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A Coopetition Index for Coalitions in Simple Games

Michele Aleandri* Marco Dall’Agliof
April 8, 2025

Abstract

In simple games, larger coalitions typically wield more power, but do all players
align their efforts effectively? Consider a voting scenario where a coalition forms, but
needs more voters to pass a bill. The cohesion of the new group of voters hinges on
whether all the new members can proficiently collaborate with the existing players to
ensure the bill’s passage or if subgroups form that pursue an independent alternative,
thus generating antagonism among the new voters.

This research introduces two classes of coopetition indices — one relative and one
absolute, the latter ranging from -1 to 1, to measure agents’ preferences for coop-
eration (when positive) or competition (when negative) with the remaining players.
These indices, together with a generalized group value, provide a comprehensive pic-
ture of the relevance and the cohesion of groups. We discuss the relationship with
similar group indices and provide proper coopetition Banzhaf and Shapley-Owen
types of indices.

By applying our indices to the apex game and symmetric majority games, we
observe that cooperation and competition frequently balance each other out, leading
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to null values for the Shapley-Owen and Banzhaf coopetition indices. An electoral
application with real world data is also considered.

Keywords Cooperative Game Theory, Coalition Cohesion, Coopetition Index, Power
Indices, Apex Game, Symmetric Majority Game, Generalized group values.

1 Introduction

In monotone simple games, larger coalitions generally possess greater power. However, not
all coalitions can guarantee cohesion equally. Consider a voting body where a coalition
of voters forms with the intent of passing a bill but needs to recruit additional voters
to achieve this goal. If every voter in the new coalition is essential to pass the bill, the
incoming group might exhibit total cooperation. Conversely, if disjoint subgroups within
the new coalition suffice to pass the bill, antagonism might arise among the new members.

Cooperative game theory addresses the interactions among multiple agents, with much
focus on indices that evaluate the importance of individual agents, such as the Shapley
value. However, recent research has shifted towards assessing the power of coalitions as
groups, using generalized group values?.

This research aims to define an index that measures the attitude of a group of players
in terms of reciprocal cooperation or competition. Several measures to assess the benefit
of coalition members working together have already been proposed. We refer, first of all,
to the profitability index by Derks and Tijs 3], which compares the power of a coalition
measured by generalized power indices against the total power of individuals within the
coalition. Despite its theoretical soundness, this index has paradoxical outcomes, like
encouraging alliances that may reveal ineffective if its players do not merge as a single
unit (see Example [2.3] later).

We are aware of two other existing approaches, those by Grabisch and Roubens [6]
and by Hausken and Mohr [9] that, when applied to pairs of agents, are capable of dis-
tinguishing couples that cooperate because they are both essential for a winning outcome
and those who engage in a direct competition because the individuals are critical on their
own. These definitions are designed with aims which are different from those that we are
pursuing in this work and cannot be used to measure the degree of collaboration for groups
of players larger than size 2.

Motivated by these findings, we propose a new class of coopetition indices that indicate
whether the players of a given coalition prefer cooperation (when positive) or competition
(when negative). Such measures are bounded above and below, respectively, by the gen-
eralized group value of the coalition defined by the same probabilistic setting and by the
negative of the same value. Together, the coopetition and the (generalized) group value



provide a synthetic indicator of the strength and the cohesion of a group of players. Ad-
ditionally, but no less importantly, the ratio of the two measures for non-null coalitions
provide an absolute index of coopetition that ranges between -1 and 1, no matter what
size or power is the coalition.

We introduce the Banzhaf and the Shapley-Owen coopetition indices inspired by the
classical indices for individuals. We then highlight some properties of the indices, focusing
at first on null players: A coalition of null players has null coopetition index, reflecting
neutrality between the two opposing attitudes, and the inclusion of a null player to any
coalition will diminish the overall attitude of a coalition towards one of the two extremes
of the range bringing the coopetition index closer to zero.

The second property affects those sets of players that contain a minimal winning coali-
tion: replacing that minimal winning coalition with a couple of minimal winning coalitions
that cover the same players leads to a more fractured environment and, therefore to a
higher degree of competition which lowers the coopetition index.

We apply our new index to the apex game and to the symmetric majority game, settings
where cooperation and competition naturally coexist and often balance, resulting in null
Shapley-Owen and Banzhaf coopetition indices. We then consider an application to the
2015 Spanish general elections already examined in Flores et al. [5].

The paper is organized as follows. Section [2| introduces the notation and motivates
the work within the existing literature. In Section [3| the two new classes of indices that
depend on the choice of families of probability distributions are defined. Section [4| delves
into specifications of the coopetition indices according to the Banzhaf and the Shapley-
Owen patterns. Section [f] verifies some properties of the new indices. Section [6]applies the
new indices to a couple of examples that are often taken as reference: the apex game and
the simple majority game. In Section [7] an application based on actual electoral data is
studied. Section [§] presents our conclusions, followed by an Appendix which gathers some
proofs.

2 Motivation of the work

2.1 Basic Notation

We denote the cardinality of a finite set with the corresponding small letter: e.g. n = |N|,
s =|5],t =|T|. Given a set A C N, its complement is defined as A° = N \ A. Also,
we will often omit braces for singletons, e.g. writing v(i), S\i instead of v({i}), S\{i}.
Similarly, we will write i, ijk instead of {i, 7}, {4, J, k}.

A (monotonic) simple game is a pair (N,v), where N = {1,2,...,n} denotes the finite



set of players and v : 2¥ — {0, 1} is the characteristic function, with v(0) = 0, v(S) < v(T)
for all S, T subsets of N such that S C T, and v(N) = 1. Unless otherwise specified, we
always take the simple game (N, v).

Given a coalition S C N, if v(S) = 0, then S is a losing coalition, while if v(S5) = 1, then
S is a winning coalition. We let W¥ = {S C N : v(S) = 1} be the set of winning coalitions
and let W2, = {W € W : S € W¥, S C W} be the set of minimal winning coalitions.

The marginal contribution of coalition S to coalition T, T'C N \ S is defined as:
Vvo(T) =v(SUT) —o(T).

A coalition S is critical with respect to (wrt) a losing coalition 7" if v5(T") = 1; in particular,
a player ¢ is critical wrt 7" if v{(T") = 1. A player i such that v{(T) =0 for all T C N\ {i}
is called null player.

