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Abstract
In this paper, we analyze the geographic differences in the level of equality of re-
source distribution between women’s and men’s college sports in the United States. 
We compute the distribution of various equality measures across universities in 
each of the 52 top-level administrative divisions (the 50 states plus the District of 
Columbia and Puerto Rico) and use a spatially corrected fuzzy clustering algorithm 
to explore and partition the dataset. We see the emergence of clear spatial patterns 
that correspond to the usual divide in American politics, which are further strength-
ened and smoothed using a modularity-based spatial correction term.

1  Introduction and literature review

Gender inequality in sport, in terms of funding for sports events and infrastructure, 
and athletes’ salaries, has been a long-standing issue that has recently garnered atten-
tion, both within communities of sport fans and insiders and through the general pub-
lic. Even in sports like tennis, where the top female athletes have been professional 
for decades, and the tournaments of the WTA Tour receive ample media coverage, 
studies (Flake et al. 2013; Mercer and Edwards 2020) reveal that the top female play-
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ers earn around 20% less than their male counterparts. The situation is much bleaker 
in sports that are considered typically masculine Koivula (2001); Yiapanas (2025). 
In association football, in most European countries, male players are recognized as 
fully professional athletes, not only in the top flight of each country, but also in the 
lower levels of the "football pyramid". As Ribeiro and Lima (2019) showed, even in 
the Portuguese league, which is not one of the richest (Liu et al. (2016) classified it as 
a "farm league", from which teams usually sell their best players to richer leagues), 
players at the top level easily earn hundreds of thousands if not millions of euros per 
year, while players down in the third or fourth level are still able to earn a living off 
their sport activity. In comparison, the first fully professional female league in all of 
Europe was founded only in 2018 in England.

The same disparity extends beyond the top levels of professional sport to the fund-
ing of local sports associations, as analyzed by Devine (2018) in Great Britain, and 
by Yenilmez (2021) in Turkey, which in turn affects the accessibility of sports facili-
ties for girls and women.

Between amateur and professional sports, especially in North America, lies the 
college sports system. While college athletes are non-professional and can only be 
compensated with scholarships that cover their college taxes and expenses, in many 
sports, college programs are the main route towards a professional career for North 
American athletes. Consequently, availability and adequate funding for college sport 
facilities are crucial to provide young athletes with opportunities for a professional 
career. As shown by Norman et al. (2021) and O’Connor (2021), funding for wom-
en’s college sport programs is consistently inferior compared to men’s.

In this paper, we investigate how the magnitude of gender inequality in funding for 
college sports changes across the United States using a spatial K-medoids clustering 
method developed in Cangemi et al. (2025).

We measure the distribution of several indices of gender inequality in sport fund-
ing for the universities of each state and use a suitable distance between distributions 
to build a fuzzy entropic clustering algorithm (Miyamoto and Mukaidono 1997). We 
apply it both in its baseline version and with a spatial regularization term based on 
fuzzy modularity (Nepusz et al. 2008).

Fuzzy clustering with spatial regularization has been extensively applied across 
many fields since the seminal paper by Pham (2001) in computer vision. Other algo-
rithms have been developed to handle different types of data (Krishnapuram et al. 
1999; Coppi et al. 2010; D’Urso et al. 2023, 2024).

Fuzzy clustering methods are popular in sports data science, being used to under-
stand team sports tactics Narizuka and Yamazaki (2019), individual player perfor-
mances (D’Urso et al. 2023; Carpita et al. 2023), and to process sports video data (Lu 
and Tan 2003). A specific application of fuzzy clustering with spatial correction is 
D’Urso et al. (2025), where the attributes are performance metrics of tennis players 
and tournaments, while the network structure does not represent an physical spatial 
structure, but rather the participation of players in tournaments.

The paper is structured as follows. In Sect. 2, the data and the model used are pre-
sented. Section 3 reports the results of the application of the models to spatial cluster-
ing of US administrative divisions, based on their level of gender equality. Section 4 
concludes the paper and provides directions for future work.
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2  The model

In this section, we present the clustering model we are going to use. In Sect. 2.1, we 
present the dataset we use to analyse inequality in college sport funding and define 
an appropriate distance between units, based on the attributes we selected from the 
dataset. In Sect. 2.2, we recall the notion of fuzzy modularity and define the clus-
tering model, detailing both the objective function to optimize and the algorithmic 
procedure.

