pair of nodes 𝑢, 𝑣, there is a directed path 𝑝(𝑢, 𝑣) reaching to 𝑣 from 𝑢 as 
well as a directed path 𝑝(𝑣, 𝑢) reaching to 𝑢 from 𝑣.

Kutten [28] introduced deficiency as the number of edges needed to 
add to the graph to make it Eulerian. A directed graph is Eulerian if each 
vertex has the equal number of incoming and outgoing edges. Deficiency, 
denoted as 𝑑, is defined as the sum of differences between the number 
of incoming edges and outgoing edges at a sink in the directed graph. 
Formally,

𝑑 =
∑
𝑣∈𝑉

{
𝛿𝑣
𝑖𝑛
− 𝛿𝑣

𝑜𝑢𝑡
, if 𝛿𝑣

𝑖𝑛
> 𝛿𝑣

𝑜𝑢𝑡

0, otherwise 

Robots. Let  = {𝑟1, 𝑟2,… , 𝑟𝑘} be a set of 𝑘 ≤ 𝑛 robots residing on the 
nodes of 𝐺. No robot can reside on the edges of 𝐺, but one or more 
robots can occupy the same node. Each robot has a unique 𝑂(log𝑘)-bit 
ID taken from [1, 𝑘𝑂(1)]. The ID of a robot 𝑟𝑖 is denoted by 𝑟𝑖.𝐼𝐷 with 
𝑟𝑖.𝐼𝐷 = 𝑖. Furthermore, it is assumed that each robot is equipped with 
memory to store information.

Communication Model. There are two communication models: local 
and global [7,8,13]. In the local model, a robot can only communicate 
with other robots co-located on the same node. In the global model, 
a robot can communicate with any other robot, irrespective of their 
positions on graph. We define an intermediate model of 1-hop commu

nication in which a robot can communicate to another robot, if they are 
located in neighboring nodes. This paper considers the local and 1-hop 
communication models.

Time Cycle. At any time, a robot 𝑟𝑖 ∈  could be active or inac

tive. When a robot 𝑟𝑖 becomes active, it performs the ``Communicate

Compute-Move'' (CCM) cycle as follows:

(i) Communicate: For each robot 𝑟𝑖 ∈ that is at some node 𝑣𝑖, another 
robot 𝑟𝑗 at 𝑣𝑖 (and, in the 1-hop model, robots positioned at 𝑣𝑖 ’s 
neighbor nodes) can observe the memory of 𝑟𝑖. Robot 𝑟𝑖 can also 
observe its own memory;

(ii) Compute: Robot 𝑟𝑖 may perform an arbitrary computation using the 
information observed during the ``communicate'' portion of the cy

cle. This includes determining a (possibly) port to use to exit 𝑣𝑖 and 
the information that is communicated to the robot 𝑟𝑗 that is at 𝑣𝑖,

(iii) Move: At the end of the cycle, 𝑟𝑖 communicates the information to 
𝑟𝑗 at 𝑣𝑖 (so that 𝑟𝑗 will store/update in its memory), and exits 𝑣𝑖
using the computed port to reach a neighbor of 𝑣𝑖.

Rooted and General Initial Configurations. An initial configuration is 
rooted if all 𝑘 ≤ 𝑛 robots are positioned on a single node of 𝐺. In a general 
initial configuration, there are robots on 1 < 𝑘′ < 𝑘 different nodes with 
at least one node among 𝑘′ has multiple robots. Dispersion is trivially 
solved when 𝑘′ = 𝑘.

Crash Faults. A robot is susceptible to crash anytime and once it crashes 
at time 𝑡 ≥ 0, it stops communicating with other robots, i.e., at any time 
𝑡′ > 𝑡, it appears like it has vanished from the system.

Dispersion. Dispersion in directed graphs is formally defined as fol

lows. We denote by 𝑓 ≤ 𝑘 the number of faults. The case of 𝑓 = 0 is a 
fault-free Dispersion and the case of 𝑓 > 0 is a faulty Dispersion.

Definition 1 (Dispersion). Given 𝑘 ≤ 𝑛 robots positioned initially arbi

trarily on the nodes of an 𝑛-node anonymous directed graph 𝐺 = (𝑉 ,𝐸)
with 0 ≤ 𝑓 ≤ 𝑘 robots that may crash at any time, the robots reposition 
autonomously such that each non-faulty robot is on a distinct node of 𝐺
and stays stationary thereafter.

Activation, Time, and Memory. Following previous works [4--6,8--10, 
13], we consider the synchronous setting where every robot is active 
in every CCM cycle, performing the cycle in synchrony. Time is mea

sured in rounds. Another parameter is memory which we measure as 
the number of bits.

3. Impossibility and lower bounds

We discuss here one impossibility result, three time lower bounds, 
and one memory lower bound for Dispersion on directed anonymous 
graphs. These results collectively show the difficulty in obtaining a solu

tion as well as obtaining fast runtime and low memory when a solution 
exists.

We first discuss the impossibility result which is established looking 
at the graph type, strongly connected or not strongly connected. Con

sider the case of a directed graph 𝐺 that is not strongly connected and all 
the robots are located on a single node 𝑢 ∈𝐺. We present the following 
impossibility result.

Theorem 2. It may not always be possible to solve Dispersion on a directed 
graph that is not strongly connected.

Proof. By definition, a graph 𝐺 = (𝑉 ,𝐸) is strongly connected if and 
only if, for each pair of vertices 𝑢, 𝑣 ∈ 𝑉 , there is a directed path 𝑝(𝑢, 𝑣)
from 𝑢 to 𝑣 and directed path 𝑝(𝑣, 𝑢) from 𝑣 to 𝑢. If 𝐺 is not strongly 
connected then there exists at least a pair of vertices 𝑢, 𝑣 ∈ 𝑉 such that 
at least 𝑝(𝑢, 𝑣) or 𝑝(𝑣, 𝑢) is not available. Assume that, in graph 𝐺, 𝑣 is not 
reachable from 𝑢, i.e., directed path 𝑝(𝑢, 𝑣) is not available, but the path 
𝑝(𝑣, 𝑢) is available. Let 𝑈 ⊂ 𝑉 be the set of vertices that are reachable 
from 𝑢. As 𝑣 is not reachable from 𝑢, 𝑣 must also not be reachable from 
every vertex of the set 𝑈 , otherwise there would be a directed path 
𝑝(𝑢, 𝑣) from 𝑢 to 𝑣 violating our assumption. Since 𝑣 is not reachable 
from 𝑢, it cannot be in the set 𝑈 and it must be the case that |𝑈 | ≤ 𝑛−1. 
Consider now the rooted initial configuration of 𝑛 robots located at node 
𝑢. Since 𝑣 is not reachable from 𝑢 (and all the nodes in the set 𝑈 ), at 
any time there must be at least two robots located at some node in 𝑈 . 
That is, Dispersion is not achieved. □

Remark. Theorem 2 considers a rooted initial configuration of 𝑛 robots 
on a node 𝑢 and a node 𝑣 that is not reachable from 𝑢. If 𝑣 is reachable 
from 𝑢, the problem has a solution. However, since 𝐺 is not known a 
priori, an algorithm may not be designed that is able to achieve such a 
solution configuration.

We now present three time lower bounds for solving Dispersion on 
strongly connected directed graphs.

Theorem 3. Any deterministic algorithm for Dispersion on directed graphs 
requires Ω(𝑘) rounds.

Proof. Consider a directed cycle 𝐺. Note that 𝐺 is strongly connected 
since for any two nodes 𝑢, 𝑣 ∈ 𝐺, there is a directed path 𝑝(𝑢, 𝑣) and 
𝑝(𝑣, 𝑢). Consider a rooted initial configuration of 𝑘 ≤ 𝑛 robots on a single 
node 𝑣𝑟𝑜𝑜𝑡 of 𝐺. In order for the robots to solve Dispersion, they need 
to settle at 𝑘 distinct nodes of 𝐺. To reach a node to settle, some robot 
must travel 𝑘− 1 directed edges of 𝐺, taking 𝑘− 1 rounds. □

For 𝑘 = 𝑛, we present the following time lower bound for solving 
Dispersion on directed graphs.



Journal of Parallel and Distributed Computing 204 (2025) 105139

5

G.F. Italiano, D. Pattanayak and G. Sharma 

Theorem 4. For 𝑘 = 𝑛, there exists a directed graph 𝐺 with 𝑛 nodes and 
diameter 𝐷 with 𝐷 = 𝜔(1) such that any deterministic algorithm for Dis

persion requires Ω(𝐷2) rounds.

Proof. We use the lower bound proof for exploration due to Disser et 
al. [38] to prove this lower bound. The goal in exploration is to visit 
all nodes of the graph. For 𝑘 ≤ 𝑛, the goal in Dispersion is to visit 𝑘
nodes of the graph. Therefore, for the case of 𝑘 = 𝑛, all 𝑛 nodes need 
to be visited to place one robot per node and hence any solution to 
exploration would solve Dispersion for 𝑘 = 𝑛 robots. It was shown in 
[4] that a lower bound for exploration applies to Dispersion for the 
case of 𝑘 = 𝑛. Therefore, we borrow the lower bound of [38] for Dis

persion for the case of undirected graphs and prove a lower bound 
for Dispersion in directed graphs. Disser et al. [38] proved a lower 
bound for exploration assuming a rooted initial configuration in which 
𝑘 = 𝑛 robots are on a single node 𝑣𝑟𝑜𝑜𝑡 of an undirected tree graph 𝐺. 
Moreover, they assumed that the nodes of 𝐺 have unique identifiers 
and the robots have global communication. Specifically, they showed 
that: Using 𝑘 = 𝑛 robots, there exists a tree 𝐺 on 𝑛 vertices with diam

eter (height) 𝐷 = 𝜔(1) such that any deterministic exploration strategy 
requires at least 𝐷2∕3 = Ω(𝐷2) steps to explore 𝐺. We convert 𝐺 to a 
directed graph 𝐺′ as follows: For each undirected edge (𝑢, 𝑣), replace it 
with two directed edges 𝑢→ 𝑣 and 𝑣→ 𝑢. The resulting directed graph 
𝐺′ is strongly connected. Moreover, in 𝐺′, exploration is done essen

tially similar as in 𝐺 in Disser et al. [38].

In our model, nodes are indistinguishable which is in contrast and 
weaker than the model used by Disser et al. [38] in their proof. There

fore, the Ω(𝐷2) lower bound applies to Dispersion on directed graphs, 
combined with result of [4] that shows an exploration lower bound ap

plies to Dispersion for 𝑘 = 𝑛. □

We prove the following time lower bound for Dispersion on di

rected graphs using a DFS traversal based algorithm, which improves 
on Ω(𝐷2) when 𝑘 > 𝑂(𝐷).

Theorem 5. For deficiency 𝑑 > 0, any DFS traversal based algorithm for 
Dispersion on directed graphs requires Ω(𝑘 ⋅min{𝑘,𝑑}) rounds.

Proof. The proof construction is given in Fig. 1. The graph 𝐺 in Fig. 1
is strongly connected and 𝑘 ≤ 𝑛 robots start from node 𝑢. The proof uses 
the fact that after 𝑘∕2 robots settle at the top arc in 𝑘∕2 rounds, for the 
rest 𝑘∕2 robots, it needs 𝑘∕2 rounds each for a robot to settle. This gives 
in overall Ω(𝑘2) rounds lower bound. In the first 𝑘∕2 − 1 rounds, 𝑘∕2
robots settle at 𝑘∕2 nodes on the top arc and a robot settles on a column 
node in the round 𝑘∕2. After that, each new node in the column is visited 
in every next 𝑘∕2+ 1 rounds, after visiting completely the nodes on the 
top arc.

Notice that the deficiency of the graph 𝐺 in Fig. 1 is 𝑛 − 𝑘∕2 − 1. 
We can use deficiency as a parameter for the lower bound and get the 
following result. Any DFS traversal based algorithm needs at least Ω(𝑘 ⋅
𝑑) rounds to achieve Dispersion. The theorem follows combining the 
above two results. □

For an arbitrary directed graph, the lower bound corresponds to the 
size of the directed cycles that contains a deficient node. Intuitively, 
any DFS-based exploration algorithm can only visits one of the cycles 
for each visit to the deficient node. Consequently, a deficient node is also 
visited at least the deficiency number of times. We finally prove a lower 
bound of Ω(log𝑘) bits at each robot for any deterministic algorithm.

Theorem 6. Any deterministic algorithm for Dispersion on 𝑛-node directed 
anonymous graphs requires Ω(log𝑘) bits at each robot, where 𝑘 ≤ 𝑛 is the 
number of robots.