2.2 Towards a New Index

We now review existing group indices and their interpretations, highlighting that no cur-
rent measure fully answers the following research question: How can we measure the
internal attitude of a group of agents towards cooperation or competition when forming
a coalition? In other words, when agents decide to form a coalition, will they exhibit
peaceful coexistence and collaborate effectively, or will their interactions be marked by
intense internal rivalry - or perhaps a balance between these forces?

Before presenting our own definition, we briefly recount some available group indices
that serve as important reference points for our analysis. For clarity, we adopt the context
originally used by Shapley for the eponymous index, although many of these measures
admit straightforward generalizations that account for the random formation of alternative
coalitions.

In measuring the variation in agents’ power when they work in groups rather than
individually, Marichal and coauthors [10] introduce the concept of the Shapley generalized
value. The following definition formalizes this concept.

Definition 2.1 (Marichal et al. [10]). For any coalition S C N, the Shapley generalized
value is defined as ( i
v B n—s—tlt ,
Sh(S)_ Z (n-S-'-l)' US<T
TCN\S
When S is a singleton, this definition coincides with the classical Shapley value.

This index measures the strength of a group when its unity is so strong that the
individual players effectively merge into a single entity. Flores et al. [4] recently provided
an alternative axiomatization to the original one, together with several applications.
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Comparing the group’s performance with the sum of individual outcomes provides a
notion of the profitability of merging. Building on this idea, Derks and Tijs [3] propose
the following measure.

Definition 2.2 (Derks and Tijs [3]). For any coalition S C N, the profitability index is

defined as
P*(S) = ®,(S) = Y %, (0).
i€s

This index, which ranges between —1 and 1, is positive when it is beneficial for the
agents to merge. Note that the concept of profitability is grounded in the efficiency
of the Shapley value; the gains of a merging group balance the losses incurred by the
remaining players. As a consequence, extending this notion to other probabilistic values
is problematic. Moreover, the profitability index effectively compares two different games:
one in which a group of players merges into a single entity and another in which all players
act independently. This shift in perspective can lead to paradoxical conclusions.

Ezample 2.3. Consider N = {1,2,3,4,5} and a simple game (N, v) with set of minimal
winning coalitions given by WY. = {123,145,35}. Players 3 and 4 may consider to join
their forces since PY(34) = 1/6 > 0. An explanation of this advantage can be seen by
considering that, when players 3 and 4 merge and become a single player p, the new game
(N \ 34U p,v') has minimal winning coalition set given by W*" = {12p, p5} and p gains
importance at the disadvantage of the other players. Yet, upon closer examination, in the
original game v one finds that players 3 and 4 are never jointly critical: whenever player
3 is critical, player 4 may or may not be so, but player 4 is never critical without player 3
being so. Thus, there is no intrinsic incentive for player 3 to merge with player 4 unless
the merger occurs before the game is played, and this new entity will be evaluated only
wrt the coalitions that do not contain any of the two players.

This observation naturally leads to the question of whether one can devise an index
that directly measures the willingness of coalition members to cooperate.

We take a different approach and consider the following refinements of the notion of
criticality that indicate two opposite attitudes of the players within a coalition.

Definition 2.4. A player i € S is essential for S being critical wrt T if S\ 7 is not
critical wrt T'. A coalition S is called essential critical, or simply essential, wrt a coalition
T, if each agent ¢ € S is essential for S being critical wrt 7. Two disjoint subcoalitions
S1,S2 C S are called complementary critical wrt T if both S; and Ss are critical for T. A
coalition S is called totally complementary critical wrt T if each player in S is critical wrt
T.



For a more comprehensive introduction to these refinements of the notion of essential
criticality we refer to Aleandri and Dall’Aglio [1].

These notions specify whether the players of a coalition are willing to work together
because they are essential to the successful outcome of a coalition and they are all needed
in the effort, or they will face a stark competition because two groups of players suffice on
their own to make a coalition win. Our aim is to define an index to reveal which of the
attitudes just outlined will prevail within a coalition. Restricting our attention to pairs of
agents, the following simple indicator, defined for each i,7 € N and T'C N \ ij, is capable
of signaling the behavior of each couple in terms of the previous definitions:

i, T)=v(ijUT) —v(@UT)—v(UT)+o(T). (2.1)
In fact, we have
e ¢(ij,T) = 1 if coalition ij is essential critical for T}
o '(iy, T) = —1if ij is totally complementary critical for T
e ¢“(ij, T) = 0 otherwise.

Note that the latter case puts together the cases when the couple ij is critical due to the
action of only one of the two players and that in which the couple as a whole is not critical
wrt T

We are aware of two indices that consider averages of over all possible choices of
coalitions outside the considered pair, but they were defined with different aims. The first
was proposed by Grabisch and Roubens [6] for transferable utility (TU) games, with the
aim of quantifying the degree of interaction among players in a coalition S of any size.
The Shapley interaction index for any coalition S C N is defined as follows.

Definition 2.5 (Grabisch and Roubens [6]). For any coalition S C N, the Shapley inter-
action index is given by

= 3 m g gy

(n—s+1)!

where



The index satisfies four classical axioms: symmetry, linearity, the irrelevance of dummy
players, together with one of two equivalent recursive relationship linking the interaction
indices of a coalition and its subsets. Clearly, IV(ij,T) = ¢"(ij,T), and the interaction
index for couples suits our needs.

Another proposal is the following.

Definition 2.6. (Hausken and Mohr |9]) The value of player i € N to player j € N is
given by
|

i) = Y T iy 3 L (22)

n!
TCN\ij u=t+2

The aim of this proposal is to provide a decomposition of the Shapley value of an
individual into n components, each one revealing the value of a player to any other player
(including themselves), meant as the player’s expected contribution to every other player’s
value. Although this index has a different scope, it is a valid alternative to the interaction
index in measuring the attitude of the pair of players.

Example 2.3 from p.. In the game described above, we can show that

4(34) = —3%, and 7”(34) = —f. Both indices indicate a conflicting attitude between

players 3 and 4 which would compromise the stability of their union.

It might be reasonable to assume that these indices could be adopted to measure the
internal degree of cooperation or competition in a group. One might therefore expect the
interaction index to return a value close to the group Shapley value when a coalition is
effective only if all players act together, and a value near the negative of the group Shapley
value when agents can perform effectively on their own. Yet, as shown in the following
example, the interaction index oscillates between negative and positive values as the size
of the minimal (or essential) critical coalitions within the triplet grows.