2.1  The data

We use data about gender equality in the funding of US college sports taken from the 
Equity in Athletics Data Analysis website Office of Postsecondary Education (2025). 
The database from the year 2023 contains information about the funding for men’s 
and women’s sports for 2040 in different colleges.

We consider 5 different attributes that describe different expenses the college sus-
tained to support their teams:

	● Average Full-time Head Coach Salary,
	● Average Full-time Assistant Coach Salary,
	● Recruitment Expenses,
	● Athletic student aid,
	● Operating cost per team.

For each attribute, the database registers the value for women’s and men’s sports for 
each college where it applies. We choose these attributes because we want to focus 
on the economic side of gender inequality between male and female student college 
athletes, both in terms of remuneration of the staff (athletes themselves are not paid a 
salary in college sport) and resources given to the teams to function properly.

The goal of the present paper is to identify geographic areas with a higher or 
lower disparity in the funding male and female college teams receive. In our final 
clustering, the units are the US top-level administrative divisions with more than 1 
university considered in the census, that is, the 50 states plus the District of Columbia 
and Puerto Rico, and they are classified based on the distribution of the inequality 
indicators across the colleges in each division. For each attribute, we compute the 
ratio of its values for women’s and men’s sports, for every college where both data 
are available.

We thus build an attribute matrix X = {xi,j : i ≤ 2040.j ≤ 5}, where

	
xij = attribute j in college i for women’s sport

attribute jin college ifor men’s sport
,� (1)

if such information is available, and is left empty otherwise.
We thus obtain the 5 attributes for each college:

	● Avg. Full-time Head Coach Salary Ratio,
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	● Avg. Full-time Assistant Coach Salary Ratio,
	● Recruitment Expenses Ratio,
	● Athletic student aid Ratio,
	● Operating cost per team Ratio.

For each administrative division, we thus build the empirical distribution of each 
attribute over the colleges in that division, that is, for every division n and every 
attribute j we have

	 Sn,j = {xij ∀ college i in division n}.� (2)

We thus build for all the administrative divisions and attributes the empirical cumula-
tive distribution functions

	
F̂n,j(t) = 1

|Sn,j |
∑

x∈Sn,j

1x≤t,� (3)

and use the Chebichev (or L∞) distance between the two empirical cumulative dis-
tribution functions of an attribute in two different administrative divisions as a dis-
similarity measure:

	
∥F̂n,j − F̂m,j∥∞ = sup

t∈R
|F̂n,j(t) − F̂m,j(t)|,� (4)

this distance is mostly used as the statistic of a 2-sample Kolmogorov-Smirnov test 
(Hodges 1958). It has the desirable property of allowing us to compare samples 
of different sizes without requiring any assumption about the shape of the distri-
butions. It is worth pointing out that for every two samples A = {a1, . . . ak} and 
B = {b1, . . . , bl}, ∥F̂A − F̂B∥∞ ∈ [0.1], and ∥F̂A − F̂B∥∞ = 0 if and only if all 
relative frequencies are identical, and ∥F̂A − F̂B∥∞ = 1 if and only if the two ranges 
do not overlap, that is, ai > bj ∀i, j or bj > ai ∀i, j.

We thus identify the position of every division in the attribute space as the 
vector of its 5 empirical cumulative distribution functions for the five attributes 

zn = (F̂n,1, . . . , F̂n,5).
From this, we define the attribute-based distance between two administrative divi-

sions n and m as the L2 distance over 5-fold product of the L∞ space of real-valued 
functions, that is

	
d2,∞(zn, zm) =

( 5∑
j=1

(∥F̂n,j − F̂m,j∥∞)2
)1/2

.� (5)