Proof. Suppose initially all 𝑘 ≤ 𝑛 robots are on a rooted configuration. 
To be able to distinguish two robots their IDs need to be uniquely dif

𝑢 𝑣

arc of 𝑘∕2 nodes

⋯

⋮

𝑘 robots

initially at 𝑢

column of

𝑛− 𝑘∕2 nodes 

Fig. 1. Lower bound construction for a DFS traversal based Dispersion algo

rithm.

ferentiated. To emphasize, in the absence of identifiers, all anonymous 
robots would behave the same under the same algorithm. For example, if 
two robots start at the same node: if one decides to move, the other also 
moves; and if one decides to stay, the other also stays. Thus dispersion 
cannot be achieved as it requires at most one robot at a node. There

fore, to distinguish one robot from another, 𝑘 robots need 𝑘 distinct IDs 
and at least log𝑘 bits are necessary to have such distinct identities. □

4. Dispersion using Kwek’s exploration algorithm

In this section, we present an algorithm that achieves Dispersion 
by following an online exploration strategy by Stephen Kwek [11]. On 
a high level, Kwek’s algorithm performs DFS on a directed graph by 
keeping the map of the graph in the robot’s memory by having an edge 
list and a vertex list of a graph. Using that, it can compute the shortest 
path in the explored part of the graph from a node without any unseen 
outgoing edges to a node previously visited. In the following, we present 
Algorithm DFS_kwek that executes Kwek’s algorithm in the dispersion 
model and achieves Dispersion. We can have identifiers at a node by 
a robot that is settled there. If there is no settled robot at a node 𝑢, the 
robot with highest ID among the visiting robot settles at 𝑢, and other 
robots use the ID of the settled robot as an identifier for the node. Each 
edge at a node is marked by a port number and after traversing an edge 
(𝑢, 𝑣), a robot can store it in its memory with corresponding port num

bers as a quadruple [𝑢, 𝑝𝑜𝑢𝑡, 𝑣, 𝑝𝑖𝑛]. Thus it is possible to identify each 
edge and its direction at each node. Kwek’s algorithm completes ex

ploration of the graph with 𝑂(𝑑𝑛2 +𝑚) edge traversals, where 𝑑 is the 
deficiency of the directed graph [11]. We have the following corollary.

Corollary 2. DFS_kwek achieves Dispersion in 𝑂(𝑑𝑘2 +𝑚) rounds with 
𝑂(𝑘 log(𝑘 + Δ)) memory, where Δ is the maximum degree of a node, 𝑑 is 
the deficiency, 𝑚 is the number of edges, and 𝑘 is the number of robots.

Proof. Since we have at most 𝑘 robots, with 𝑘 ≤ 𝑛, the last robot that 
settles would visit at most 𝑘 − 1 nodes before it settles. Visiting 𝑘 − 1
nodes under the Kwek’s algorithm would cost 𝑂(𝑑𝑘2 +𝑚). To store the 
graph in the memory of the robot, it needs to store at most 𝑘2 edges. 
Since each edge of the graph needs at most log(𝑘+Δ) bits of memory, 
the robot needs at most 2𝑘 log(𝑘+Δ) bits of memory. Hence, DFS_kwek 
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Table 2
Summary of variables used by each robot.

Symbol Description Initialization 
𝑠𝑒𝑡𝑡𝑙𝑒𝑑 Indicates a settled robot at a node 0 
𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘 Indicates the DFS order in which the robot is settled 0
𝑏𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑇 𝑎𝑟𝑔𝑒𝑡𝑁𝑜𝑑𝑒 Indicates the ID of the last settled robot at a node with unvisited ports 𝑛𝑢𝑙𝑙

𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒 Indicates whether the node closes the current traversal cycle 𝑛𝑢𝑙𝑙

𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘 Indicates value in the 𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘 variable of the cycle closing node 𝑛𝑢𝑙𝑙

𝐷𝐹𝑆𝐼𝐷 ID of the DFS traversal starting from a node (Used only in general case) 𝑛𝑢𝑙𝑙

𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 Points to the last port via which the unsettled robots exited 0
𝑝ℎ𝑎𝑠𝑒 Indicates 𝑒𝑥𝑝𝑙𝑜𝑟𝑒, 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1, or 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phase 𝑒𝑥𝑝𝑙𝑜𝑟𝑒

𝑠𝑡𝑎𝑡𝑢𝑠 Indicates the 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 or 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 status of a node 𝑛𝑢𝑙𝑙

𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 = (𝑝𝑜𝑟𝑡, 𝑟𝑎𝑛𝑘) Indicates the port and associated rank at a node to reach DFS root (𝑛𝑢𝑙𝑙, 𝑛𝑢𝑙𝑙)

Fig. 2. A state transition diagram depicting each phase of the DFS algorithm and what prompts a transition from one phase to another. Initially, the algorithm starts 
from the explore phase.

achieves Dispersion in 𝑂(𝑑𝑘2 + 𝑚) rounds with 𝑂(𝑘 log(𝑘 + Δ)) bits 
memory per robot. □

5. DFS dispersion algorithm

We present here a deterministic DFS traversal based (or simply DFS) 
algorithm. We first discuss the variables used, then an overview of the 
approach, then a detailed discussion, and finally the analysis.

Variables. Each robot maintains the ten variables to keep track of the 
DFS traversal as described in Table 2. Variable 𝑟𝑖.𝐷𝐹𝑆𝐼𝐷 is used only 
in the general case. The 𝑟𝑖.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 variable indicates the robot 𝑟𝑖 that 
is settled at a node 𝑣𝑖 and 𝑟𝑖 remains at 𝑣𝑖 forever. For a settled robot 
𝑟𝑖, 𝑟𝑖.𝑠𝑡𝑎𝑡𝑢𝑠 ∈ {visited, fully-visited}; 𝑟𝑖.𝑠𝑡𝑎𝑡𝑢𝑠 becomes 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 when 𝑣𝑖 is 
visited by DFS for the first time and becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 after all the 
outgoing ports at 𝑣𝑖 were already visited.

Overview of the Algorithm. The algorithm simulates a DFS traversal 
in three phases: 𝑒𝑥𝑝𝑙𝑜𝑟𝑒, 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1, and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2. Fig. 2 depicts how the 
DFS transitions from one phase to another along with what happens dur

ing each phase and what prompts a phase transition. Initially, the DFS 
is in 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase. At any time, when the DFS visits an unvisited node, 
then it settles a robot on it and marks 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 (Line 5 of Algorithm 1). 
When the DFS reaches to a node with a settled robot, say 𝑣𝑥, then back

tracking is required. The traversal executes 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 phase (Line 12) to 
find a backtrack target node, (if any) and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phase (Line 20) setting 
backtrack path, one after another, and then it continues 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase 
from the backtrack target node. If 𝑣𝑥 has visited status, then 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1
and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases start and end at 𝑣𝑥 (i.e., 𝑣𝑥 becomes the cycle clos

ing node, Line 7). Otherwise, these phases start and end at some other 
node 𝑣𝑦 ≠ 𝑣𝑥 that has visited status (i.e., 𝑣𝑦 becomes the cycle closing 
node, Line 9). The phases 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 compute a backtrack 
path setting variable 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 so that backtracking can be done travers

ing the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 set. After finishing 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 and returning 
to the cycle closing node, the traversal either (i) moves to the backtrack 

target node (if not null) to execute the 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase (Line 21) or (ii) 
takes 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 set (if backtrack target node is null) to reach a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑
node to continue again 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases (Line 17). This 
process stops as soon as the robots are settled solving Dispersion.

We first discuss the rooted case (the pseudocode is in Algorithm 1). 
After that, we will discuss the general case (the pseudocode is in Algo

rithms 1 and 2).

5.1. Rooted algorithm

Let (𝑣) be the set of 𝑘 ≤ 𝑛 robots {𝑟1, 𝑟2,… , 𝑟𝑘} positioned ini

tially on node 𝑣 ∈𝐺 with 𝑟𝑖.𝐼𝐷 = 𝑖, forming a rooted configuration. At 
round 1, the highest ID robot 𝑟𝑘 ∈(𝑣) settles on 𝑣 setting 𝑟𝑘.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 ←
1, 𝑟𝑘.𝑠𝑡𝑎𝑡𝑢𝑠 ← 𝑣𝑖𝑠𝑖𝑡𝑒𝑑, 𝑟𝑘.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 ← 1, and 𝑟𝑘.𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘 ← 1. The 
robots (𝑣)∖{𝑟𝑘} exit 𝑣 via 𝑟𝑘.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡. The exiting robots carry 
𝑟𝑘.𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘, the rank of the robot settled at 𝑣.

At round 2, suppose the robots (𝑣)∖{𝑟𝑘} arrive at node 𝑤. The 
robot 𝑟𝑘−1 settles at 𝑤 setting 𝑟𝑘−1.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 ← 1, 𝑟𝑘−1.𝑠𝑡𝑎𝑡𝑢𝑠← 𝑣𝑖𝑠𝑖𝑡𝑒𝑑, 
𝑟𝑘−1.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡← 1, and 𝑟𝑘−1.𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘← 𝑟𝑘.𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘+ 1 (note that 
𝑟𝑘.𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘 was carried from 𝑣). The robots in (𝑣)∖{𝑟𝑘, 𝑟𝑘−1} exit 
𝑤 via 𝑟𝑘−1.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡. The traversal process continues this way. If 𝑘
different nodes are visited before reaching to a node with an already 
settled robot, Dispersion is achieved. However, if the DFS reaches to a 
node with a settled robot, backtracking is required. In backtracking, the 
DFS needs to (in sequence)

• find a cycle closing node;

• starting from the cycle closing node, find a backtrack target node 
𝑏 from which the DFS can again continue its 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase settling 
the robots at new empty nodes;

• create/update backtrack path setting 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 information appro

priately;
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Fig. 3. An illustration of the DFS traversal, starting from node 𝑎, after it reaches node 𝑐 traversing the sequence of edges 𝑎→ 𝑏→ 𝑐→ 𝑑 →…→ 𝑖→ 𝑐 (shown in bold). 
Node 𝑐 is a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node where 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑎) ends and hence 𝑐 can serve as a cycle closing node. The node 𝑓 that is farthest from 𝑐 in the cycle 𝑐→…→ 𝑓 →…→ 𝑐

with unvisited out-going ports becomes the backtrack target node during 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1. During 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2, (i) nodes 𝑔,ℎ, 𝑖 have no unvisited out-going ports and marked 
𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 and (ii) the current port from 𝑑 to 𝑖 are stored in 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 (the corresponding edges are shown in red).

Algorithm 1: Algorithm DFS 𝑙.
1 initially, node rank is set to 0 for all robots; 
2 let 𝑟𝑖 be a robot that belongs to DFS 𝑙 at node 𝑣; 
3 let 𝑟𝑋 be the settled robot at node 𝑣 (if one exists; otherwise DFS 𝑙 settles 𝑟𝑋 ); 
4 if 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒 == 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 then

5 if 𝑣 is an unvisited node then

6 settle robot 𝑟𝑋 , write 𝑟𝑋 .𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡← 𝑟𝑋 .𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡+ 1, 
𝑟𝑋 .𝑠𝑡𝑎𝑡𝑢𝑠← 𝑣𝑖𝑠𝑖𝑡𝑒𝑑, 𝑟𝑋 .𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘← 𝑟𝑖.𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘+ 1, and exit 𝑣 via 
𝑟𝑋 .𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡; 

7 if 𝑣 is a visited node then

8 set 𝑣 (a.k.a., 𝑟𝑋 ) as the cycle closing node and set 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒← 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1; 
9 if 𝑣 is a fully-visited node then

10 traverse 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 pointers starting from 𝑣 until finding a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node, 
set that node as the cycle closing node, and set 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒← 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1; 

11 if 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒 == 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 then

12 if 𝑟𝑖 is the smallest ID robot on 𝑣 then

13 𝑟𝑖 revisits the cycle following 𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 pointers and while doing so 
computes the backtrack target node 𝑏 that is farthest from 𝑣; // 𝑣
can be the backtrack target node

14 after returning to 𝑣, set 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒← 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2;

15 if 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒 == 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 then

16 if 𝑟𝑖 is the smallest ID robot on 𝑣 then

17 if 𝑏 == 𝑛𝑢𝑙𝑙 then

18 mark all nodes in the cycle as fully-visited; 
// root ports are already set

19 follow 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 at 𝑣 until finding a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node, set 𝑣 as the cycle 
closing node, and set 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒← 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1; 

20 else

21 𝑟𝑖 revisits the cycle following 𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 pointers and while doing 
so set the 
𝑟𝑦.𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡← (𝑟𝑦.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡, 𝑟1.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘) as well 
as mark all the nodes after the backtrack target node 𝑏 and before 
the cycle closing node 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑; 

22 after returning to 𝑣, follow again 𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 pointers to reach 𝑏
then set 𝑟𝑖.𝑝ℎ𝑎𝑠𝑒← 𝑒𝑥𝑝𝑙𝑜𝑟𝑒, 𝑟𝑏.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡← 𝑟𝑏.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡+ 1, 
and exit via 𝑏.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 (𝑟𝑏 is the robot settled at 𝑏); 

• go to backtrack target 𝑏 from the cycle closing node to continue 
𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase.