Ezxample 2.7. Consider N = {1,2,3,4} and three games v, w, and u with the sets of
minimal winning coalitions given respectively by

v = {123}, v ={12,23,13}, and WS,

={1,2,3}.
A straightforward computation yields
¢, (123) = 7¢,(123) = 1, while Zg,(123) = —2.
In fact, for simple games, the quantity 1”(ijh,T) may vary between —2 and 1, being

negative when critical subcoalitions of size 2 prevail, and positive when critical subcoali-
tions of size 1 or 3 dominate. This is coherent with the axioms that characterize such



index: symmetry, linearity, the irrelevance of dummy players, and a recursive relationship
linking the interaction indices of a coalition and its subsets. One of these axioms describes
the index as the difference in the interaction of ¢ and j with or without A (but the roles
of the players are interchangeable).

Ezample 2.7 (continuing] from p.[7). It can be easily verified that in the games v and u the
presence of one of the first three players increases the interaction between the other two
by one unit, while in w it decreases the same difference by two units.

The value of a player to another player has been recently extended by Hausken [8] to
replace the players with coalitions, not necessarily disjoint, as the sum of the values of one
player in the first coalition to a player in the second one. It is not clear, however, how this
index could be adapted to measure the internal cohesion of a coalition. We note that this
index, being a sum of the corresponding index for pairs of individuals, will not provide
new information on the association of the players.

This lack of measures for the cooperative/competitive attitude for coalitions of size
larger than 2 motivates the search for a new index for coalitions of size 2 or larger that
takes its maximum value when every time the coalition is critical, it is essentially critical
(all its members are needed to change the outcome) and its minimum value when it
is totally complementary critical. The examples of this section show that no existing
candidate succeeds in this task, simply because they are designed for different tasks. We
will define a new index, denoted coopetition index that satisfies the following properties:
(i) regardless of coalition size, its value should lie between the group Shapley value and
its negative, with the extremes representing maximum cooperation and competition, (ii)
the index should be zero for the null coalition, reflecting neutrality; (iii) the inclusion of
a null player to any coalition should drive the index for that coalition toward zero, as
their presence dilutes the coalition’s cooperative or competitive strength; and (iv) if a
minimal winning coalition is replaced by two smaller minimal winning coalitions involving
the same players, the coopetition index should decrease for those coalitions and their
supersets, indicating a heightened degree of internal competition. Property (i) enables
us to consider another index as the ratio between the coopetition index and the group
Shapley value. This new measure lies between 1 and —1, independent of coalition size and
will be denoted as the absolute coopetition index.



3 Balancing Cooperation and Competition in a Single
Index

We start from formula ([2.1)) and provide an extensions to larger coalitions. Take a coalition
S C N, with |S| > 2, and call II5(S) the set of non-trivial (i.e. non-empty) 2-partitions,
ie.

HQ(S) = {77':{81752}2 @#Sl,SQCS, 51U52:Sand SlﬂSQIQ)}

Definition 3.1. Take S C N. For any 2-partition 7 = {51,52} € Ily(S) the block
interaction indicator between the sets S and Sy, against 7' C N \ S, is defined as

BI*(m,T) =v(S1USUT) —v(S1UT) —v(SyUT) +v(T).

Take the family of probability distribution p = {ps}scn, where each pg is a probability
distributions over the set II5(S). The attitude of coalition S towards T is defined as

AY(S,T)= > ps(m)BI"(7,T).

w€ella(S)

A null value for the attitude of a coalition S denotes a situation where it is equally
likely, according to pg, to have a partition yielding block interactions of +1 and -1.

In what follows, p will always indicate a family of distributions {ps}scy, with each pg
defined on II5(95).

Note that when S = ij, i, j € N, then II5(.S) reduces to a single element and, therefore,
Av(ij, T) = BI"(ij,T) = c'(ij, T) no matter what family p is chosen.

Our first result shows that the attitude of a coalition towards an other mimics the
behaviour of the interaction index for couples, singling out essential critical and comple-
mentary coalitions with more than two players.

Proposition 3.2. Fiz p and let T C N be a losing coalition with |T| < n — 2. For
each coalition S C N\ T, |S| > 2, critical wrt T and for all strictly positive probability
distributions ps over the set I1(S), i.e. ps(m) > 0 for all m € I5(S), then i) A)(S,T) =1
if and only if S is essential critical wrt T and i) A)(S,T) = —1 if and only if S is
complementary critical wrt T

Proof. The ”if” part is easy to obtain and left to the reader. By definition BI"(w,T')
can only assume value ”1” or ”-17, then, if A)(S,T) = 1, it holds BI"(x,T) = 1 for all
m € IIp(S). This implies that S is essential critical wrt 7. The case Ay(S,T) = —1 is
similar. O



We are now ready to define the indices that measure the cooperation and antagonism
of players to form a coalition.

Definition 3.3. Take two families of probability distribution p and ¢ = {gs}scn, where
each ¢g is a probability distributions over 2VV%. The coopetition index for coalition S C N
is defined as

CoglS) =D as(T)A(S,T).

TCN\S

In what follows, ¢ will always denote a family of probability distribution ¢ = {gs}scn,
with each gg defined on 2V\5,

We recall the definitions of the probabilistic generalized value and generalize semivalue
given by Marichal et al. [10].

Definition 3.4. Given a family of probability distributions ¢, a probabilistic generalized
value of a coalition S C N is defined by

(8) = Y as(T)(T).

TCN\S

A generalized semivalue is a probabilistic generalized value such that, additionally, for
any S C N, the probability ¢s(T"), VI' C N \ S, depends only on the cardinalities of the
coalitions S, T, and N, i.e., for any s € {0,...,n}, there exists a family of nonnegative
real numbers {¢”(t)},_, ,_, fulfilling

> (") =

t=0

.....

such that, for any S C N and any 7" C N\S, we have qs(T) = ¢ ().

Notable examples of generalized semivalues are the Shapley Generalized Value of Def-
inition , obtained by setting ¢7'(t) = ((T; 7_5;_?;? and the Banzhat Generalized value when
Gt =2

The block interaction indicator ranges between —1 and 1 and the same bounds apply
to the coopetition index. The next result shows that sharper bounds hold.