The resulting 52 × 52 distance matrix is shown in Fig. 1 and is then used as input in 
the algorithm.
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The information about geographic contiguity is represented as a binary adjacency 
matrix A = {an,m, n, m ≤ 52} where an,m = 1 if administrative divisions n and m 
share a land border and 0 otherwise. Note that this way, Hawaii, Puerto Rico, and 
Alaska have no contiguous units. The first two indeed are composed only of islands, 
and the latter is separated from the rest of the continental US, sharing a land bor-
der only with the Canadian administrative divisions of British Columbia and Yukon, 
which are not considered in this study. The resulting adjacency matrix is shown in 
Fig. 2

2.2  The clustering algorithm

We use the Fuzzy C-Medoids with modularity spatial correction (FCMd-MSC), 
introduced in Cangemi et al. (2025). This algorithm requires the units to be defined 
in a metric space, in which the distance between two units is based on the respective 

Fig. 1  Matrix of squared distances d2,∞ between the attributes of different administrative divisions
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attributes. In practice, we optimize a convex combination of the fuzzy modularity 
of the network defined by the adjacency matrix A and of a fuzzy entropic cluster-
ing over the units using the aforementioned d2,∞, defined in (5). The algorithm, as 
expected of a Partition around Medoids algorithm, outputs a fuzzy partition matrix 
U = {un,c : n ≤ 52, c ≤ C} of the set of units, where each un,c ∈ [0.1] represents 
the level of membership of unit n to cluster c, together with a set of prototype units 
(ẑ1, . . . , ẑc, . . . , ẑC), called medoids, one for each cluster, as introduced in Krishna-
puram et al. (1999). The use of medoids instead of means in this case is necessary, 
because in the space of cumulative distribution functions with L∞ distance it is not 
possible to define a centroid of a cluster in the same way as we could in an Euclid-
ean space, that is, as the point that minimizes the sum of the squared distances of all 
the members of the cluster, weighted by their membership. Indeed, such a centroid 
distribution function might be non-unique, making it doubtful whether the algorithm 
can even converge. The medoids approach instead guarantees the possibility to find a 
prototype unit in the cluster, helping both with the convergence of the algorithm and 

Fig. 2  Adjacency matrix between different administrative divisions. Black dots indicate that the row 
and column divisions share a land border
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the interpretation of the output. We define the fuzzy modularity as in Nepusz et al. 
(2008). From the adjacency matrix A, we compute for every unit n = 1, . . . , 52 its 
degree that is, the number of connections it has with other units, as

	
wn =

N∑
m=1

an,m,� (6)

and the total degree of the network, which represents twice the total number of con-
nections in the entire network, as the sum of all degrees

	
L =

N∑
n=1

wn.� (7)

We define the modularity matrix B := {bn,m : n, m ≤ N} as

	
bn,m = an,m − wnwn

L
.� (8)

This represents the difference between the values in the actual adjacency matrix and 
their expected values under a suitable null model, such as the configuration model 
(Molloy and Reed 1998) or the inhomogeneous rank-1 random graph (Norros and 
Reittu 2006).

We can thus define, up to a constant, the fuzzy modularity of the partition U with 
respect to the adjacency matrix A as

	
Q(U, A) =

N∑
n=1

N∑
m=1

bn,m

C∑
c=1

un,cum,c(1 − δn,m).� (9)

Note that 
∑C

c=1 un,cum,c is high when units n, m have high membership to the same 
cluster. This means that if bn,m is positive (usually, when n and m are connected) 
there is a bonus for classifying them in the same cluster, while if bn,m is negative 
(when n and m are not connected) there is a penalty for classifying them in the same 
cluster. Moreover, for units with low degree (that is, with very few adjacent units) 
the presence of a connection is weighted more, while for units with high degree the 
absence of a connection is more important.

We can now define explicitly the optimization problem, which is further regulated 
by the parameters γ, which controls the relative importance of the adjacency matrix 
and the attributes, C, which corresponds to the number of clusters and p, which tunes 
the fuzziness of the partition. We thus attempt to solve the following minimization 
problem,

1 3
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minU,ẑc
Jp,C,γ(U, ẑc) := (1 − γ)

N∑
n=1

C∑
c=1

un,cd2
2,∞(zn, ẑc) + p

∑N
n=1

C∑
c=1

un,c log(un,c)

− γ
2

N∑
n=1

C∑
c=1

N∑
m=1

un,cbn,mum,c(1 − δn,m).
�(10)

under the following constraints:

	
un,c ≥ 0.