Finding cycle closing and backtrack target nodes happens in 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1
whereas setting backtrack path and going to the cycle closing node hap

pen in 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2.

We describe separately below how each of these steps is done by the 
DFS.

Finding cycle closing node. Suppose, at some round 𝑡 > 1, the DFS 
reaches a node 𝑥 with an already settled robot 𝑟𝑥. Since 𝑟𝑥 was settled, 
𝑟𝑥.𝑠𝑡𝑎𝑡𝑢𝑠 ∈ {𝑣𝑖𝑠𝑖𝑡𝑒𝑑, 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑} and 𝑟𝑥.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 = 1.

• If 𝑟𝑥.𝑠𝑡𝑎𝑡𝑢𝑠 = 𝑣𝑖𝑠𝑖𝑡𝑒𝑑, then 𝑥 becomes the cycle closing node and 
robot 𝑟𝑥 sets 𝑟𝑥.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒 ← 1, indicating that the cycle 
ends at it. Fig. 3 provides an illustration where the cycle ends at 
node 𝑐 and 𝑐 becomes the cycle closing node.

• 𝑟𝑥.𝑠𝑡𝑎𝑡𝑢𝑠 = 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, then the DFS takes the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡s (details 
later on how the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡s are set) until reaching the first node 𝑧
with status 𝑟𝑧.𝑠𝑡𝑎𝑡𝑢𝑠 = 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 on the settled robot 𝑟𝑧. 𝑧 becomes 
the cycle closing node and robot 𝑟𝑧 sets 𝑟𝑧.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒 ←
1, indicating that the cycle ends at it. In Fig. 4(iii), when node 𝑔
(𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑) is visited from 𝑓 , node 𝑑 is picked as a cycle closing 
node following the root port from 𝑔.

In the first case, traversing the 𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 pointers from 𝑥 brings the DFS 
back to 𝑥, which we denote as the cycle 𝐶 . In the second case, traversing 
the 𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 pointers from 𝑧 upto 𝑥 and the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 pointers from 𝑥
brings the DFS back to 𝑧, which we denote as the cycle 𝐶 ′.

Finding backtrack target node. The DFS backtracks to a node such that 
it has at least an unvisited port left. Backtrack target node 𝑏 is computed 
as follows. Let the DFS be at the cycle closing node 𝑥. The lowest ID robot 
in the traversal, 𝑟1, sets 𝑟1.𝑝ℎ𝑎𝑠𝑒← 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1. Other unsettled robots stay 
at 𝑥 waiting for 𝑟1 to finish 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1. If 𝑟𝑥.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 < 𝛿𝑥

𝑜𝑢𝑡
, 𝑟1 sets 

𝑟1.𝑏𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑇 𝑎𝑟𝑔𝑒𝑡𝑁𝑜𝑑𝑒← 𝑟𝑥 (initially 𝑛𝑢𝑙𝑙). The robot 𝑟1 then leaves 
𝑟𝑥 following 𝑟𝑥.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 which makes 𝑟1 traverse the cycle 𝐶 again 
and return to 𝑥. While in 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 phase, for every node 𝑦 it visits in 
𝐶 , 𝑟1 updates 𝑟1.𝑏𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑇 𝑎𝑟𝑔𝑒𝑡𝑁𝑜𝑑𝑒 to the ID of the robot settled at 
𝑦 if 𝑟𝑦.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 < 𝛿

𝑦

𝑜𝑢𝑡
. This gives the backtrack target node 𝑏 that is 

farthest from 𝑥 in 𝐶 . In Fig. 3, node 𝑓 in the cycle becomes the backtrack 
target node 𝑏 since nodes 𝑔,ℎ, 𝑖 do not have any unvisited port left and 
𝑓 is the farthest node from 𝑐 in the cycle with unvisited ports.

There may be situations in which this procedure returns 𝑏 null. If 
no node with unvisited ports left in 𝐶 , then no node in the cycle 𝐶 is 
eligible to become the backtrack target node 𝑏. In this situation, back

track target node 𝑏 is computed as follows. When there is no node in 
𝐶 that is eligible to be a backtrack target node, it can be identified 
at the end of 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1, since it returns 𝑟1.𝑏𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑇 𝑎𝑟𝑔𝑒𝑡𝑁𝑜𝑑𝑒 null. 
In that case, after 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 finishes (𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 marks all node in the cy

cle 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑), the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡s are taken from the cycle closing node 
until the DFS reaches a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node 𝑧. The node 𝑧 becomes a cycle 
closing node and the search for the backtrack target node happens in 
the cycle that is closed by the cycle closing node 𝑧. In Fig. 4, when the 
cycle 𝑑 → 𝑒→ 𝑓 → 𝑔→ 𝑑 is closed at 𝑑 (Fig. 4(iii)), there is no node in 
the cycle that is eligible to become a backtrack target node, and hence 
𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 set is taken to reach 𝑐 (Fig. 4(iv)) which becomes a cycle clos

ing node. In Fig. 4(iv), when 𝑐 becomes a cycle closing node, the cycle 
𝑐→ 𝑑 → 𝑒→ 𝑓 → 𝑐 is visited in 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and finds 𝑐 as a backtrack tar

get node. There may also be the case that no node is eligible to become 
a backtrack target node in this new cycle closed by 𝑧. In this case, the 
process again repeats visiting the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡s set (after finishing 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1
and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases) starting from 𝑧 to reach a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node.

Creating/updating backtrack path (i.e., setting 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡s). Finding 
backtrack target 𝑏 ends at the cycle closing node 𝑥. The phase is now 
switched to 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2. 𝑟1 is responsible again to execute this phase. 
𝑟1 sets 𝑟1.𝑝ℎ𝑎𝑠𝑒← 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2, 𝑟1.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑒𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘← 𝑟𝑥.𝑛𝑜𝑑𝑒𝑅𝑎𝑛𝑘, 
and re-traverses the cycle again doing two things. First it sets 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡
on the nodes on the cycle except node 𝑥 (the red directed edges in 
Figs. 3, 4, and 5 depict the root ports set). This information will be 
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Fig. 4. An illustration of DFS traversal where a fully-visited node is visited on the explore phase. In the figure, we have four instances of the graph. (i) The node 𝑑
becomes the cycleClosingNode for the cycle 𝑑 → 𝑔→ 𝑑 and also a backtrack target node; (ii) DFS continues from 𝑑 visiting 𝑒→ 𝑓 → 𝑐; 𝑐 becomes the cycleClosingNode 
and 𝑓 becomes the backtrack target node; (iii) DFS continues from 𝑓 visiting 𝑔; since 𝑔 is fully visited, the DFS takes 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ() to go to 𝑑 which becomes the 
cycleClosingNode; and (iv) DFS traverses 𝑑→ 𝑒→ 𝑓 → 𝑔→ 𝑑 cycle; since no node in the cycle has unvisited ports, 𝑑, 𝑒, 𝑓 are marked 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, and 𝑐 becomes 
the cycleClosingNode after taking 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ() from 𝑑.

Fig. 5. An illustration of root port information update during DFS traversal. (i) 
Node 𝑑 becomes the cycle closing node after DFS traverses 𝑎→ 𝑏→ 𝑐→ 𝑑 → 𝑒→
𝑓 → 𝑑 and thus root ports are set in 𝑒 and 𝑓 pointing to 𝑓 and 𝑑, respectively; 𝑓
becomes the backtrack target node. (ii) Node 𝑐 becomes the cycle closing node 
after DFS continues from 𝑓 visiting 𝑔 and then 𝑐. Since 𝑐 has rank smaller than 
𝑑, the root port at 𝑓 is updated to point 𝑔 and 𝑔 points to 𝑐.

useful to reach a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node to perform 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases 
after a node becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 (note that 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node can

not act as a cycle closing node). Let 𝑦 ≠ 𝑥 be a node in the cycle. 
It sets 𝑦.𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡← (𝑦.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡, 𝑟1.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘). Keeping 
𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘 in the memory of 𝑦 helps to update 𝑦.𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡
information later to reach a cycle closing node that may have rank 
smaller than the information stored at 𝑦.𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡, avoiding the lo

cal maximum problem. The second task is to update 𝑠𝑡𝑎𝑡𝑢𝑠 of each 
node 𝑦 (if any) in the cycle between 𝑏 = 𝑟1.𝑏𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑇 𝑎𝑟𝑔𝑒𝑡𝑁𝑜𝑑𝑒 and 
𝑥 with 𝑟𝑦.𝑠𝑡𝑎𝑡𝑢𝑠 ← 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 (in Fig. 3, nodes 𝑔,ℎ, 𝑖 are marked 
𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 during 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2).

We now discuss the situation that results in updating the back

track path. Consider a node 𝑦 which has 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 information set. 
Suppose it again becomes the part of a cycle such that 𝑟1 is carrying 
𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘 that is smaller than 𝑦.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘. 
𝑦 updates its 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 information such that 𝑦.𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 has this new 
smaller cycle closing node rank and the 𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡 associated with 
this new cycle. Fig. 5 provides an example of the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 informa

tion update. In the example of Fig. 5, the first cycle detected was the 
𝑑 → 𝑒→ 𝑓 → 𝑑 cycle and the rootpath was set from 𝑒 to 𝑑. Subsequently, 
another cycle 𝑐→ 𝑑 → 𝑒→ 𝑓 → 𝑔→ 𝑐 was detected. The rootport point

ers at 𝑒 and 𝑓 are updated to point to 𝑐, and new rootport pointers are 
set at 𝑑 and 𝑔.

Going to the backtrack target 𝑏 to continue 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase. After 
𝑟1 reaches 𝑥 finishing 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2, the traversal has sufficient informa

tion to resume the 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase, if the backtrack target node 𝑏 is 

in the cycle (i.e., 𝑏 ≠ 𝑛𝑢𝑙𝑙). Robot 𝑟𝑥 (on cycle closing node 𝑥) sets 
𝑟𝑥.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒← 0, robot 𝑟1 sets 𝑟1.𝑐𝑦𝑐𝑙𝑒𝐶𝑙𝑜𝑠𝑖𝑛𝑔𝑁𝑜𝑑𝑒𝑅𝑎𝑛𝑘←
𝑛𝑢𝑙𝑙, and all the waiting robots at 𝑥 including 𝑟1 leave 𝑥 to reach back

track target node 𝑏, re-traversing 𝐶 . While at the backtrack target node 
𝑏, 𝑟1 then updates 𝑟1.𝑝ℎ𝑎𝑠𝑒← 𝑒𝑥𝑝𝑙𝑜𝑟𝑒, 𝑟𝑏.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡← 𝑟𝑏.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡+
1 and all unsettled robots leave 𝑏 through port 𝑟𝑏.𝑟𝑒𝑐𝑒𝑛𝑡𝑃 𝑜𝑟𝑡, where 𝑟𝑏
is the robot settled at the backtrack target node 𝑏.

Algorithm 2: DFS algorithm.

1 Input: 𝑘 ≤ 𝑛 robots on 1≤ 𝑘′ ≤ 𝑘 nodes of 𝐺; 
2 if 𝑟𝑖 is alone at node 𝑣∈𝐺 then

3 𝑟𝑖 settles at 𝑣 writing 𝑟𝑖.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 ← 1 and setting DFS ID 𝑖; 
4 else

5 each robot on 𝑣 sets their 𝐷𝐹𝑆𝐼𝐷 𝑖 the largest ID among the robots on 𝑣
and perform DFS 𝑖 (Algorithm 1); 

6 if DFS 𝑖 meets DFS 𝑗 then

7 if 𝑖 < 𝑗 then

8 all unsettled robots of DFS 𝑖 traverse DFS 𝑗 to reach its head node, 
ℎ𝑒𝑎𝑑(𝑗), to continue the traversal of DFS 𝑗; 

9 else

10 DFS 𝑖 continues its traversal, erasing the values set in all the 
variables by DFS 𝑗 and writing all the variables based on DFS 𝑖; 

5.2. General algorithm

We now discuss the general case. Suppose initially robots are posi

tioned on 1 < 𝑘′ < 𝑘 nodes of 𝐺. At round 1, a single robot on a node, 
if any, settles at that node and the nodes with multiple robots initiate 
parallel DFSs as in the rooted case (Lines 2--5 of Algorithm 2). The node 
from which a DFS 𝑖 starts is called the root of the DFS 𝑖 and denoted as 
𝑟𝑜𝑜𝑡(𝑖). If a parallel DFS does not meet another until all robots disperse, 
we are done. The challenge is how to deal with a traversal meeting an

other.