Proposition 3.5. For any pair of families of probability distributions q and p, and for
every S C N, with |S| > 2, it holds

—B1(S) < €L (S) < B(S) -

10



Proof. Both inequalities follow from a rearrangement of the definition of the block inter-
action indicator. For the second inequality we have

BI'(m,T) =v(SUT) —v(T) — (v(S$1 UT) —v(T) + v(S2 UT) — v(T)). (3.1)

Now, the part in brackets is nonnegative, so BI"(7,T) < v(SUT) —v(T), and, therefore,
CraS) < > as(T)((SUT) =u(T)) Y pslr) = €y(S).
TCN\S €l (S)
A different rearrangement of the block interaction indicator yields the first inequality, since
BI'(m,T) = —v(SUT) +v(T) + (v(SUT) —v(S$1 UT) + v(SUT) —v(S, UT))
> —v(SUT)+vu(T),
for all S C N, w € II5(S), and T'C N\ S. Then
Cra() = D as(D)(—v(SUT)+0(T)) Y pslm) =—05(5).

TCN\S relly(S)

The following result shows that the new bounds are attainable.

Corollary 3.6. For any given pair of families of probability distributions q and p, the
followings hold:

i) If every time S is critical for some coalition T C N \ S it is essential critical for the
same coalition, then Cp (S) = ®;(S5).

ii) If every time S is critical for some coalition T C N \ S it is complementary critical
for the same coalition, then C,,(S) = —®7(S).

Measuring both the generalized group value and the coopetition index enables us to give
an informative picture of the coalition strength and cohesion. Additionally, the previous
result also shows that a ratio between the two indices provides an absolute coopetition
index which has a common range for any coalition.

Definition 3.7. Take any pair of families of probability distributions ¢ and p. The absolute
coopetition index for coalition S C N is defined as

Cra(S)
~ — e i ®p(S) # 0,
Cpq(5) = 4 24(5) !

0 otherwise,

where @} (S) is the probabilistic generalized value of S.

11



Clearly, Proposition [3.5| implies that, for every S C N,
-1<¢,,(9) <1,
and Corollary provides the conditions under which the bounds are attained.

The following result provides a useful characterization of the coopetition index.

Proposition 3.8. Take a pair of families of probability distributions q and p. Suppose
that for fivzed S C N there exist another family of probability distributions ¢* = {qg}oxrcs
each one defined over the set 2N\5 | such that

qs(T) = q5(T), VIS N\S. (3-2)

Then
Cpq(S) = 23(S5) — > ps(m) (B72(S1) + 2.°1(S2)) (3.3)

WZ{Sl,SQ}EHQ(S)
where ®(S) is the probabilistic generalized value of S under distribution q, and, for 0 #
RCS, QD(}R(S \ R) is the probabilistic generalized value of S\ R under distribution q* for
the game (N \ S,v).

Proof. For given families p and ¢, and S C N, we can use again (3.1]) to obtain
CoalS)= > as(T) Y ps({S1,51)BI" ({81, 52}, T)

TCN\S {51,52}€ll2(5)

= 3 4s(T) ((SUT) - v(T))

TCN\S

- Z ps({S1, S2}) Z qgs(T) (v(S1UT) = v(T) +v(S2 UT) —o(T))

{51752}€H2(5) TgN\S

= Y M - > ps{SL S | Y gh (T ()

TCN\S {51,52}€I12(S) TCN\S

+ Y a5, (T, (T) |,

TCN\S
which yields the desired result. O]

Observe that condition (3.2)) is satisfies for ¢ and ¢* as in the Shapley and Banzhaf
Generalized values, and more generally when ¢ and ¢* depend only on the cardinality of
N\ S and T'. This condition is met when ¢ and ¢* define a semivalue.

12



4 Some important cases

To define specific coopetition indices to work with in the applications that follow we
consider the two consolidated models for coalition formation that preside the definition of
the Banzhaf and the Shapley values for individuals.

4.1 The Banzhaf Coopetition Indices

We assume that both the partition that defines the attitude and the coalition of external
players that interacts with the chosen coalition S are chosen uniformly at random.

Definition 4.1. Take the family of probability distribution p and assume that, VS C N,
ps(m) = (2571 = 1)7" for every 7 € II5(S). The Banzhaf attitude index of S wrt T is

defined as .

57 D BI'(mD).

wellz(S)

%Z(S, T) -

Since each partition in I15(.S) is equally likely, a null attitude index of S wrt 7" describes a
situation where each 2-partition with a block interaction indicator of 1 is counterbalanced
by another 2-partition with opposite block interaction indicator.

Taking the family of probability distribution ¢ defined by ¢s(7") = 2°~", for all S C N
and T'C N\ S, the Banzhaf coopetition index is defined as

Ch$) =2 Y A ST =gl Y B

TCN\S TCN\S rella(S)

A coalition S has null Banzhaf coopetition index whenever, to any 7" C N \ S and
7 € II5(S) such that BI"(m,T) = 1, we can associate a coalition 77 C N \ S (which may
coincide with 7) and 7’ € II5(S) such that BIV(n’,T') = —1.

The Banzhaf absolute coopetition index reads as

1 ZTQN\S ZW€H2(S) BI*(m,T)

Ch.(S) = (25-1 - 1) ETQN\S v (T)

4.2 The Shapley-Owen Coopetition Indices

The second model considers players joining a coalition one at a time, with players in the
chosen coalition S arriving one immediately after the other and with the overall arrival
sequence chosen uniformly at random among the sequences that keep the players in S
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close to one another in terms of entry sequence. We follow the Owen construction for a
value with a priori union built on the Shapley value in which only the players in S gather
together before the game is played.

Therefore, we consider the sequence of players ¥g(N) in which the players in S are
located one next to the other. For each o € ¥g(N), at a random time of entrance chosen
uniformly among the available slots, players already in the coalition and those outside of
it evaluate the mutual benefit of their interaction through the block interaction indicator.
The average wrt the time of entrance will describe the overall attitude of the players of S
wrt the previous players for the given entry sequence.

Definition 4.2. The Shapley-Owen coopetition index is defined as

|E Z ASY(S,0),
S

O’EES N)

Cs0(5) =

where ASY(S, o), called the sequential attitude of S toward o, is

ASY(S,0)

{EF7(S), L7(S)}, Pre?(9)),

where F7(S) (L(S) resp.) are the first r (last s — r, resp.) players of S that join the
coalition in the sequence o and Pre?(S) are the predecessors of S in the sequence o.

A null coopetition index for the coalition S denotes a situation where, to any sequence
o € Y5(N) and any choice of time r of entry for which the players in S, who have already
entered and those who are still outside gain mutual advantage from cooperation, there
corresponds a sequence o’ € YXg(N) and a time of entry r’ such that the two groups are in
perfect competition. Notice that it may be the case that o = o/, but then r # 1.

The newly introduced coopetition index is a special case of the generalized coopetition
index, as the next result shows.