C∑
c=1

un,c = 1.� (11)

In practice, we subtract the fuzzy modularity from the objective function of an entro-
pic fuzzy clustering. This makes sense because, in fuzzy clustering, the objective 
function is to be minimized, whereas in modularity-based algorithms, higher modu-
larity is favored. The algorithm thus seeks an optimal balance between good perfor-
mance with respect to the attribute and network structures. The parameter γ ∈ [0.1] 
tunes the relative importance of the attributes and the spatial structure, with γ = 0 
corresponding to a Fuzzy C-medoids clustering without spatial correction and γ = 1 
corresponding to fuzzy modularity maximization with no attributes term. Higher val-
ues of p correspond to a greater fuzziness of the partition.

Given that an exact solution of the optimization problem is not feasible, we take 
an iterative approach, minimizing the objective function with respect to the member-
ship matrix for fixed values of the medoids and then with respect to the medoids for 
fixed values of the membership matrices, until the algorithm converges at least to a 
local minimum. We find that the minima with respect to the memberships un,c of 
Jp,C,γ(U, ẑc) using the Lagrangian method, and we obtain the update rule for U at 
each step as

	

un,c =
exp

{
− 1

p

(
(1 − γ)d2

2,∞(zn, ẑc) − γ
N∑

m=1
bn,mum,c(1 − δn,m)

)}

C∑
c′=1

exp
{

− 1
p

(
(1 − γ)d2

2,∞(zn, ẑc′) − γ
N∑

m=1
bn,mum,c′(1 − δn,m)

)} .�(12)

The optimization over all the possible choices of (ẑ1, . . . , ẑc, . . . , ẑC) for fixed values 
of U is done by searching for the medoids of each cluster over all the units with the 
corresponding maximal membership. This restriction carries two important advan-
tages: (1) it reduces computational complexity; (2) it makes sure that a unit from 
cluster c cannot be chosen as medoid of cluster c′. This could happen, as the network 
structure does not influence the medoids’ selection, but is used in the update of the 
memberships.

The procedure is described in pseudocode in Algorithm 1, for further information 
see (Cangemi et al. (2025), Sect. 2.2).

1 3
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Algorithm 1  Fuzzy C-medoids with modularity spatial correction (FCMd-MSC) (Cangemi et al. 2025)

3  Results

We run the optimization algorithm at 3 different spatial regularization levels with 
γ = 0.0.3, 0.5. In practice, we want to consider three separate cases where the spa-
tial structure is completely ignored, considered a secondary feature, and considered 
on equal ground to the attributes, respectively. Even if the algorithm as defined in 
Cangemi et al. (2025) includes the possibility of choosing the optimal γ using a valid-
ity measure, we prefer not to apply it, as it would result in an optimal value γ > 0.5 
which for the analysis we are interested is of no use, as, in the problem considered, 
the spatial structure is the well-known geography of the United States, which is not 
an interesting topic of analysis on its own. Thus, it is not insightful to consider it as 
the main feature around which the algorithm optimizes the partition, and treats the 
attributes as a secondary correction term.

We optimize the parameters p and C for each selected value of γ based on the 
values that maximize the fuzzy silhouette (Campello and Hruschka 2006). The fuzzy 
silhouette is the most common validity index present in the literature for the optimi-
zation of C and given that it does not depend explicitly on the objective function it is 
robust when applied to entropic clustering and to the joint selection of C and p. It is 
interesting to note (see Table 1) that for all the 3 values of γ considered, the optimal 
choice is C = 2 and p = 0.6, with the medoids of the two clusters being Texas and 
New York, whose values of the attributes are described in Table 2. This shows that 
the two structures we are jointly analyzing (the spatial relations and the attributes) 
broadly agree, and thus the presence of a spatial regularization term and its weighting 
causes the reassignment of a few units, but does not change the large-scale nature of 
the clusters. Moreover, we note that the fuzzy silhouette values decrease very rapidly 
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for C > 2, in particular in the presence of spatial regularization. This shows how the 
division into only two clusters is strongly favored by the attribute distribution.