A DFS 𝑖 meets DFS 𝑗 if the robots with DFS ID 𝑖 arrive at a node 𝑥
where a robot from DFS ID 𝑗 is settled. (If robots from DFS ID 𝑖 and 
DFS ID 𝑗 arrive at a node where there is no settled robot, the robot from 
the DFS with the higher ID settles in that round and the lower ID DFS 
is said to meet higher ID DFS.) If 𝑖 > 𝑗, then we call DFS 𝑖 subsuming 
otherwise subsumed. The head of DFS 𝑖, denoted as ℎ𝑒𝑎𝑑(𝑖), is the node 
where the unsettled robots (if any) of that DFS are currently located 
at (except the robot that is responsible of executing the 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 
𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases), or else it is the node where the last robot of that DFS 
settled. That is, while under the 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase, ℎ𝑒𝑎𝑑(𝑖) has all unsettled 
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Fig. 6. Meeting of two DFSs colored, blue and red. The blue DFS has higher ID than the red DFS. In the figure, (i) both DFS meet at node 𝑐; (ii) blue DFS subsumes 
red DFS; (iii) blue DFS continues exploration as usual, and the robots from red DFS follow blue DFS; (iv) when blue DFS reaches node 𝑒 with already settled robot 
from red DFS, it overwrites the DFS ID to make it part of blue DFS.

robots, however while under 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases, the cycle 
closing node 𝑐 acts as ℎ𝑒𝑎𝑑(𝑖) and all unsettled robots except the robot 
performing 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases are on 𝑐. A DFS is assigned 
ID 𝑖 as follows. Suppose a DFS starts initially from a node 𝑣𝑖 with a set 
of (𝑣𝑖) robots. The highest ID robot 𝑟ℎ ∈ (𝑣𝑖) serves as ID 𝑖. DFS 𝑖
meeting DFS 𝑗 at a junction node 𝑥 is handled as follows (Lines 6--10 of 
Algorithm 2):

DFS 𝑖 is subsuming, i.e., (𝑖 > 𝑗): DFS 𝑖 continues its traversal. For each 
settled robot 𝑤 belonging to DFS 𝑗 it visits, it erases the values set in all 
the variables, except in 𝑤.𝑠𝑒𝑡𝑡𝑙𝑒𝑑. It then sets all the variables based on 
DFS 𝑖 and continues the traversal.

DFS 𝑖 is subsumed, i.e., (𝑖 < 𝑗): All unsettled robots of DFS 𝑖 traverse 
DFS 𝑗 to reach node ℎ𝑒𝑎𝑑(𝑗). DFS 𝑗 then continues the traversal from 
ℎ𝑒𝑎𝑑(𝑗).

In Fig. 6, we show the meeting of two DFSs. The blue DFS has higher 
ID and subsumes the red DFS and continues its exploration while over

writing the settled nodes of red DFS if it encounters them.

5.3. Analysis of the algorithm

We begin with analyzing the rooted case. We will then analyze the 
general case building upon the ideas developed for the rooted case. We 
need Definitions 2 and 3.

Definition 2 (Rooted spanning tree). Consider a node 𝑣 on a strongly con

nected directed graph 𝐺 = (𝑉 ,𝐸). A spanning tree  = (𝑉 ′,𝐸′) rooted 
at 𝑣 is a directed subgraph of 𝐺 such that |𝑉 | = |𝑉 ′|, each node has 
exactly one outgoing edge except 𝑣 which has no outgoing edge (i.e., 
𝐸′ ⊆𝐸 with |𝐸′| = |𝑉 |− 1), and all edges are directed toward 𝑣.

Definition 3 (Root path). Consider  in Definition 2. A root path 
𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) is a directed path from node 𝑣′ ≠ 𝑣 to the root 𝑣. For 
each node 𝑤 ≠ 𝑣,  contains such a path.

Next, we describe the time complexity when  is known, and later 
show how it can be built on the fly. Note that having a known  , no 
robot gets lost or stuck in a directed graph when a robot reaches a node 
with all outgoing ports already traversed. In that case, the robot can 
always simply go back to the root, following  . Since in the undirected 
case a robot can always move in the reverse direction of the explored 
edges, but in a directed graph, that is impossible. Having  , it is easier 
to analyze the time complexity since each root path is at most as long 
as 𝑘 nodes, which bounds the cost of backtracking (as we will see in the 
following section). We split the analysis into the known and unknown 
case for simplicity.

Time Complexity, Rooted Case, Known  . Let DFS starts from node 𝑣
which becomes the root. Suppose DFS arrives at node 𝑣′ for the first time 
at some round 𝑡 > 1. At that time, 𝑣′ is marked visited. Let 𝑣′ be the 𝑘′-th 
in the order of the nodes visited by DFS for the very first time. Node 𝑣′
is assigned 𝑟𝑎𝑛𝑘(𝑣′) ∶= 𝑘′. Initially, 𝑣′ was marked 𝑛𝑢𝑙𝑙 (meaning unvis

ited); once DFS reaches 𝑣′, it is marked 𝑣𝑖𝑠𝑖𝑡𝑒𝑑; and 𝑣′ will be marked 
fully-visited when DFS visits all the outgoing ports of 𝑣′ . Therefore, af

ter marked visited, 𝑣′ will never be marked 𝑛𝑢𝑙𝑙 (unvisited), and after 
marked fully-visited, it will never be marked visited or 𝑛𝑢𝑙𝑙 (unvisited).

Definition 4 (Active edge). The edge associated with port 1 ≤ 𝑝𝑜𝑟𝑡𝑣
′
𝑜𝑢𝑡

≤

𝛿𝑣
′

𝑜𝑢𝑡
of node 𝑣′ is called active if 𝑣′ is marked visited and DFS has exited 

𝑣′ recently through 𝑝𝑜𝑟𝑡𝑣′
𝑜𝑢𝑡

.

Definition 5 (Active path). An active path 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) is a directed 
path that connects nodes marked visited through active edges starting 
from the root 𝑣 of DFS.

Lemma 1. The 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) in  from any node 𝑣′ ≠ 𝑣 to the root 𝑣
always intersects 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣).

Proof. 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) starts at root 𝑣. 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) starts at 𝑣′ ≠ 𝑣

and ends at 𝑣. Therefore, if a node 𝑣′′ ≠ 𝑣 that is in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) is 
also in 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣), then 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) intersects 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣)
at 𝑣′′. Otherwise, 𝑣 is in both 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) and 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) and 
the intersection must happen at 𝑣. □

Lemma 2. If 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) ends at a visited node, then the last edge in it 
closes a cycle of active edges.

Proof. 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) is a collection of active edges. Therefore, if 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) ends at a visited node 𝑣′, then all the edges from 𝑣 up to 
𝑣′ must be active edges. □

Lemma 3. Let 𝑒→ 𝑓 be the last edge in Lemma 2. We have that 𝑟𝑎𝑛𝑘(𝑓 ) <
𝑟𝑎𝑛𝑘(𝑒).

Proof. Since the directed edge 𝑒 → 𝑓 closes a cycle of active edges, 
𝐷𝐹𝑆(𝑣) must have visited 𝑓 before 𝑒 and hence 𝑓 must have appeared 
in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) before 𝑒. According to the algorithm, for node 𝛼 visited 
before 𝛽, 𝐷𝐹𝑆(𝑣) assigns rank smaller than the rank of 𝛽. Therefore, 
𝑟𝑎𝑛𝑘(𝑓 ) < 𝑟𝑎𝑛𝑘(𝑒). □

Definition 6 (Backtrack target node). Backtrack target is always on 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣). Furthermore, let 𝑉 (𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣)) be the set of nodes 
in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) such that, for each node 𝑣′ ∈ 𝑉 (𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣)), the 
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port number leading to its active edge is smaller than its degree 𝛿𝑣′
𝑜𝑢𝑡

. 
Node 𝑣′ ∈ 𝑉 (𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣)) is called backtrack target node if it is the 
highest ranked node in 𝑉 (𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣)).

Lemma 4. Backtracking is required when 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) points to a visited 
or fully-visited node.

Proof. Suppose the last edge in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) is 𝑒→ 𝑓 . If 𝑓 is not a 
𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node or a 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node (meaning that it is an unvisited 
node), 𝐷𝐹𝑆(𝑣) can continue with the explore phase settling a robot 
on 𝑓 and adding a new active edge on 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣). Therefore, for 
𝐷𝐹𝑆(𝑣) not being able to continue the explore phase from 𝑓 , 𝑓 must be 
either a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node or a 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node. Therefore, backtracking 
is required to reach to a node from which the explore phase can be 
continued. □

Definition 7 (Backtrack path). For an active edge 𝑒→ 𝑓 , the backtrack 
path 𝐵𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑃𝑎𝑡ℎ(𝑓 ) from node 𝑓 is defined as follows:

• If 𝑓 is a fully-visited node: 𝐵𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑃𝑎𝑡ℎ(𝑓 ) consists of two seg

ments:

– 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑓, 𝑣) from 𝑓 up to the first intersection node 𝑐 with 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣).

– The portion of 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) from 𝑐 to the backtrack target node 
𝑏 (as defined in Definition 6).

• If 𝑓 is a visited node: 𝐵𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑃𝑎𝑡ℎ(𝑓 ) is simply the segment of 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) from 𝑓 to the backtrack target node 𝑏.

Lemma 5 (Cycle closing node). If 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) ends at a visited node 𝑣′, 
𝑣′ becomes a cycle closing node. If 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) ends at a fully-visited node 
𝑣′′, let 𝑐 be the intersection node of 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) and 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′′, 𝑣). 
Node 𝑐 becomes a cycle closing node.

Proof. If 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) ends at a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node 𝑣′, 𝑣′ must appear in 
two edges 𝑣′ → 𝑓 and 𝑓 ′ → 𝑣′. Additionally, by Lemma 2, 𝑣′ → 𝑓 must 
have appeared in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) before 𝑓 ′ → 𝑣′ and edge 𝑓 ′ → 𝑣 closes 
a cycle of active edges. Therefore, since 𝑣′ is in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣), 𝑣′ can 
be a cycle closing node.

If 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) ends at a 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node 𝑣′, 𝑣′ appears only 
in edge 𝑓 ′ → 𝑣′. In this case, take the 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑓 ′, 𝑣) until the first 
node 𝑐′ is found with status 𝑣𝑖𝑠𝑖𝑡𝑒𝑑. By Lemma 1, node 𝑐′ must be on 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣). Therefore, 𝑐′ can be a cycle closing node. □

Lemma 6. Algorithm 1 solves Dispersion for any rooted initial configura

tion of 𝑘 ≤ 𝑛 robots in 𝑂(𝑘2 ⋅ Δ𝑜𝑢𝑡) rounds, given directed rooted spanning 
tree  .

Proof. We first prove that Algorithm 1 solves Dispersion correctly. 
Notice that, at any time, the cycle closing node as well as the backtrack 
target node are on 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣). As established in Lemma 5, the cycle 
closing node is determined based on whether 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) ends at a 
visited or fully-visited node and by Lemma 4, backtracking is required 
to continue exploration. Moreover, the backtrack target node 𝑏 is the 
farthest node from root 𝑣 in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) with at least one unvisited 
port left. This property resembles DFS backtrack in undirected graph 
case. Additionally, the backtrack target node can always be found and 
reached. Let 𝑐 be a cycle closing node and 𝑓 ′ be a backtrack target node. 
It is the case that, if 𝑓 ′ is in the cycle and 𝑓 ′ ≠ 𝑐, 𝑟𝑎𝑛𝑘(𝑓 ′) > 𝑟𝑎𝑛𝑘(𝑐), 
otherwise 𝑐 is both the cycle closing node as well as a backtrack target 
node (ref. Lemma 3). If 𝑓 ′ is not in the cycle, then 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 set is taken 
from 𝑐 which will take the traversal to a cycle closing node 𝑐′ ≠ 𝑐 with 
𝑟𝑎𝑛𝑘(𝑐′) < 𝑟𝑎𝑛𝑘(𝑐) and the process of finding a backtrack target node 𝑓 ′

starts from there. Furthermore, for any edge 𝑒→ 𝑓 on 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣), 
𝑒 cannot become 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 before 𝑓 . These properties are sufficient 
to show that the DFS executes correctly, solving Dispersion.

We now prove the time bound. Since there are 𝑘 ≤ 𝑛 robots, any 
𝐵𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘(.) path is of length at most 𝑘 as it visits only the nodes with 
a robot already settled on each of them. DFS needs to traverse at most 
𝑘 ⋅ Δ𝑜𝑢𝑡 edges before all 𝑘 robots settle at 𝑘 different nodes. For each 
outgoing edge, backtracking is needed at most once. Since backtrack

ing is executed in two phases 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2, the total number 
of rounds to finish these phases is ≤ 2 ⋅ 𝑘. In 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1, if DFS visits a 
𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node, traversing the 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(., .) is required to find a 
𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node to make it a cycle closing node. This length is < 𝑘. In 
𝑟𝑒𝑡𝑟𝑎𝑐𝑒2, traversing to the backtrack target node takes additional < 𝑘

rounds. Therefore, each backtracking finishes in < 4 ⋅ 𝑘 rounds. There

fore, Algorithm 1 needs < (4 ⋅ 𝑘) ⋅ (𝑘 ⋅Δ𝑜𝑢𝑡) =𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡) rounds. □

Time Complexity, Rooted Case, Unknown  . We now remove the 
assumption of known  from Lemma 6 and construct it on-thefly. We 
start with the following lemmas.