Definition 4.3. For any S C N, |S| > 2, and T' C N \ S, the Shapley-Owen attitude
index is defined as

1 v
SO(S>T):t!S!(n_S_t>! Z AS (570)'
Uezs(N)
Pre? (S)=T

Note that, for fixed S and T, if to any © € Il5(S) that splits S into two sets of
sizes r and s — r, respectively, and such that BI"(w,T) = 1, we can associate another

14



7' € Il5(.S) that splits S into subsets of the same sizes as those contained in 7 and such
that BIV(n’,T) = —1 then A%,(S,T) = 0. For the Shapley-Owen coopetition index,
however, a null attitude could arise from a differing number of 2-partitions of S having
positive or negative block interaction indicators. This is due to the fact that pg in p assigns
different probabilities to the elements in II5(S) of differing sizes.

Proposition 4.4. For any S C N, s> 2, and T C N\ S then,
g‘O(S7 T) = 'AZ(Sv T)v

where p with
for any m = {R, S\ R} € IL1(S).

Moreover, taking q with

th(n—s—1)!
QS(T)ZM, forany T C N\ S,

then
C0(8S) = Cpy(S).

Proof. Observe that, for all 0 € ¥g(N) such that Pre?(S) = T and the elements in S
arrive in the same order, the value of ASY(S, o) is constant. Moreover there are r!(s —r)!

sequences o of the players divided in the two sets of 7 in the specified order {R,S \ R}
such that BIV({F?(S), L¢(S)}, Pre?(S)) is constant. Then

ol(8.7) = SETE YT S BIURS\RLT)

~2rl(s—1)!
) sl
r=1 RCS:|R|=r

D) > BI'(r,T).

wellz(S)

To conclude the proof note that there are t!(n — s —t)!r!(s —r)! sequences of the players in
which all the players of T" are followed by the two sets of 7 in a specified order and followed
by the remaining players. If we denote as ¥, all the sequences in which 7" is followed by
7 in any of the two orders, the Shapley Owen value of S relative to these sequences is

Co(s:7,m) o= 22O TS 2N S LS B ({0 (9), LS}, Prec ()

— Is!
(n—s+1)ls! =l
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Summing up over all sequences in 3g(N), that corresponds to sum up over all 7" C N\ S
and 7 € II5(.S), we have

Cio(S)= > > C4(S:T,m)

TCN\S nella(S)
thn—s—t)! 2rl(s —r)!
= _— ————BI(Ry, R, T
2 (n—s+1)! 2 sl(s — 1) (P, o, T)
TCN\S {R1,R2}€ll2(S)
which yields the result. O

The Shapley-Owen absolute coopetition index reads as

2rl(s—r)! v
ZTCN\S (n—s—1)! E{Rl Ra}elly(S) su((s 1) BI"(Ry, Ry, T)
ZTCN\S (n—s— 1)l vg(T)

Cso(S) =

4.3 Some Common Properties

As already noted, the attitude for couples does not depend on the distribution p, and,
therefore, A%, (i, T) = A%y (i7,T) = ¢*(ij,T) for any couple ij C S and any T'C N \ ij.
Moreover, Cg,(ij) = Zg,(ij). The next result shows that the equality between the two
indices extends to the triplets of players

Proposition 4.5. Take i,j,k € N. Then, for every T C N\ijk, the Banzhaf and Shapley
attitude indices coincide:

Proof. Using the definition we have

A ik, T) = — [QBI”({Z GV, T + 2BIY({j, ik}, T) + 2BI°({k,ij},T)

12
+2BI°({jk,i}, T) + 2BI*({ik,j},T) + 2BI*({ij, k}, T)]
= %[BIU({Z'JIC},T) + BI'({j, ik},T)BI”({k,@'j}7T)] — A% (ijk, T).

We apply the new indices to the introductory examples.
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Example 2.3 from p.. Considering again the game v, we have C},(34) = —}1,

Ch.(34) = —2 and C4,(34) = I¥(34) = —3, Cfp(34) = —3. These indices show a troubled

coexistence between 3 and 4 which was not captured by the profitability index.

Ezample 2.7 (continuing] from p.[7]). Considering again the games v, w, and w , we have

C%.(123) = C}.(123) = 1, Ch,(123) = C§,(123) = 0, C§,(123) = C%,(123) = —1 and

these games, there is either complete cooperation, perfect balance, or intense competition.
These simple examples highlight how the new indices can help reveal the average

attitude towards cooperation and competition of any coalition of size larger than 1 in a
way that could not be measured with the existing tools.

5 Index properties

In this section we analyze some properties satisfied by the coopetitive index. We start
observing that if S is formed by null players then, for all families p and g,

Cy (S)=0.

Moreover, including a null player to a coalition can only water down the power of its
players to cooperate or to offer credible alternatives within the coalition. This loss of
power is formally described by a decrease in the absolute value of the coopetition index.

Proposition 5.1. Let i € N a null player and S C N \ i. Take a pair of families of
probability distributions q and p such that ps, psui, 4s, qsui satisfy

psui({51 U4, S2}) 4+ psui({S1, S2 U i})
ps({S1,52})

i) = K,(S) <1, V{51,5,} € y(S);

qu’i(T)
qs(T) + qs(T' U 7)

i.) = K,(S) <1, VT 2N,

Then
C,,(SU)| < Kp(S)K,(S)|C, ,(S)]-
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Proof. By definition

Cr.(8) =Y qs(MAUS,T)+ > qs(T)AYS,T)
TCN\(SUi iCTCN\S

)

CN\(SUi) TCN\(SUi)
)
)

S

as(MAUS.T) + 3 as(TUi)ALS.T)

= >
TCN\(SUi)

CN\(Sui

N
2

= > (s +as(TUD) AT,

TCN\(Sui

where the third equality follows from the hypothesis that ¢ is a null player. Observe that
I(SUi) = {{S1 U7, S5}, {S1, S Ui} : {1, 5} € (S)}U{i, S}, then the attitude of SU:
towards 1" can be written

AU T) = Y psu({S1Ui, S})BIY({S1 Ui, 5}, T)

{S1,S2}€ll2(S)
+ pSUi({Sl, SQ U z})BI”({Sl, 52 U Z}, T)
+ psui({t, S}HBI°({i, 5}, 1)
= > psuil{S1 U4, S })BI'({S1, S2}, T) + psui({S1, S2 Ui}) BI"({S1, 52}, T)

{Sl,SQ}EHQ (S)