Indeed, already for γ = 0, that is, without including explicitly the spatial structure, 
clear geographic patterns are visible, as shown in the maps in Fig. 3, with cluster 2 
(medoid New York) consisting mostly of the Pacific Coast and New England, with 
Wyoming being the only geographically isolated state among its members in main-
land US. Cluster 1 (medoid Texas) is instead mostly composed of states in the Great 
Plains, Rocky Mountains, and the south, with only Rhode Island being spatially dis-
connected from the rest of the cluster, other than Hawaii and Alaska. From Table 2, 
which summarizes the distribution of the different indices in the medoid states, we 
see that the typical values of the equality indicators are higher in cluster 2. Only in 
the case of Operating cost per team Ratio we see that the distributions are similar. 
It has to be noted that operating costs are not something that a university can decide 
freely, but also depend on more practical reasons related to the local geography. For 
example, most coastal states are more densely populated, making travel costs lower 
for local teams. It is still worth noting that, in both medoid states, the median of the 

Table 1  Value of the fuzzy silhouette for different values of p and C for γ = 0, 0.3, 0.5
γ = 0 p 0.2 0.4 0.6 0.8 1.0

2 0.282 0.301 0.310 0.256 0.256
C 3 0.193 0.170 0.180 0.186 0.190

4 0.134 0.096 0.096 0.094 0.091
γ = 0.3 p 0.2 0.4 0.6 0.8 1.0

2 0.289 0.307 0.321 0.297 0.300
C 3 0.083 0.094 0.107 0.115 0.126

4 0.088 0.086 0.075 0.063 0.063
γ = 0.5 p 0.2 0.4 0.6 0.8 1.0

2 0.245 0.257 0.277 0.092 0.204
C 3 0.044 0.047 0.054 0.087 0.104

4 0.038 −0.004 −0.012 0.063 0.028
Selected values are in bold

Table 2  Descriptive statistics of the samples in the two medoid states
NY Count 25% 50% 75% Mean St. dev
Avg. full-time head coach salary ratio 135 0.833 0.976 1.013 0.923 0.204
Avg. full-time assistant coach salary ratio 139 0.792 0.946 1.002 0.903 0.231
Operating cost per team ratio 140 0.606 0.761 0.926 0.796 0.392
Recruitment expenses ratio 112 0.545 0.922 1.169 1.124 1.846
Athletic student aid ratio 48 0.759 0.963 1.156 0.934 0.311
TX Count 25% 50% 75% Mean St. dev
Avg. full-time head coach salary ratio 101 0.701 0.910 1.018 0.878 0.364
Avg. full-time assistant coach salary ratio 109 0.705 0.878 1.000 0.809 0.281
Operating cost per team Ratio 109 0.573 0.763 0.945 0.791 0.316
Recruitment expenses ratio 97 0.392 0.600 1.000 0.815 0.940
Athletic student aid ratio 87 0.689 0.876 1.077 0.913 0.328
Count represents the number of universities considered in the study, 25%, 50% and 75% are the 
quartiles
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Fig. 3  Map of the cluster memberships with γ = 0, γ = 0.3 (middle) and γ = 0.5 from top to bottom. 
Red color indicates cluster 1, blue cluster 2, and grey fuzzy membership (no membership above 0.7)
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ratio between each expense for the female and male team is below 1, showing that, 
even in more progressive states, the universities that have achieved full equality of 
funding are still a minority.

We see how the spatial term introduced by the fuzzy modularity enhances the geo-
graphic cohesion of the clusters without changing the nature and the meaning of the 
clusters themselves. We observe that the partition obtained for γ = 0.3 has an even 
higher fuzzy silhouette than the one for γ = 0. This is a sign of the fact that introduc-
ing spatial correction also improves the ability to cluster correctly along attribute 
lines.