Lemma 7. For any two 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 nodes 𝑣′, 𝑣′′ that are eligible to be

come a backtrack target node, if 𝑟𝑎𝑛𝑘(𝑣′′) < 𝑟𝑎𝑛𝑘(𝑣′), then 𝑣′ becomes 
𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 before 𝑣′′.

Proof. Marking nodes with status 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 happens in the 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2
phase. Phase 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 starts from and ends at a cycle closing node 𝑐
which is on 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣). The cycle closing node 𝑐 has the lowest 
rank among the nodes in the cycle and the other nodes in the cycle 
have ranks in the increasing order (not necessarily consecutive). The 
backtracking either takes to the node in the cycle that is farthest from 
𝑐 from which the 𝑒𝑥𝑝𝑙𝑜𝑟𝑒 phase can be continued or if no such node 
exists in the cycle, the backtracking marks all the nodes in the cycle 
including 𝑐 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑. Therefore, the nodes in the cycle, if eligible 
to be a backtrack target node, become 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 starting from the 
highest ranked in the cycle to the lowest ranked. □

Lemma 8. When node 𝑣′ becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) ends at 
the smallest ranked node in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) reachable from 𝑣′.

Proof. We have that the nodes in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) are assigned ranks 
in an increasing order. Furthermore, by Lemma 7, the nodes start to 
become 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) starting from the highest ranked 
node. Let 𝑐 be a cycle closing node in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣). If any node after 
𝑐 in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) closes a cycle with a node 𝑐′ such that 𝑟𝑎𝑛𝑘(𝑐′) <
𝑟𝑎𝑛𝑘(𝑐) then in the 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases executed from 𝑐′, the 
𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 information at each node in the cycle is updated to point to 𝑐′ . 
An example illustration is given in Fig. 5, where the root path is updated 
to point to node 𝑐 that has smaller rank then node 𝑑. If there is no node 
𝑐′ with 𝑟𝑎𝑛𝑘(𝑐′) < 𝑟𝑎𝑛𝑘(𝑐), the root path to 𝑐 will not be modified. □

During the execution of DFS,  may be a forest of many disjoint 
directed rooted trees. Let  be the directed rooted forest defined as a 
collection of the disjoint directed rooted trees 1,… ,𝑖.

Lemma 9. The collection of 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) of the fully-visited nodes 𝑣′
form a directed rooted forest  .

Proof. We prove this lemma using induction. This lemma holds before 
any node becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑. This lemma also holds when a node 
𝑣′ becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 because there is only one outgoing edge in 
the root path leading either to a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node or to the root. Given that 
this lemma holds from the beginning of the algorithm until 𝑣′ becomes 
𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, we prove that it also holds after 𝑣′ becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑. 
If 𝑣′ = 𝑣, then there is no edge in its root path, i.e., it does not select 
any edge in the root path edge. Assume that 𝑣′ ≠ 𝑣. When 𝑣′ becomes 
𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, there is at least one 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node (the root 𝑣).

Assume for the contradiction that when 𝑣′ becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, 
there is no 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node. Let 𝑉𝑝𝑟𝑒𝑣,𝑣′ be the set of nodes that were vis

ited before 𝑣′ was 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 the first time. Let 𝑉𝑎𝑓𝑡,𝑣′ be the set of nodes, 
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including 𝑣′, that were 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 for the first time after 𝑣 and before 𝑣′
becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑. Let 𝐸(𝑎𝑓𝑡, 𝑝𝑟𝑒𝑣) be the set of directed edges 
from a node in the set 𝑉𝑎𝑓𝑡,𝑣′ to a node in the set 𝑉𝑝𝑟𝑒𝑣,𝑣′ . Since 𝐺 is 
strongly connected, we have that 𝐸(𝑎𝑓𝑡, 𝑝𝑟𝑒𝑣) ≠ ∅. Furthermore, be

fore 𝑣′ becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, there is no edge from a node in the set 
𝑉𝑝𝑟𝑒𝑣,𝑣′ to a node in the set 𝑉𝑎𝑓𝑡𝑒𝑟,𝑣′ except the active edge. Therefore, 
all the rooted trees 𝑖 in the set 𝑉𝑝𝑟𝑒𝑣,𝑣′ are rooted at the 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 nodes 
in 𝑉𝑝𝑟𝑒𝑣,𝑣′ . Consider each root path 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑥, 𝑣) going through each 
edge 𝑒 ∈𝐸(𝑎𝑓𝑡, 𝑝𝑟𝑒𝑣). Let 𝑎→ 𝑏 the edge in 𝐸(𝑎𝑓𝑡, 𝑝𝑟𝑒𝑣) whose associ

ated root path 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑥, 𝑣) is the last among the root paths to pass 
over 𝑣′ before it becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑.

The edge 𝑎→ 𝑏 was traversed when 𝑎was still active. All the directed 
edges from 𝑣′ to 𝑏 must have been included in 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑥, 𝑣). Since no 
node in 𝑉𝑝𝑟𝑒𝑣,𝑣′ becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 after 𝑣′ is 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 and before 𝑣′
becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑, no 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 information on a node in 𝑉𝑝𝑟𝑒𝑣,𝑣′
is changed at that period. Since 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑥, 𝑣) is the last among the 
root paths, the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 information in 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑥, 𝑣) does not change 
before 𝑣′ becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑. Therefore, the 𝑟𝑜𝑜𝑡𝑃 𝑜𝑟𝑡 selected by 
𝑣′ when it becomes 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 cannot close a cycle of 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑

nodes. Hence, a contradiction. □

Lemma 10. For any fully-visited node 𝑣′, 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) of length ≤ 𝑘−1
can be constructed that leads either to a visited node 𝑣′′ or to root 𝑣 with 
𝑟𝑎𝑛𝑘(𝑣) < 𝑟𝑎𝑛𝑘(𝑣′′) < 𝑟𝑎𝑛𝑘(𝑣′).

Proof. Since 𝐺 is strongly connected, a path as required exists. Consider 
a backtracking path 𝐵𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑃𝑎𝑡ℎ(𝑣′) for node 𝑣′ ≠ 𝑣 in Algorithm 2. 
Each such path consists of zero or more edges in 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) and 
zero or more edges in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣). Suppose 𝐵𝑎𝑐𝑘𝑡𝑟𝑎𝑐𝑘𝑃𝑎𝑡ℎ(𝑣′) goes 
over an active edge 𝑒→ 𝑓 for the very first time, then, with respect to 
𝑓 , this path leads to a node, say 𝑑, that was visited by DFS before 𝑓 , 
i.e., 𝑟𝑎𝑛𝑘(𝑑) < 𝑟𝑎𝑛𝑘(𝑓 ). Therefore, the active edges along the cycle from 
𝑓 up to the cycle closing node should be marked as root edges.

The root 𝑣 has the smallest rank and if there exists a visited node 𝑣′′
it must be on 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑣) and hence 𝑟𝑎𝑛𝑘(𝑣) < 𝑟𝑎𝑛𝑘(𝑣′′) < 𝑟𝑎𝑛𝑘(𝑣′), 
where 𝑣′ is a 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node (ref. Lemma 8). From Lemma 9, since 
the collection of 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) from any node 𝑣′ ≠ 𝑣 form a directed 
root forest, 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) does not visit any node twice. This immedi

ately proves that the length of any 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) < 𝑘 since there are 
only at most 𝑘 nodes (robots) in the forest. □

Lemma 11. Algorithm 1 solves Dispersion for any rooted initial configu

ration of 𝑘≤ 𝑛 robots in 𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡) rounds, constructing  on-thefly.

Proof. We have from Lemma 10 that the length of 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) from 
any node 𝑣′ ≠ 𝑣 to root 𝑣 is < 𝑘. Moreover, 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑣′, 𝑣) ends at a 
𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node. Therefore, a backtrack finishes in 𝑂(𝑘) rounds. Further

more, an edge needs at most one backtrack and there are 𝑘 ⋅Δ𝑜𝑢𝑡 edges. 
Hence the proof. □

Time Complexity, General Case, Unknown  . Since robots are on 
1 ≤ 𝑘′ < 𝑘 nodes in any general initial configuration, there will be 𝑘′
parallel DFSs initiated at round 𝑡 = 1. DFS 𝑖 does not meet any other 
DFS 𝑗 at 𝑡 = 1. If no two DFSs meet until all robots settle, the analysis 
for the rooted case applies. We analyze here DFS 𝑖 meeting DFS 𝑗 and 
show that 𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡) time bound can be established. Consider DFS 𝑖 at 
some round 𝑡 > 1. Consider the nodes of 𝐺 that are occupied with robots 
belonging to DFS 𝑖.

Lemma 12. Let 𝑥 ≠ ℎ𝑒𝑎𝑑(𝑖) be a node of 𝐺 belonging to DFS 𝑖. ℎ𝑒𝑎𝑑(𝑖) is 
always reachable from 𝑥.

Proof. ℎ𝑒𝑎𝑑(𝑖) is always a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node (but not the 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 or un

visited node). We first show that ℎ𝑒𝑎𝑑(𝑖) is reachable from 𝑟𝑜𝑜𝑡(𝑖). Con

sider first the situation of 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)) ending at a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node 𝑦. 

In this case, ℎ𝑒𝑎𝑑(𝑖) is the node 𝑦 and 𝑦 is reachable from 𝑟𝑜𝑜𝑡(𝑖) travers

ing 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)). Consider the situation of 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖))
ending at a 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node 𝑦. In this case, ℎ𝑒𝑎𝑑(𝑖) is the first 𝑣𝑖𝑠𝑖𝑡𝑒𝑑
node 𝑧 in 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑦, 𝑟𝑜𝑜𝑡(𝑖)). Since 𝑧 is a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node, it must be in 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)). Therefore, 𝑧 can be visited from 𝑟𝑜𝑜𝑡(𝑖) traversing 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)).

We now show that ℎ𝑒𝑎𝑑(𝑖) is reachable from any node 𝑤 ≠ 𝑟𝑜𝑜𝑡(𝑖)
that belongs to DFS 𝑖. Node 𝑤 is either a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node or a 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑

node. If 𝑤 is a 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node, it must be in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)). If 
𝑤 is between 𝑟𝑜𝑜𝑡(𝑖) and ℎ𝑒𝑎𝑑(𝑖) in 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)), it reaches 
ℎ𝑒𝑎𝑑(𝑖) following the 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)). If 𝑤 is after ℎ𝑒𝑎𝑑(𝑖) in 
𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)), it can follow its 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑤,𝑟𝑜𝑜𝑡(𝑖)) until reaching 
ℎ𝑒𝑎𝑑(𝑖). If 𝑤 is a 𝑓𝑢𝑙𝑙𝑦-𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node, it can follow its 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑤,𝑟𝑜𝑜𝑡(𝑖))
until it finds the first 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 node (i.e., 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑤,𝑟𝑜𝑜𝑡(𝑖)) inter

sects 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖))) and then follow 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)) to reach 
ℎ𝑒𝑎𝑑(𝑖). Thus, ℎ𝑒𝑎𝑑(𝑖) is always reachable from any node 𝑥 ≠ ℎ𝑒𝑎𝑑(𝑖)
belonging to DFS 𝑖. □

Lemma 13. If 𝑘𝑖 robots belong to DFS 𝑖, then ℎ𝑒𝑎𝑑(𝑖) is at distance ≤ 𝑘𝑖−1
from any node 𝑥 in DFS 𝑖.

Proof. The sum of the lengths of 𝐴𝑐𝑡𝑖𝑣𝑒𝑃𝑎𝑡ℎ(𝑟𝑜𝑜𝑡(𝑖)) and 𝑅𝑜𝑜𝑡𝑃𝑎𝑡ℎ(𝑤, 
𝑟𝑜𝑜𝑡(𝑖)),𝑤 ≠ 𝑟𝑜𝑜𝑡(𝑖), is ≤ 𝑘𝑖 − 1, since they do not visit the same node of 
DFS 𝑖 twice. Therefore, in all the cases of Lemma 12, the path length 
cannot be more than 𝑘𝑖 − 1 to reach ℎ𝑒𝑎𝑑(𝑖) of DFS 𝑖 from any node 
𝑤 ≠ ℎ𝑒𝑎𝑑(𝑖) in DFS 𝑖. □

Since robots have unique IDs, 𝑖 ≠ 𝑗 for any two DFSs 𝑖 and 𝑗. Suppose 
DFS 𝑖 meets DFS 𝑗. DFS 𝑖 is either subsuming (𝑖 > 𝑗) or subsumed (𝑖 < 𝑗). 
Due to the 𝑘′ DFSs initiated in parallel, a DFS 𝑗 may be met by differ

ent other DFSs, and DFS 𝑗 may in turn meet another DFS concurrently. 
Further, transitive chains of such meetings can occur concurrently. This 
leads us to formalize a notion of a meeting graph.