= > (psul{S UL S + sl {81, S Ui ) BI({S1, 21, T),

{Sl,SQ}GHQ (S)

(5.2)
once more we use that ¢ is a null player. Using ([5.2) and hypothesis i) we have
A (SUi,T) = Kp(S)A (S, T).
Then, by (5-1)),
Cpg(SU1) = K(S)K3(5)Cp ,(9),
and the proof is complete. O]

The probability distributions underlying the Banzhaf and the Shapley-Owen indices
satisfy the hypothesis of Proposition We therefore have the following
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Corollary 5.2. Leti € N a null player and S C N \ i. Then

| 2\
5001 < (1- 527 ) Ies(5)

esotsuil < (1

m) ICs0(5)]-

Proof. For Banzhaf, take qs(T) = 5. and ps({S1,S2}) = 5=+, then we have

on—s 2s—1_1>

psui({S1 Ui, 551 + psui({S1, 5 Ui}) 555 + 55
1

pS({ShSQ}) prery - 25 — 1

qsui <T> _ 2n—1s—1

<1

=1

For Shapley-Owen we take ¢g(T") = % and pg({S1, S2}) = 220 then

(s14+1)!s2! + s1!(s2+1)!

psui({S1 U, S2}) + psui({S1, 52 Ui}) iy ECERV 2 '
- s1lsa! - - < 1’
pS({Sl’S2}) Ts=D)s! S(S'F 1)
(n—t—s—1)!t!
gsui(T) B (n—s)! _
N (n—t—s)lt! (n—t—s=DI(t+1)! —
gs(T) +qs(T' V1) =)l T (st

]

Null players have a different impact on the indices that we reviewed in the introduction.
These can be explained by the axioms that these indices satisfy. The inclusion of a
null player does not change the profitability of a coalition for the role of null players
in the Shapley individual and group values. Conversely, null players drop (or raise) the
interaction index to zero, due to the fact that such players will not make any difference in
the interaction index of the remaining players.

Next, we analize the behavior of the coopetition index on the minimal winning coali-
tions. A secession in a minimal winning coalition can only bring about a more competitive
attitude among the players of that coalition and its supersets. This results in a decrease
of the coopetition index of all these coalitions.

Vi 1ts minimal winning coalitions set.

with |W| > 2 and let w and u be simple games whose minimal winning

Proposition 5.3. Let v be a simple game and
Take W € WY

min’
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coalitions sets are defined as

g :Wv \WU{Wl,WQ}

ﬁin = W:I}lin \ wu {/Wb /WQ}

where WiNWy #£ 0, Wi UWy = W and {Wl, Wg} € llo(W). Then, for any pair of families
of probability distribution p and q,

Co,(S) > Cy(S) = CL(S),  for any S D W. (5.3)

Proof. Fix any S D W and T'C N\ S. Since W C SUT, then v(SUT) = 1. Consider
now m = {S1, 5} € IIs(S). For the first inequality in (5.3)) we have that BI"(w,T) >
BI*(m,T) whenever any set of 7 say Sj, contains either W or W5, but Sy does not.
Strict majorization takes place if v(S; U T) = 0, while w(S; UT) = 1. Conversely,
BI'(m,T) = BI"(m,T) whenever either set of 7 entirely contains W. For the second

inequality we have that
BIY(m,T) > BI*(nw,T), (5.4)

whenever either set of 7 contains W\l, /Wg, respectively, without containing Wy, W5, re-
spectively. For all the other cases we have BI"Y(w,T) = BI*(w,T). O

6 Notable examples

We apply the newly defined indices to two classes of games that were considered by Hart
and Kurz [7] to examine the stability of coalitiong']

6.1 The Apex Game
The Apex game (N, x) is defined as follow

lifa € S and S\a # 0;
z(S) =< 1if S = N\g;
0 otherwise;

for an "apex” player a € N. This game was first described by [12] and studied by [7].
It is an example where both exclusive and inclusive contracts by a group of players are

IThe first draft of this work available on Arxiv.org, introduced a decisiveness index to distinguish
between powerless coalitions and those in which competition and cooperation balance out. Our later findings
show that the probabilistic generalized value does the same job in a neater way.
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profitable according to the definition in [11].

We now compute the coopetition index for each coalition.

Proposition 6.1. Consider the Apex game (N, z), for any S C N, s > 2, take a pair of
families of probability distribution p and q. The coopetition index takes on the following
values:

gs((SUa)®) — gs(a) ifa ¢S,
Cap(S) =9 (4s(0) — qs(59)) ps({a, S\ a}) ifaeS S #N;
0 if S =N.

Proof. Suppose a ¢ S. For any {S,S2} € II5(S), we have

+1 it T'=(SUa)s
Blw({51752},T> = -1 ifT:(l;

0 otherwise.

Therefore, by its definition,

Cr ()= > (qS(T) > ps({S1, S})BIT({S1, 52}, T)

TCN\(aUS) {51,82}€ll2(S)

{Sl,SQ}EHQ(S)

+as(TUa) ) PS({Sh52})B]m({51752}7TUG))

=(gs((SUa)) —gs(@) > ps({S),5a})

{S1,82}€M5(S)
=qs((5Ua)%) —gs(a).

Consider now a C S € N. We have that:

+1 if T =(;
BI*({a,S\ a},T)= ¢ -1 if T'=5¢

0 otherwise ,

while
BI*({S1Ua, S}, T) =0, forany {S1, S} € Il(S) \ {a, 5\ a}.
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Therefore, considering the definition of the coopetitive index,

Co,(8)= > qs(T)AL(S,T)

TCN\S

= (a:(0) — gs(5°))ps({a. S\ a}).
The case CJ (N) = 0 simply follows from

B[x({SbSZ}?@) - 07 for any {51,82} € H2<S)

Proposition [6.1 implies that if, for any S such that 2 < s <n —1,

as(N '\ (aUS)) = gs(a), for a ¢ S,

qs(N\S) ZQS((Z)), fora € S, (6.1)

then C7 (S) = 0. The distribution families that define the Banzhaf and the Shapley-Owen
values satisfy condition (6.1]). Therefore, for any S, s > 2, we have,

C5.(S) = C5.(S) = Cio(S) = Cio(S) = 0.