This is linked to the fact that the United States already shows a very strong and fur-
ther increasing geographic polarization of politics (Johnston et al. 2020). The Pacific 
Coast and New England are characterized by a largely urbanized and progressive 
population, which is more sensitive towards social issues such as gender equality, 
while the Southeast and the central states of the Great Plains and Rocky Mountains 
have a mostly rural population that holds more conservative positions and values, 
which consider most sports a masculine endeavor. This inevitably reflects in the poli-
cies of local governments and university administrations, creating a clear geographi-
cal divide in the distribution of resources for men’s and women’s sports activities, 
which is enhanced, but not created from scratch, by the spatial correction term in our 
model.

At γ = 0.5 we see instead that the fuzzy silhouette decreases, a sign that to improve 
even further the spatial cohesion of the cluster, it is necessary to sacrifice something 
in terms of attribute-based cohesion.

We see that most of the states that were fuzzy in the clustering without spatial reg-
ularization (γ = 0), like Georgia, Vermont, and Minnesota are assigned to the same 
cluster as their neighbors at γ = 0.3, 0.5. On the other hand, local outliers like Wyo-
ming (in Cluster 2 but surrounded by Cluster 1 states in the partition found for γ = 0) 
and Rhode Island (the other way around), turn into fuzzy units at γ = 0.5, when the 
spatial information is regarded as equal in relevance to the attribute distributions. The 
full description of memberships for all the 3 partitions is given in Table 3.

We further observe that the addition of a spatial term somewhat slows down the 
convergence of the algorithm, which, as shown in Fig. 4, takes more steps with higher 
values of γ. This is a consequence of the fact that modularity is very far from a con-
vex function and is difficult to optimize in most cases. Still, even with γ = 0.5, the 
convergence of the algorithm is very fast on such a small dataset, taking on average 
less than 0.06 seconds.

4  Conclusions

We have analyzed the geographic divide in the way resources are distributed between 
male and female teams in US college sports. To do so, we have designed a new 
version of the Fuzzy C-Medoids with Modularity Regularization algorithm from 
Cangemi et al. (2025), which is capable of processing data aggregated at the state 
level. Using a non-parametric distance between distributions, we can compare the 
empirical distributions of various equality indices in different states, even in the 
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γ = 0 γ = 0.3 γ = 0.5
C1 C2 C1 C2 C1 C2

AK 0.99 0.01 0.97 0.03 0.93 0.07
AL 0.93 0.07 0.91 0.09 0.93 0.07
AR 0.96 0.04 0.98 0.02 0.99 0.01
AZ 0.08 0.92 0.17 0.83 0.17 0.83
CA 0.07 0.93 0.07 0.93 0.03 0.97
CO 0.65 0.35 0.68 0.32 0.82 0.18
CT 0.67 0.33 0.35 0.65 0.10 0.90
DC 0.54 0.46 0.45 0.55 0.32 0.68
DE 0.04 0.96 0.02 0.98 0.01 0.99
FL 0.49 0.51 0.56 0.44 0.66 0.34
GA 0.55 0.45 0.73 0.27 0.85 0.15
HI 1.00 0.00 0.99 0.01 0.96 0.04
IA 0.98 0.02 0.96 0.04 0.98 0.02
ID 1.00 0.00 0.98 0.02 0.84 0.16
IL 0.45 0.55 0.67 0.33 0.87 0.13
IN 0.89 0.11 0.90 0.10 0.93 0.07
KS 0.77 0.23 0.83 0.17 0.91 0.09
KY 0.97 0.03 0.98 0.02 0.99 0.01
LA 0.99 0.01 0.99 0.01 0.98 0.02
MA 0.22 0.78 0.05 0.95 0.01 0.99
MD 0.16 0.84 0.11 0.89 0.04 0.96
ME 0.00 1.00 0.01 0.99 0.02 0.98
MI 0.87 0.13 0.84 0.16 0.86 0.14
MN 0.64 0.36 0.70 0.30 0.83 0.17
MO 0.66 0.34 0.91 0.09 0.98 0.02
MS 1.00 0.00 1.00 0.00 0.99 0.01
MT 0.98 0.02 0.96 0.04 0.95 0.05
NC 0.96 0.04 0.95 0.05 0.95 0.05
ND 0.71 0.29 0.77 0.23 0.83 0.17
NE 0.96 0.04 0.94 0.06 0.97 0.03
NH 0.10 0.90 0.03 0.97 0.01 0.99
NJ 0.06 0.94 0.02 0.98 0.01 0.99
NM 0.97 0.03 0.95 0.05 0.93 0.07
NV 0.99 0.01 0.90 0.10 0.49 0.51
NY 0.00 1.00 0.00 1.00 0.00 1.00
OH 0.99 0.01 0.97 0.03 0.94 0.06
OK 0.98 0.02 0.98 0.02 0.99 0.01
OR 0.14 0.86 0.12 0.88 0.04 0.96
PA 0.51 0.49 0.12 0.88 0.02 0.98
PR 0.01 0.99 0.03 0.97 0.08 0.92
RI 0.99 0.01 0.89 0.11 0.52 0.48
SC 0.94 0.06 0.90 0.10 0.89 0.11
SD 0.99 0.01 0.97 0.03 0.98 0.02
TN 0.98 0.02 0.99 0.01 0.99 0.01
TX 1.00 0.00 1.00 0.00 1.00 0.00