Definition 8 (Meeting graph). The meeting graph 𝐺𝑀 = (𝑉𝑀,𝐸𝑀 ), 
where 𝑉𝑀 is the DFS IDs and there is a directed edge in 𝐸𝑀 from 𝑖
and 𝑗 if DFS 𝑖 meets DFS 𝑗.

Nodes in 𝑉𝑀 have an arbitrary in-degree but out-degree 1. Moreover, 
𝐺𝑀 may be composed of multiple connected components. Furthermore, 
there may be cycles in connected components. We focus on a single 
connected component 𝐶𝑀 in 𝐺𝑀 ; other components of 𝐺𝑀 can be 
dealt analogously. At round 1, 𝐺𝑀 has 𝑘′ nodes and 𝐸𝑀 = ∅, which 
are components by themselves. There are multiplicity nodes in at least 
one component. At round 2 or after, the number of components mono

tonically decrease and when Dispersion is achieved, 𝐸𝑀 = ∅ and no 
multiplicity node in each component. We have the following observa

tion.

Observation 1. A connected component 𝐶𝑀 in graph 𝐺𝑀 never splits into 
multiple sub-components.

Suppose there are 𝛾 nodes (i.e., DFSs) in 𝐶𝑀 . We slightly abuse the 
notation to represent the DFS IDs in the increasing order as DFS 1, DFS 2, 
…, DFS 𝛾 . Note that the ID of DFS 𝛾 would be the highest ID DFS in 𝐶𝑀 . 
This DFS 𝛾 subsumes all other 𝛾 −1 DFSs in that component. During this 
process, the number of settled robots monotonically increase. Therefore, 
𝐶𝑀 never disconnects to form multiple sub-components. Furthermore, 
𝐶𝑀 may meet another component and they become a single compo

nent. When components merge, the total number of settled robots may 
increase or remain the same, but the number of settled robots in the re

sulting component increases. This leads us to formalize a notion of a 
meeting tree for the meeting graph 𝐺𝑀 .

Definition 9 (Meeting tree). The meeting tree 𝑇𝑀 is constructed as fol

lows:
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(6,3)

(3,2)

(3,1)

(2,0) (3,0)

(1,0)

(6,1)

(4,0) (5,0) (6,0)

Fig. 7. An example of meeting tree 𝑇𝑀 starting with 6 DFSs. 

• Initial state: The 𝑘′ initial DFSs form the leaf nodes of 𝑇𝑀 at level 
0, denoted as (𝑖,0) for each DFS 𝑖.

• Node creation: When 𝛼 DFSs meet in a component of the meeting 
graph 𝐺𝑀 :

– Let the meeting DFSs be represented by nodes (𝑎𝑖, ℎ𝑖) for 𝑖 ∈ [1, 𝛼]
– A new node (𝛾, ℎ) is created in 𝑇𝑀 as the parent of these 𝛼 nodes, 

where:

* 𝛾 is the highest DFS ID among the 𝛼 meeting DFSs

* ℎ = 1 +max𝑖∈[1,𝛼] ℎ𝑖
• This process continues recursively as more DFSs meet.

In Fig. 7, we show an example illustrating mergers of six differ

ent DFSs and their corresponding representation in the meeting tree. 
When two or more DFSs (and components) meet, one of the DFSs in the 
formed component subsumes all other DFSs. Therefore, there is a DFS 
which appears in each level of the meeting tree 𝑇𝑀 starting from level 
0 upto the highest level in that component. Furthermore, the height ℎ
of 𝑇𝑀 is 0 ≤ ℎ ≤ 𝑘′ − 1. The maximum height 𝑘′ − 1 represents the se

quential meeting of DFS IDs. The height ℎ < 𝑘′ − 1 represents meetings 
and subsumptions that happen in parallel across different components. 
Therefore, it will sufficient to bound termination time for sequential 
cases since it immediately subsumes the time bounds for all other (par

allel) cases. The cases we consider are as follows:

(I) DFS 𝑙 meets DFS 𝑙 − 1, 2 ≤ 𝑙 ≤ 𝑘′ (meeting in decreasing order of 
the DFS IDs),

(II) DFS 𝑙 meets DFS 𝑙 + 1, 1 ≤ 𝑙 ≤ 𝑘′ − 1 (meeting in increasing order 
of the DFS IDs), and

(III) any combination of cases (I) and (II) (meeting sometime in increas

ing order and sometime in decreasing order of the DFS IDs).

We now discuss the time bound to achieve Dispersion. Consider 
node ℎ𝑒𝑎𝑑(𝑖) of DFS 𝑖. Consider the situation of ℎ𝑒𝑎𝑑(𝑖) not having any 
unsettled robot, i.e., all robots belonging to DFS 𝑖 have been settled. 
Let the smallest round on which ℎ𝑒𝑎𝑑(𝑖) not having any unsettled robot 
be 𝑡𝑖. Let DFS 𝑗 meets DFS 𝑖 and get subsumed by DFS 𝑖 (𝑗 < 𝑖). The 
unsettled robots of DFS 𝑗 need to move to ℎ𝑒𝑎𝑑(𝑖) for DFS 𝑖 to continue 
its traversal. Let 𝑡𝑗 be the round at which the unsettled robots of DFS 
𝑗 reach ℎ𝑒𝑎𝑑(𝑖). The difference 𝑡𝑗 − 𝑡𝑖 is the wait time for ℎ𝑒𝑎𝑑(𝑖). The 
total wait time 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑖)) for a DFS 𝑖 in a component 𝐶𝑀 is 
the sum of the wait times of the ℎ𝑒𝑎𝑑(𝑖) before either it is subsumed or 
Dispersion is solved.

Lemma 14. Consider the highest ID DFS 𝛾 in component 𝐶𝑀 . 
𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑀)) ≤ (𝑘𝑀 − 1) ⋅ (𝛾 − 1) for either DFS 𝛾 to be subsumed 
or Dispersion is solved, where 𝑘𝑀 is the number of robots in 𝐶𝑀 and 𝛾 is 
the number of DFSs in 𝐶𝑀 .

Proof. We prove this lemma considering Cases (I) -- (III). Consider Case 
(I) in which the highest ID DFS 𝛾 in 𝐶𝑀 first meets DFS 𝛾 − 1, after 
subsuming DFS 𝛾−1, its meets DFS 𝛾−2, and so on. This decreasing DFS 
ID sequence ends when DFS 𝛾 meets DFS 1 after subsuming DFS 2. Since 
DFS 𝛾 always meets lower ID DFS 𝑗 < 𝛾 , it continues its traversal without 
any wait on ℎ𝑒𝑎𝑑(𝛾). Therefore, for Case (I), 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾)) = 0.

Consider Case (II) in which DFS 1 first meets DFS 2, after subsumed 
to DFS 2, DFS 2 meets DFS 3, and so on. This increasing DFS ID sequence 
ends when DFS 𝛾−1 is subsumed to the highest ID DFS 𝛾 in 𝐶𝑀 and DFS 
𝛾 finishes its traversal. After DFS 1 meets DFS 2, from Lemma 13, the 
unsettled robots of DFS 1 can reach ℎ𝑒𝑎𝑑(2) in next ≤ 𝑘𝑀 − 1 rounds, 
since there are 𝑘𝑀 robots in 𝐶𝑀 and only at most 𝑘𝑀 robots belong 
to a DFS ID. After subsuming DFS 1 and meeting DFS 3, the unsettled 
robots of DFS 2 can reach ℎ𝑒𝑎𝑑(3) in next ≤ 𝑘𝑀 −1 rounds. Arguing this 
way, the unsettled robots of DFS 𝛾 − 1 reach ℎ𝑒𝑎𝑑(𝛾) in next ≤ 𝑘𝑀 − 1
rounds after DFS 𝛾 − 1 meets DFS 𝛾 . Therefore, 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾)) ≤
(𝑘𝑀 − 1) ⋅ 𝛾 − 1, adding the times to move the unsettled robots from 
𝛾 − 1 pairs of ℎ𝑒𝑎𝑑(𝑗), ℎ𝑒𝑎𝑑(𝑗 + 1).

Consider now Case (III) of sometime DFS 𝑖 meeting DFS 𝑗 < 𝑖 and 
sometime meeting DFS 𝑗 > 𝑖. When DFS 𝑖 meets DFS 𝑗 < 𝑖, there is no 
wait time and when DFS 𝑖 meets DFS 𝑗 > 𝑖, then the time to move 
unsettled robots of DFS 𝑖 to ℎ𝑒𝑎𝑑(𝑗) is 𝑘𝑀 − 1 rounds. Therefore, 
𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑀)) ≤ (𝑘𝑀 − 1) ⋅ (𝛾 − 1). The lemma follows. □

Lemma 15. Consider the highest ID DFS 𝛾 in component 𝐶𝑀 . Either DFS 𝛾 is 
subsumed or robots of 𝐶𝑀 disperse to 𝑘𝑀 nodes in 𝑂((𝑘𝑀 )2 ⋅Δ𝑜𝑢𝑡+𝑘𝑀 ⋅ 𝛾)
rounds, where 𝑘𝑀 is the number of robots in 𝐶𝑀 and 𝛾 is the number of 
DFSs in 𝐶𝑀 .

Proof. Consider the rooted case of all 𝑘𝑀 robots on a single node. The 
robots disperse to 𝑘𝑀 nodes in 𝑂((𝑘𝑀 )2 ⋅ Δ𝑜𝑢𝑡) rounds. Now consider 
a component 𝐶𝑀 of the meeting graph 𝐺𝑀 . Suppose 𝐶𝑀 is not sub

sumed by any other DFS (component). We have that from Lemma 14

that the total wait time for ℎ𝑒𝑎𝑑(𝑀) of the highest ID DFS 𝑀 in 𝐶𝑀

is 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾)) ≤ (𝑘𝑀 − 1) ⋅ (𝛾 − 1) rounds. Except the total wait 
time, the DFS traversal of DFS 𝛾 is as in the rooted case (of no wait

ing at head nodes) which finishes in 𝑂((𝑘𝑀 )2 ⋅Δ𝑜𝑢𝑡) rounds. Therefore, 
the total number of rounds until 𝑘𝑀 robots disperse to 𝑘𝑀 different 
nodes is 𝑂((𝑘𝑀 )2 ⋅Δ𝑜𝑢𝑡)+ 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑀)) =𝑂((𝑘𝑀 )2 ⋅Δ𝑜𝑢𝑡+𝑘𝑀 ⋅𝛾)
rounds. □

Lemma 16. Algorithm 2 solves Dispersion deterministically for any gen

eral initial configuration of 𝑘≤ 𝑛 robots in 𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡) rounds.

Proof. We first argue that for any DFS 𝑗 in a component 𝐶𝑀 , 
𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑗)) ≤ 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾)). Since DFS 𝛾 is the highest 
ID DFS in 𝐶𝑀 of the meeting graph 𝐺𝑀 , it never gets subsumed by 
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any other DFS 𝑗 in 𝐶𝑀 . Therefore, consider Case (I) of DFS 𝛾 al

ways meeting DFS 𝑙, 𝑙 < 𝑀 . In this case, DFS 𝛾 has to subsume each 
DFS met. Since DFS 𝛾 continues its traversal even after meeting 𝑗, 
𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾)) ≥ 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑗)). Consider now the Case (II) 
of DFS 𝑙 meeting DFS 𝑙 + 1,1 ≤ 𝑙 ≤ 𝛾 − 1. In this case, DFS 𝛾 has 
to continue its traversal even after DFS 𝛾 − 1 reaches ℎ𝑒𝑎𝑑(𝛾), i.e., 
𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾)) > 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑗)). Finally, for Case (III), since 
DFS 𝑀 never gets subsumed, 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾)) ≥ 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑗))
for any other DFS 𝑗 ≠ 𝛾 .

We now prove time bound. Consider the meeting tree 𝑇𝑀 of the 
meeting graph 𝐺𝑀 . Each node in 𝑇𝑀 is a component (at level 0, a DFS 
itself is a component) and at the end either there is a single root node 
in each component tree formed. Therefore, the height of the meeting 
tree 𝑇𝑀 can be at most ≤ 𝑘′ − 1 since there are only 𝑘′ DFS traversals. 
The total wait time 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝛾max)) of the largest ID DFS 𝛾max
is bounded by 𝑘 ⋅ 𝑘′ < 𝑘2 (ref. Lemma 15). Except the wait time, for 𝑘
robots, DFS finishes in 𝑂(𝑘2 ⋅ Δ𝑜𝑢𝑡) rounds. Therefore, the total time is 
𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡) + 𝑡𝑜𝑡𝑎𝑙𝑊 𝑎𝑖𝑡(ℎ𝑒𝑎𝑑(𝑀max)) =𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡 + 𝑘2) =𝑂(𝑘2 ⋅Δ𝑜𝑢𝑡)
rounds. □

6. BFS dispersion algorithm

We now design a deterministic BFS traversal based algorithm that 
exploits 1-hop communication and achieves 𝑂(𝑘 ⋅𝐷) time bound. The 
pseudocode of the algorithm is given in Algorithm 3. We note that any 
deterministic DFS algorithm needs Ω(𝑘2) time for Dispersion even in 
the 1-hop model, i.e., 1-hop model is of no benefit for DFS traversal 
based algorithms.