According to all our indices, each coalition in the apex game shows a perfect balance
between cooperation and competition as measured by our proposals. Note that the null
values do not derive from a lack of power, since every coaliton has a positive generalized
value according to the most popular indices. For instance, the group Shapley value takes
the following values that are strictly positive for any coalition:

2
Psn(S) = (n—s)(n—s—1)
psn(SUa) =1, VS C N\ a with s > 2;
1

qbgh(N \ CL) = 5

, VS C N\ a with s > 2;

6.2 Symmetric Majority Games

The next application focuses on the study of n-person symmetric majority games, (N, m*),

deﬁned as fOHOWS:
mk (S) { 1 s ’

0 otherwise,
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where £ is the quota majority required to win. It is typically assumed that k is an integer
greater than n/2 (ensuring the game is super-additive). These games were initially exam-
ined by Bott [2], who characterized all their symmetric solutions.

In the following proposition we give the explicit expression of the coopetitive index.

Proposition 6.2. Consider the symmetric magority game (N, m*), where k is the quota.
For any S C N, s > 2, take any pair of families of probability distributions p and q. The
coopetition index takes on the following values:

o [fs<k—1 and s is even then

min{k—1,n—s} s/2
Can(S) = Z Z gs (T (1t§k—5/2—1 Z Z ps(S1,52)
t=k—s TCN\S a=t—k+s+1 {sl,SQ}GHQI
[T|=t |S1|=a

5/2

— ]ltzk—S/Q Z Z pS(SI;S2>>'

a=k—t {31,52}61_[2:

[S1]=a
o [fs<k—1 ands is odd then
min{k—1,n—s} [5/2]
cr(S) = Z S s (Lan e Y. Y pslSS)
t=k—s TCN\S: a=t—k+s+1 {S1,S2}€lla:
|T|=t [S1]=a

5/2

— Lisp1sp2] Z Z p5(51,52)>.

a=k—t {Sl,SQ}EHQZ
|S1|=a

o [fs=k+bwith0<b<n-—k then

min{k—t—1,[s/2]}

H=3 3 el 3 ws(8)
t=0 TCN\S: a=min{t+b,[s/2] }+1 {S1,52}€lla:
|T|=t |S1|=a

min{¢+b,[s/2]}

SIS > ps(S1,%).

a=min{k—t,[s/2]} {S1,52}€la:
[S1l=a



The proof is postponed to the appendix [A]

For any S C N, with s > 2, the group Shapley value is given by

L _min{s,n—k+1}, ifs<k-—1,
bsn(S) = § w1 boodfes
1,  otherwise.

Moreover, we have the following characterizion of the Shapley coopetitive index.

Proposition 6.3. The Shapley coopetitive index for the symmetric magjority game (N, mF)
has the form

o I[fs<k—1 then

max{O,s—l—i—k—n}
s—1

Cso(S) = Gsn(S). (6.2)

o I[fs=k+bwith0<b<n—k then

Crn(S) = %(%1_)” (6.3)

The proof of this result is postponed to appendix [A]

It is easy to verify that 0 < W < 1, for all k, s,n. Moreover, from Proposi-
tion [6.3] we have the following corollary.

Corollary 6.4. The Shapley coopetitive index for the symmetric magjority game (N, m*)
of coalition S is zero whether s < n —k+1 orn isodd, k= [3] +1, and k < s < n;
otherwise, it is strictly positive.

Therefore, the competitive effort never prevails over the cooperative one. In some
instances, such as the case of small size coalitions or the case where there is a odd number
of voters and the quota is minimal, independently of the size, the two efforts balance
evenly.
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Party Seats
PP 123
PSOE 90
Podemos 69
Ciudadanos 40
ERC 9
DyL 8
PNV 6
Unidad Popular (UP) 2
Bildu 2
Coalicién Canaria 1

Table 1: Congress of Deputies in the 11th Spanish Cortes Generales.

7 An Electoral Application

We consider a voting game based on actual electoral data, previously examined as Example
1.3 by Flores et al. [5]. This case refers to the elections for the Spanish Congress of Deputies
held on December 20, 2015, to elect the 11th Cortes Generales. The resulting distribution
of seats, as shown in Table [I] defines a weighted voting game with a quota of k = 176.

This election resulted in a fragmented Parliament, leading to prolonged negotiations
to form a stable government. These consultations were heavily influenced by the political
affinity among parties, as coalitions between ideologically divergent parties could only
materialize if intermediary parties facilitated reconciliation. These constraints on coalition
formation can be effectively represented by a communication graph, where a coalition
retains its value only if its members are connected. The graph used in our analysis, taken
from Flores et al. [5], is shown in Figure [1]

In this model, a coalition is only valuable if its members form a connected subgraph
of the original graph. The coalition’s worth is determined by the Myerson Value, which
adjusts the game to consider only the sum of the values of its connected components. The
Myerson graph-restricted game vr modifies the original voting game v as follows:

w(S)= Y (T,

Ty €conr(S)

where conr(S) represents the set of connected components of S in I'. Since the voting
game is proper and the connected components are disjoint, only one of them at most can
be a winning coalition.
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Coalicién
Canaria

Figure 1: Graph of political affinities among the parties after the 2015 election.

For each coalition, we compute both the Shapley-Owen coopetition and absolute coope-
tition indices, and we analyze their distributions. Figures|2/and |3|display boxplots showing
the coopetition index as a function of coalition size and of the number of connected com-
ponents.
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Figure 2: Boxplots of the Shapley-Owen coopetition index arranged by coalition length (left)
and connectedness (right).

The Wilcoxon Rank-Sum tests reveal a statistically significant increase in the popu-
lation median when coalitions are fully connected, with a null p-value up to the tenth
decimal digit.

Flores et al. [5] specifically analyzed two potential coalitions during this period: one
between PSOE and Ciudadanos, an emerging right-leaning party, and another between
PSOE, Podemos, and Unidad Popular. Their study concluded that the PSOE-Ciudadanos
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Figure 3: Boxplots of the absolute Shapley-Owen coopetition index arranged by coalition length
(left) and connectedness (right).

coalition was more promising in terms of group value and profitability. However, when
considering coopetition, this coalition had a lower coopetition and absolute coopetition
index than the PSOE-Podemos-UP coalition. Specifically, if S = {PSOE, Ciudadanos}
and S” = {PSOE, Podemos, UP}, then:

Clo(S") = 0.0833, Cp(S") = 0.125,
Clo(S") = 0.111, C5y(S") = 0.289.

It is worth noting that this example was analyzed while negotiations to form a gov-
ernment were still ongoing. The talks that followed ultimately stalled, prompting new
elections. Consequently, none of the computed indices could be tested against a successful
outcome.