Table 3  The units’ membership values in the application of the FCMd-MSC with p = 0.6, C = 2, and 
different values of γ
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presence of incomplete data and without making any assumptions about the specific 
shape of each distribution.

Our algorithm reconstructs the well-documented divide between the more conser-
vative states, represented by Texas as their medoid, and the more progressive ones, 
represented by New York. This geographic distinction is already noticeable without 
an explicit spatial correction. We observe that the units in Cluster 1. with medoid 
Texas, our indicators show a greater level of resource inequality between women’s 
and men’s sports, while in units in Cluster 2, with medoid New York, the differences 
are still present but less pronounced. The spatial correction allows us to obtain more 
geographically coherent clusters, while maintaining the same large-scale division. 
Indeed, the model still outputs two clusters with the same two medoids at the three 
different levels of the weight given to the spatial correction, but reassigns, or turns 
into fuzzy units, some states bordering states in the opposite cluster.

This analysis highlights several strengths of our proposed model. We see how 
using actual units as medoids instead of abstract points in the space of distributions 
avoids the possible complications linked to the non-uniqueness of the centroid, and 
makes the interpretation of the output much more natural. Indeed, the centroid of 
a cluster of empirical cumulative distribution functions with different numbers of 
observations would not be easy to understand as a representative of the cluster and, 
further, it might not even be unique.

Moreover, the fuzzy nature of the clustering allows us to obtain a more nuanced 
understanding of what, in this case, appears to be a binary division of the units. 

Fig. 4  Evolution of the objective function in each iteration of Algorithm 1 in the optimal cases for 
γ = 0; 0.3; 0.5

 

γ = 0 γ = 0.3 γ = 0.5
C1 C2 C1 C2 C1 C2

UT 1.00 0.00 0.99 0.01 0.94 0.06
VA 0.96 0.04 0.93 0.07 0.84 0.16
VT 0.60 0.40 0.16 0.84 0.04 0.96
WA 0.06 0.94 0.10 0.90 0.10 0.90
WI 0.37 0.63 0.51 0.49 0.74 0.26
WV 1.00 0.00 0.97 0.03 0.85 0.15
WY 0.03 0.97 0.27 0.73 0.64 0.36
The membership values of cluster medoids are in bold, those of fuzzy units (maximal membership< 0.7) 
in italics

Table 3  (continued) 
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Using a fuzzy algorithm, we can identify both states with intermediate characteristics 
between those of the medoids and local outliers, that is, states that have different attri-
butes from those of their neighbours, as fuzzy units. To further enhance outlier detec-
tion, it would be interesting to explore robust versions of the algorithm that would be 
more directly tailored to the detection and handling of local and/or global outliers.

Finally, this study expands on the work in Cangemi et al. (2025), which estab-
lished the Fuzzy C-Medoids with modularity spatial correction algorithm in a dis-
tance-agnostic manner, but tested it on data belonging to an Euclidean space. We 
showcased with this application that the algorithm can be generalized to different set-
tings in which the data structure requires using a different type of distance. It will be 
of interest in future studies to test how to apply the model data types and structures.
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