Suppose initially 𝑘 robots are on 1 ≤ 𝑘′ < 𝑘 nodes. Denote the node 
set by 𝑉𝑘′ . Let 𝑘′′ ≤ 𝑘′ be the multiplicity nodes, i.e., two or more robots 
positioned on them. Denote the node set by 𝑉𝑘′′ ⊆ 𝑉𝑘′ . Each node 𝑣 ∈
𝑉𝑘′′ is called a source node. Let 𝑤 ∈ 𝑉𝑘′ be a node such that it has at least 
one empty out-going neighbor. Node 𝑤 is called a request node. Let 𝑉𝑅
be the set of request nodes. A source node may also be a request node 
if it has empty out-going neighbor(s).

The goal in the algorithm is to find a matching between a source 
node and a request node so that the empty (out-going) neighbors of the 
request node can be occupied by robots. We exploit 1-hop communica

tion to find such matching in 𝑂(𝐷) rounds. Since there are 𝑘 ≤ 𝑛 robots 
in total, the algorithm can finish settling all the robots at 𝑘 different 
nodes in 𝑂(𝑘 ⋅𝐷) rounds. Consider a source node 𝑣 ∈ 𝑉𝑘′′ . The highest 
ID robot among the robots 𝑅(𝑣) on 𝑣 settles at 𝑣. We have two cases.

Case 1 -- 𝑣 is a source as well as a request node: Let 𝑑(𝑣) ≤ 𝛿𝑣
𝑜𝑢𝑡

be the number of empty out-going neighbors of 𝑣. Node 𝑣 sends ⌊(|(𝑣)| − 1)∕𝑑(𝑣)⌋ robots to 𝑑(𝑣) − 1 empty out-going neighbors and 
(|(𝑣)|−1)∕𝑑(𝑣)+(|(𝑣)|−1) mod 𝑑(𝑣) robots to one empty out-going 
neighbor.

Case 2 -- 𝑣 is a source node but not a request node: The matching 
is done in three stages, Stages 1--3. Case 2 starts in a round, when 𝑣
becomes a source node but not a request node. In Stage 1, 𝑣 sends a 
broadcast message to all its (non-empty) out-going neighbors and the 
(non-empty) out-going neighbors forward the message to their (non

empty) out-going neighbors, and so on. This message broadcast forms a 
directed BFS tree 𝐵𝑇 (𝑣) with 𝑣 becomes the root and the request nodes 
become the leaves. As soon as a request node 𝑤 receives a broadcast 
message Stage 2 starts in which node 𝑤 sends a request message follow

ing the path in 𝐵𝑇 (𝑣) to reach the source node 𝑣. Each internal node 
𝑢 in 𝐵𝑇 (𝑣) stores a neighbor node from which it received a broadcast 
message as the parent of 𝑢 in Stage 1 and this information helps in for

warding the request message to the root. In Stage 3, the source node 𝑣
sends |(𝑣)|−1 robots in the set (𝑣) to the request node from which it 
receives the first request message. At the end of Stage 3, a request node 
becomes a source as well as a request node and Case 1 applies.

We describe below separately some more details on Stages 1--3 of 
Case 2 of the BFS algorithm.

Algorithm 3: BFS algorithm for robot 𝑟𝑖 at node 𝑣𝑖 ∈𝐺 at some 
round 𝑡 ≥ 1.

1 if 𝑟𝑖 is alone at node 𝑣𝑖 then

2 𝑟𝑖 settles at 𝑣𝑖 writing 𝑟𝑖.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 ← 1; 
3 if 𝑟𝑖 is not alone at 𝑣𝑖 and 𝑣𝑖 is a source node (no empty outgoing neighbors) then

4 if 𝑣𝑖 has no settled robot and 𝑟𝑖 has the highest ID then

5 𝑟𝑖 settles at 𝑣𝑖 writing 𝑟𝑖.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 ← 1; 
6 send 𝑏𝑟𝑜𝑎𝑑𝑐𝑎𝑠𝑡(𝑡, 𝑟𝑖.𝐼𝐷) message to all its outgoing neighbors; 
7 if 𝑟𝑖 is not alone at 𝑣𝑖 and 𝑣𝑖 is a request node (empty outgoing neighbor(s)) then

8 if 𝑣𝑖 has no settled robot and 𝑟𝑖 has the highest ID then

9 𝑟𝑖 settles at 𝑣𝑖 writing 𝑟𝑖.𝑠𝑒𝑡𝑡𝑙𝑒𝑑 ← 1; 
10 divide almost equally and send all unsettled robots at 𝑣𝑖 to its empty 

neighbors; 
11 if 𝑟𝑖 is alone at 𝑣𝑖 and receives a 𝐵𝑟𝑜𝑎𝑑𝑎𝑠𝑡(., ) message then

12 if 𝑟𝑖 not a request node then

13 𝑟𝑖 forwards it to all its outgoing neighbors if its not duplicate; 
14 else

15 𝑟𝑖 sends 𝑅𝑒𝑞𝑢𝑒𝑠𝑡(𝑡, 𝑟𝑖.𝐼𝐷) to neighbor from which it received 
𝐵𝑟𝑜𝑎𝑑𝑐𝑎𝑠𝑡(.); 

16 if 𝑟𝑖 receives a 𝑅𝑒𝑞𝑢𝑒𝑠𝑡(., ) message then

17 if 𝑟𝑖 not a source node then

18 𝑟𝑖 sends to neighbor from which it received 𝐵𝑟𝑜𝑎𝑑𝑐𝑎𝑠𝑡(.) message; 
19 else

20 𝑟𝑖 sends all the unsettled robots to the request node; 

• Stage 1: Source node 𝑣 sends its broadcast message as a tuple 
(𝑟𝑜𝑢𝑛𝑑𝑁𝑜, 𝑟𝑜𝑏𝑜𝑡𝐼𝐷), where 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 is the round at which the mes

sage was created and 𝑟𝑜𝑏𝑜𝑡𝐼𝐷 is the highest ID robot in the set 
(𝑣) of robots positioned at node 𝑣. Internal nodes (robots serving 
as nodes) in the BFS tree 𝐵𝑇 (𝑣) keep this tuple in their memory 
so that this information will be useful in Stage 2 to send request 
messages back to 𝑣. During Stage 1, if there are 𝛼 source nodes sat

isfying Case 2, then 𝛼 BFS trees will be built with 𝛼 source nodes 
serving as their roots.

• Stage 2: As soon as a request node 𝑤 receives a broadcast mes

sage, it will send a request message in response to that broadcast 
message. The request message is sent to the source node from 
which the broadcast message was received. If multiple broadcast 
messages were received, then the highest ranked message in the 
lexicographical order is picked. The request message is also a tu

ple (𝑟𝑜𝑢𝑛𝑑𝑁𝑜, 𝑟𝑜𝑏𝑜𝑡𝐼𝐷) such that 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 denotes the round at 
which the message was generated and 𝑟𝑜𝑏𝑜𝑡𝐼𝐷 is the ID of the robot 
present at the requesting node.

• Stage 3: The source node 𝑣 may receive two or more request mes

sages at the same round. In this case, it will again pick the highest 
ranked request message and the robots are sent to that request node 
following the path in the BFS tree 𝐵𝑇 (𝑣) from which the request 
message came to the source.

Fig. 8 illustrates the directed BFS tree 𝐵𝑇 (𝑆) formed during Stage 
1 by broadcast messages. It also shows how a request message from a 
request node 𝑅 reaches 𝑆 in Stage 2, and finally the robots from 𝑆
follow the directed path 𝑝(𝑆,𝑅) to reach 𝑅 from 𝑆 .

Theorem 7. To solve Dispersion of 𝑘 ≤ 𝑛 robots on a 𝑛-node strongly

connected directed graph, any deterministic DFS algorithm needs Ω(𝑘2) time 
under the 1-hop communication model.

Proof. Consider the same graph 𝐺 as in Fig. 1 and the rooted initial 
configuration of all 𝑘 robots initially at node 𝑢. Starting from 𝑢, travers

ing the upper arc up to 𝑣 cannot exploit information given by the 1-hop 
model. From 𝑣, even when 1-hop communication tells how many nodes 
are unvisited, a DFS traversal can only visit one node on the column at 
a time. After visiting one node, it takes additional Ω(𝑘) rounds to visit 
another. Therefore, a DFS algorithm needs Ω(𝑘2) rounds. □
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Fig. 8. An illustration of (i) a directed BFS tree 𝐵𝑇 (𝑆) (bold edges) rooted at a 
source node 𝑆 build by the broadcast message sent by 𝑆 and (ii) a directed path 
(dashed edges) the request message from request node 𝑅 traverses in 𝐵𝑇 (𝑆) to 
reach 𝑆 . After the request message reaches 𝑆 , the robots at 𝑆 (except settled) 
follow the directed path 𝑃 (𝑆,𝑅) to reach 𝑅. 𝑅 then sends those robots to its 
empty neighbors to settle.

The algorithm terminates when there is no new source node (i.e., no 
multiplicity node).

Lemma 17. A request node can be matched with a source node in 𝑂(𝐷)
rounds.

Proof. If a source node 𝑣 is also a request node 𝑤 as in Case 1, then the 
matching happens immediately. Therefore, we focus on proving that the 
matching between a source node 𝑣 and a request node 𝑤 ≠ 𝑣 as in Case 
2 can be done in 𝑂(𝐷) rounds. Particularly, we prove that the length of 
the (directed) path 𝑃 (𝑣,𝑤) in the BFS tree 𝐵𝑇 (𝑣) between a source node 
𝑣 and a request node 𝑤 in Stage 1 is ≤𝐷. Since the request message from 
𝑤 in Stage 2 follows the path 𝑃 (𝑣,𝑤) in the reverse order, it can then be 
guaranteed that Stage 2 finishes in ≤𝐷 rounds. Stage 3 then moves the 
robots from source 𝑣 to request node 𝑤 following 𝑃 (𝑣,𝑤), the robots 
from 𝑣 move to 𝑤 in next ≤𝐷 rounds. After Stage 3 finishes, the empty 
neighbors of 𝑤 will be occupied by robots in a round. Therefore, in total 
3𝐷 + 1 = 𝑂(𝐷) rounds are sufficient for a request node to be matched 
with a source node and (at least) one new empty node is occupied.

We now prove that how Stage 1 is done in ≤𝐷 rounds. Assume that 
all 𝑛 nodes of 𝐺 are occupied with robots. Since 𝐺 is a strongly con

nected directed graph, there is a directed path from a node in 𝐺 to every 
other node in 𝐺. Suppose a node 𝑣′ constructs a directed BFS tree 𝐵𝑇 (𝑣′)
of outgoing edges using broadcast messages. There will be exactly 𝑛
nodes in 𝐵𝑇 (𝑣′) and the length of the (directed) path 𝑃 (𝑣′ ,𝑤′) from 𝑣′
to any other node 𝑤′ in 𝐵𝑇 (𝑣′) is ≤𝐷. Furthermore, path 𝑃 (𝑣′,𝑤′) in 
𝐵𝑇 (𝑣′) is the shortest directed path from 𝑣′ to 𝑤′.

Suppose now that not all nodes of 𝐺 are occupied. In fact, since 
Dispersion is solved when 𝑘 ≤ 𝑛 nodes are occupied by robots, as

sume that only 𝜅 < 𝑘 nodes are occupied. This implies that there is at 
least a source node. Let a source node 𝑣′′ constructs a BFS tree 𝐵𝑇 (𝑣′′)
through broadcast messages. Since there are only 𝜅 nodes of 𝐺 occu

pied, 𝐵𝑇 (𝑣′′) will have 𝜅 nodes. It also may be the case that for a node 
in 𝑤′′ ≠ 𝑣′′ in 𝐵𝑇 (𝑣′′), the length of the (directed) path 𝑃 (𝑣′′,𝑤′′) >𝐷. 
Let 𝑃 ′(𝑣′′,𝑤′′) be the shortest (directed) path between 𝑣′′ and 𝑤′′ in 
𝐵𝑇 (𝑣′′) when all 𝑛 nodes were occupied. This means that the broadcast 
message from 𝑣′′ could not follow 𝑃 ′(𝑣′′,𝑤′′) to reach 𝑤′′ due to the 
fact that at least a node in the path 𝑃 ′(𝑣′′,𝑤′′) was empty. Let 𝑤′′′ be 
the first node closest to 𝑣′′ in path 𝑃 ′(𝑣′′,𝑤′′) such that its neighbor 𝑦
in path 𝑃 ′(𝑣′′,𝑤′′) is empty. Node 𝑤′′′ must be a request node, since 
otherwise 𝑦 must be in 𝐵𝑇 (𝑣′′). Therefore, 𝑃 (𝑣′′,𝑤′′′) ≤𝐷 even when 
only 𝜅 < 𝑘 nodes are occupied and 𝑤′′′ can send its request message fol

lowing path 𝑃 (𝑣′′,𝑤′′′) in reverse order to reach 𝑣′′. When the request 
from 𝑤′′′ reaches 𝑣′′ there are two cases: (i) 𝑣′′ does not win compe

tition as it has to compete with other request messages or (ii) 𝑣′′ was 
not the source node anymore. In both the cases, there was another re

quest node 𝑧 with 𝑃 (𝑣′′, 𝑧) ≤ 𝑃 ′(𝑣′′,𝑤′′′) ≤𝐷 and the matching happens 
between 𝑣′′ and 𝑧. □

Theorem 8. Algorithm 3 solves Dispersion deterministically for any gen

eral initial configuration of 𝑘≤ 𝑛 robots in 𝑂(𝑘 ⋅𝐷) rounds under the 1-hop 
communication model.