8 Conclusion and Open Problems

The coopetition indices defined here provide a novel way for evaluating the attitudes
towards cooperation and competition for coalitions of any size larger than 1 in simple
games. The new measures overcome some difficulties arising from borrowing the existing
definitions arising from the fact that those indices are defined with different aims or from
the fact that the available tools alter the original game.

We suggest accompanying the coopetition index with the corresponding generalized
group value. Together, the two measures reveal the strength and the cohesion of the
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coalition under exam. This is particularly important in situations such as the apex game,
where cooperative and competitive forces perfectly balance. Additionally, the indices’ ratio
introduces an absolute coopetition index with attainable range ends of 1 (for maximum
cooperation) and -1 (for maximum competition) for any coalition.

There are many open questions and we list what we consider the three most urgent
ones:

1. While we have proved some properties for the new indices, we have not yet provided
a list of independent axioms that uniquely characterize the indices for some choices
of the distribution families p and ¢q. The Banzhaf and the Shapley-Owen coopetition
indices are the first targets.

2. The indices have been defined for simple games because this is the clearest environ-
ment to explain the block interaction indicator and the attitude index. The indices
lend themselves to be effortlessly adapted to Transferrable Utility (TU) games. The
meaning and reasonability of the new definitions have to be carefully tested in the
larger environment.

3. One of the referees has pointed out that the attitude index captures only the 2-
partitions of a coalition and does not take into account partitions with a higher
number of non-empty disjoint sets. We reply by noting that our attitude index
will assign a negative value to a 3-partition of complementary critical sets lower
than that assigned to a 2-partition of complementary critical disjoint subsets of the
same coalition. Nevertheless, we fully accept the criticism and leave as an open
problem the idea of defining attitude (and coopetition) indices based on splits of any
cardinality.

Future research addressing these questions will further refine the theoretical founda-
tions of the coopetition index and enhance its practical applicability in evaluating coalition
dynamics.
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A Appendix: Coopetitive index in the majority game

In this section we start giving the proof of Proposition [6.2]

Proof. Take a coalition S C N with cardinality s and let 7' C N \ S be a loosing coalition
with cardinality ¢. Coalition S is critical for T if and only if s > k —t. We need to
distinguish three cases: (A) Coalition S is losing and s is even; (B) Coalition S is losing
and s is odd; (C) Coalition S is winning. For each case we write explicitly the value of
the block interaction indicator for any 7.

Case (A):

As already observed we need that the cardinality of T is t = k — s + b for

b=0,...,min{s — 1,n — k}. Then if

t=k—s= BI',T)=1 VrelIL(5S)

t:k—s—|—1:>BI“(7r,T):{

0
t:k—s+2:»B[v(7r,T):{1

tzk‘—s+§—1:>BI”(7r,T):{
S
tzk—5+§=>BI”(7r,T):{

tzk—5+§+1:>B[”(7r,T):{

tzk—s+s—2:>BI”(7r,T):{

0 ifr={i,S\i},Vies
1 otherwise
ifr={A,S\A},VAC S a<2

otherwise

0 ifW:{A,S\A},VAQS,agg—l
1 otherwise

—1 ifﬂ:{A,S\A},VAQS,azg

0 otherwise

—1 ifW:{A,S\A},VAQS,azg—l

0 otherwise

—1 ifr={A, S\ A},VAC S,a>2

0 otherwise

t=k—s+s—1= BI(n,T) =—-1 Vr elIly(S5)

Case (B):

As before we consider the cardinality t = k — s+ b for b =0,..., min{s —

1,n —k}. Then if
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t=k—s=BI'(n,T)=1 Vrelly(9)
ifm={i,S\i},Vies

0
t=k—s+1= BI'(r,T) = _
1 otherwise

0 ifr={AS\A},VAC S a<2

t=k—s+2= BI'(r,T) = _
1 otherwise

0 ifr={A,S\A},VAC S a<[s]—1

1 otherwise

t:k—s+(§]—1:>BI”(7r,T):{
t:k—s+(§] = BI’(r,T) =0, ¥r € II,(S)

S iy
t=k—-s+[5]+1=BI'(rT)= 2
° (2] (mT) 0 otherwise

{—1 if m={A, 5\ A}, VAC S.a=[3]

—1 ifr={A S\ A},VAC S,a>

0 otherwise

-1

t:k—s+f§]+2:>BI”(7r,T):{

—1 ifm={A, S\ A}, VAC S,a > 2

t=k—s+s—2= BIl’(n,T) = .
0 otherwise

t=k—s+s—1= BI’(n,T) =—-1 Vrelly(9)

Case (C): Coalition S is winning then we calculate the block interaction indicator
when s = k+bforb=0,....,n— k. Take A C S, with cardinality a > 1, and take a
partition m = {A, N \ A} € II5(S). For any loosing coalition 7" with cardinality ¢t <n — s
observe that BI"(m,T) = —1 if and only if

t+a>k and t+k+b—a>k

The previous inequality are compatible if k —t <t + b, namely t > % Then
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—1 ifm={A,S\ A}, VAC S,k —t < a <min{t +b, [+/]}
0 otherwise
0 if m={A,S\ A}, VAC S,a < minft + b, [2]} or k=t < a < [42]

1 otherwise

k—b
tZT:BI”(w,T):{

k—b
t<T:>BIU(7T,T>I{

Using the previous calculations the formulas in the proposition hold. O

Now we prove the explicit expression of the Shapley coopetition index given in Propo-
sition 6.3

Proof. To get the previous expression, first observe that applying Proposition [6.2] we have
the following expression of the Shapley-Owen coopetitive index.

o [f s <k—1and s is even then

min{k—1,n—s}
Cn(S) = - 1)(711_ Py t;g Lycpspp1(2k — 2t — s — 1)
— Lispoopp(s 42t — 2k + 1).
o [f s <k —1 and s is odd then
9 min{k—1,n—s}
GolS) = sty 2, lspmma(bmt=TAID)

— Lysppopa) ([$2] +1 =k +1).
o [fs=k+bwith0<b<n-—kthen

(s — 1)(711_ s+1) z_:]lt<1/2(kfb) (2min{k —t — 1, [s/2]} — 2min{t + b, [%/2]}

Cs0(5) =

— Linin{k—t—1,[s/s]}=5/2)
— Ly 1nk—p) (2min{t + b, [3/2]} — 2min{k — ¢, [/2]} + 2

— Drnin{t+6,+/21)=s/2) -

Rewriting the previous sums we get formulas [6.2] and
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