Proof. We have from Lemma 17 that a request node can be matched 
with a source node in 𝑂(𝐷) rounds so that the request node will have 
at least two or more robots. In the next round, at least one of its empty 
out-going neighbors is occupied with a robot. The matching process is 
initiated as soon as a node becomes a new source. Therefore, in every 
𝑂(𝐷) rounds, the matching between a source node and a request node 
is completed and at least one empty out-going neighbor is occupied. 
When there is a single robot on a node, it settles there and never moves 
in future rounds. If there are multiple robots, then exactly one settles 
there and never moves after that. Therefore, in every 𝑂(𝐷) rounds, the 
number of unsettled robots decrease by at least 1 and the number of 
nodes with settled robots increase by at least 1. Since there are in total 
𝑘 ≤ 𝑛 robots, this whole process finishes in 𝑂(𝑘 ⋅𝐷) rounds. □

7. Extensions to crash faults

In this section, we consider that 𝑓 ≤ 𝑘 robots may experience crash 
faults. We describe how the DFS and BFS algorithms of Sections 5 and 
6 extend to handle crash faults.

Modified Kwek’s Exploration Algorithm. We can add the following 
the condition for crash-detection to the Kwek’s exploration algorithm 
from Section 4 to handle crash faults. It is necessary to have crash de

tection, since there is a possibility of creating a parent pointer loop due 
to the crashed robots and the robots would not be able to explore the 
graph. Since Kwek’s algorithm keeps a list of edges and nodes in the 
memory of each robot, it is easy to detect crashes. As long as the explo

ration head traverses an already traversed edge (𝑢, 𝑣) such that 𝑢 has not 
crashed, it can determine if there is a crash at 𝑣 if the ID of the settled 
robot does not match with the one in the memory. The crash mitigation 
strategy is as follows. As soon as crash is detected, the exploration head 
starts the algorithm again from scratch, i.e., it deletes all the informa

tion about the graph stored in its memory and assumes the current node 
to be the new root.

Proof. Proof of Theorem 1(a) From Corollary 2, we have 𝑂(𝑑𝑘2 + 𝑚)
round Dispersion algorithm that must be restarted for each fault. For 
𝑓 crashes, the algorithm may run at most 𝑓 times, and thus the total 
time required is 𝑂(𝑓 ⋅ 𝑑 ⋅ 𝑘2) rounds. The memory requirement follows 
from Corollary 2.

DFS Algorithm. We extend Algorithm 2 to handle crash faults as fol

lows. Crashing of an unsettled robot at any time during Algorithm 2 is 
not a problem. Therefore, crashing of robots does not affect the 𝑒𝑥𝑝𝑙𝑜𝑟𝑒
phase. However, crashing of settled robots is a problem because a robot 
performing 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases should never encounter an 
empty node. We have two situations: (i) The robot doing the 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1
and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases crash or (ii) the robots in the path of the robot doing 
those phases crash.

We deal with the first situation of the possible crash of the robot 
doing 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases by asking all the unsettled robots 
to perform those phases (not just one robot). In other words, no robot 
waits at the cycle closing node. All of them perform the 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 
𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 phases and the robot settled at the cycle closing node keeps 
information that it is a cycle closing node. We deal with the second sit
uation of the robot(s) performing 𝑟𝑒𝑡𝑟𝑎𝑐𝑒1 and 𝑟𝑒𝑡𝑟𝑎𝑐𝑒2 encounter an 
empty node (must be the case that robots at that node was crashed) 
by starting a new DFS from that crashed node using 𝐷𝐹𝑆𝐼𝐷 variable 
as a tuple (𝑟𝑜𝑢𝑛𝑑𝑁𝑜,𝑅𝐼𝐷), where 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 is the round at which the 
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DFS is started and 𝑅𝐼𝐷 is the highest ID robot 𝑖 among the robots on 
that node. This approach is also used when robots move from the cy

cle closing node to the backtrack target node to continue the 𝑒𝑥𝑝𝑙𝑜𝑟𝑒
phase. At round 1, all 𝑘′ DFSs initiated in parallel have 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 = 1
and 𝑅𝐼𝐷 is the highest ID robot on each of 𝑘′ nodes. In the crash-free 
case, subsumption among multiple DFSs still happens based on 𝑅𝐼𝐷
since 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 remains the same (1) for all DFSs throughout the traver

sal. In other words, 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 parameter gets value greater than 1 for a 
DFS if that DFS is started after the encounter of a crashed node (robot). 
Therefore, a DFS meeting another is handled asking larger 𝐷𝐹𝑆𝐼𝐷 DFS 
in the lexicographical order to subsume the other.

Lemma 18. In the same setting of Lemma 16 having 1 ≤ 𝑓 ≤ 𝑘 robot 
crashes, the DFS algorithm solves Dispersion deterministically in 𝑂(𝑓 ⋅𝑘2 ⋅
Δ𝑜𝑢𝑡) rounds.

Proof. If no crash, it is immediate from Lemma 16 that Dispersion 
finishes in 𝑂(𝑘2 ⋅ Δ𝑜𝑢𝑡) rounds. Since 𝑓 ≤ 𝑘 robots may crash, each 
of them must crash before all 𝑘 robots settle. Therefore, a robot must 
crash within first 𝑂(𝑘2Δ𝑜𝑢𝑡) rounds, otherwise Dispersion was already 
achieved. When a new DFS starts, and there is no other crash, it finishes 
Dispersion in at most next 𝑂(𝑘2Δ𝑜𝑢𝑡) rounds. Therefore, for 𝑓 = 1, Dis

persion finishes in 2 ⋅ 𝑂(𝑘2Δ𝑜𝑢𝑡) rounds. If 𝑓 = 2, then the 2nd crash 
must happen within first 2 ⋅ 𝑂(𝑘2Δ𝑜𝑢𝑡) rounds. Arguing this way, for 
𝑓 > 1 crashes, there will be at most 𝑓 subsumptions of the DFSs that 
start with 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 > 1. Each subsumption happens in at most 𝑂(𝑘2Δ𝑜𝑢𝑡)
rounds and hence Dispersion is achieved in 𝑘2Δ𝑜𝑢𝑡 + 𝑓 ⋅ 𝑂(𝑘2Δ𝑜𝑢𝑡) =
𝑂(𝑓 ⋅ 𝑘2Δ𝑜𝑢𝑡) rounds. □

Proof of Theorem 1(b). The time bound follows from the proofs of 
Lemmas 16 and 18. For the memory bound, in the fault-free case, there 
are total ten different variables maintained at each robot and each vari

able is of size either 𝑂(1) or 𝑂(log𝑘) or 𝑂(logΔ𝑜𝑢𝑡). Therefore, the total 
memory bound is 𝑂(log(𝑘+Δ𝑜𝑢𝑡)) bits per robot. In the crash fault case, 
the tupled DFSID only adds 𝑂(log(𝑘 + Δ𝑜𝑢𝑡)) factor due to the variable 
𝑟𝑜𝑢𝑛𝑑𝑁𝑜, since 𝑟𝑜𝑢𝑛𝑑𝑁𝑜 ≤ 𝑂(𝑓 ⋅ 𝑘2 ⋅ Δ𝑜𝑢𝑡) = 𝑂(𝑘3 ⋅ Δ𝑜𝑢𝑡) given that 
𝑓 ≤ 𝑘, and thus can be represented by 𝑂(log(𝑘+Δ𝑜𝑢𝑡)) bits. □

BFS Algorithm. We extend Algorithm 3 to handle crashes. We again 
have two cases. Case 1 stays the same. In Case 2, the matching may be 
interrupted due to the faulty robot(s). Therefore, in Stage 1, a source 
node 𝑣 sends broadcast message repetitively in every round until a re

quest message is received by 𝑣. If a node receives broadcast message 
from 𝑣 multiple times, then it stores the latest copy among them and 
forwards it to its out-going neighbors. In Stage 2, if a request message 
can not reach to 𝑣, then some intermediate node (robot) in the path to 
𝑣 must have crashed. A non-crashed neighboring robot of the crashed 
robot on the path to 𝑣 becomes a request node and sends a request mes

sage to 𝑣 when it receives a broadcast message from 𝑣. In Stage 3, if 
a request node 𝑤 finds that a node in its path 𝑃 (𝑣,𝑤) is crashed, the 
neighboring node becomes a new request node.

Theorem 9. In the same setting of Theorem 8 having 𝑓 ≤ 𝑘 robot crashes, 
the BFS algorithm solves Dispersion deterministically in 𝑂(𝑘 ⋅𝐷) rounds 
under the 1-hop communication model.

Proof. In the fault-free case, at least one empty node is occupied by 
a robot in 𝑂(𝐷) rounds. We prove here that, for each crash fault, this 
matching can be delayed by at most 𝑂(𝐷) rounds. Therefore, with 𝑓
faults, matching between a source and a request node will be delayed 
by at most 𝑂(𝑓 ⋅𝐷) rounds. If faults occur in the interval of ≤ 3𝐷 rounds, 
then after one total delay of 𝑂(𝑓 ⋅𝐷) rounds, a matching happens in ev

ery 𝑂(𝐷) rounds. Since 𝑓 robots already experienced fault, there will 
be only 𝑘− 𝑓 robots that need to be settled and they will settle in next 
𝑂((𝑘− 𝑓 ) ⋅𝐷) rounds, giving in total 𝑂(𝑘 ⋅𝐷) rounds time complexity. 

If faults occur in the interval of > 3𝐷 rounds, then between two subse

quent faults, one matching is already done and hence the total delay is 
again at most 𝑂(𝑓 ⋅𝐷) rounds. After 𝑓 faults, there will be only 𝑘 − 𝑓

non-faulty robots and they will need additional 𝑂((𝑘−𝑓 ) ⋅𝐷) rounds to 
settle. Therefore, Dispersion finishes in 𝑂(𝑓 ⋅𝐷+(𝑘−𝑓 ) ⋅𝐷) =𝑂(𝑘 ⋅𝐷)
rounds. □

Proof of Theorem 1(c). The time bound follows from the proofs of 
Theorems 8 and 9. For the memory bound, there can be at most 𝑘∕2
source nodes. Therefore, a node may need to keep track of the parent 
information on the 𝑘∕2 BFS trees that are built by those source nodes, 
which requires in total 𝑂(𝑘 log(𝑘+Δ𝑜𝑢𝑡)) bits at each robot, combining 
the 𝑂(log𝑘) bits required to remember the ID of each robot. The broad

cast, request, and other messages are of 𝑂(log𝑘) size. Therefore, in total 
the memory at each robot is 𝑂(𝑘 log(𝑘 + Δ𝑜𝑢𝑡)) bits. Even in the faulty 
case, the memory does not change since for the broadcast messages re

ceived from a source node multiple times, the previous records were 
discarded and only the latest message was stored in memory. □

8. Concluding remarks

In this paper, we have studied Dispersion of mobile robots for the 
first time in directed anonymous graphs. We have established an im

possibility result as well as some time and memory lower bounds. We 
then presented three deterministic algorithms, the first Kwek’s algo

rithm based, the second DFS traversal based, and the third BFS traversal 
based.

For the future work, it would be interesting to establish bounds for 
BFS algorithms in the local model (removing 1-hop assumption). More

over, it would be interesting to improve the time bound of our DFS algo

rithm to 𝑂((𝑘+𝑓 )𝑘 ⋅Δ𝑜𝑢𝑡) (in the crash case) and the memory bound of 
our BFS algorithm to 𝑂(log(𝑘+Δ𝑜𝑢𝑡)) bits/robot. Furthermore, it would 
be interesting to solve Dispersion in dynamic directed graphs. Finally, 
it would be interesting to extend our results to the semi-synchronous 
and asynchronous settings.
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