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MILD SOLUTIONS OF HJB EQUATIONS ASSOCIATED WITH
CYLINDRICAL STABLE LEVY NOISE IN INFINITE
DIMENSIONS

ALESSANDRO BONDI, FAUSTO GOZZI, ENRICO PRIOLA, AND JERZY ZABCZYK

Dedicated to the memory of Giuseppe Da Prato

ABSTRACT. We study the optimal control of an infinite-dimensional stochastic
system governed by an SDE in a separable Hilbert space driven by cylindrical
stable noise. We establish the existence and uniqueness of a mild solution to
the associated HJB equation. This result forms the basis for the proof of the
Verification Theorem, which is the subject of ongoing research and will provide
a sufficient condition for optimality.
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1. INTRODUCTION

Our study is concerned with a stochastic control system
dX, = (AX,+ F(X,))ds + a,ds +dZ,, s>t, Xy =z € H, (1)

on a Hilbert space H where A is a linear operator and F' a Lipschitz continuous
and bounded transformation from H into H. Moreover, (as)s>o is a predictable
control process with values in the closed ball {z € H : |z|] < R}. Perturbations
are modeled by a stochastic process Z of pure jump Lévy type. The ultimate
goal is to find a control process which minimizes the cost functional

g 1
J(t,z,a) = E[/ <9(X§’x’a) + 51a3|2>d3 + h(erp’x’a)] ;
t

where X! s € [t,T], x € H, is a solution of (1) corresponding to the control
(as)820~
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2 BONDI, GOZZI, PRIOLA, AND ZABCZYK

To solve the control problem we apply the dynamic programming approach,
with the nonlocal parabolic Hamilton-Jacobi-Bellman equation

owu(t, z) =g(x) + (Az + F(x), Du(t, x))

+ [ qult+9) = ult. ) — (Du(t. ). p)}ody)
" (2)
+ inf [\ Du(t,2)) + %W], £ €0, 7],

u(0,z) = h(z), x€ H,

for the value function
V(t,z) = ian{ J(t,z,a)
ac

playing a central role. In Equation (2), v is the so-called intensity measure of the
process Z; U denotes the set of all control processes.

The specific results will be formulated under the additional assumption that A
is an unbounded, negative definite, self-adjoint operator on H having inverse A~!
which is compact. This allows to cover the case when Z is a cylindrical a—stable
process with a € (1,2) formally given by

Zy =Y Zpe,, >0,

n>1

where (e,), is an orthonormal basis of eigenfunctions of A and (Z}'),, a sequence
of independent one-dimensional a—stable Lévy processes (see Section 2 for more
details). These processes and the corresponding semilinear SPDEs are introduced
in [19] and further investigated in, for instance, [18].

Note that the study of a control problem like ours has been initiated in [7] (see
also the later paper [11]) in the well-known cylindrical Wiener case, i.e., when
(Z}"),, are independent one-dimensional Wiener processes.

The solution will be achieved in two steps.

The first one is a proof of the existence and uniqueness of the so-called mild
version of Equation (2) (see Equation (5) below). This is done in the present
paper.

The second step will be the subject of a future research, which will focus on the
proof of the fundamental formula:

T
1
o _ . . t.x,a - 2
u(T —t, ) J(t,x,a)—i—El/t ()hng [O\, Du(T — 5, X)) + 2|)" ]

1 ®)
— §|as|2—(Du(T — 5, X1, a5>>d8:|,

valid for the mild solution u of (2) and an arbitrary control process (as)s>o. It
leads directly to the solution of the control problem.

It is worth noting that our approach relies on the smoothing effect and gradient
estimates of the transition semigroup of the Ornstein-Uhlenbeck (OU, for short)
process associated with the random perturbation Z. This allows us to avoid the
theory of viscosity solutions, which is particularly delicate for infinite-dimensional
pure jump Lévy processes. Such theory requires restrictive conditions on the drift
F (see [21, 22, 23]). Moreover, it does not cover the cylindrical Lévy case we
consider. We also mention that it is currently an open problem to establish the
regularity of such viscosity solutions.
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For another example of infinite-dimensional pure jump Lévy process where the
strong Feller and regularizing properties of the corresponding OU semigroup are
known, we refer to [2]; see also Remark 1.1 for more details.

To define the mild version of (2), denote by P;, t > 0, the transition semigroup
of the generalized OU process Z, (cf. [16]):

dZAﬂf = AZAidt + dZt, ZA70 = X. (4)
For ¢ in the space of bounded continuous functions Cy(H):
Pig(x) =E[o(Z3,)], 20 wel,

where Z% is the mild solution of (4). The mild version of (2) is of the form
¢
u(t,z) = Ph(x) +/ P,_[H(-, Du(s,-))|(z)ds, te€[0,T], z€ H, (5)
0
where, for arbitrary y € H and p € H,

H(w.5) = o) + (F).0) + inf [(0p) + 52

The existence and uniqueness of a regular solution u to (5) in the space CI(H)
(see (26) for its definition) is proved in Theorem 4.2. In particular, such solution
u is Fréchet differentiable in the space variable . In Theorem 4.3 we show in
addition that the Fréchet derivative Du(t, -) is 6—Holder continuous from H into
H for suitable 0 € (0,1), t €]0,T]. These theorems are the main results of this
paper and are crucial for the proof of the fundamental formula (3).

Even in the finite-dimensional setting, contrary to the Wiener case, which is
extensively analyzed, for instance, in the monograph [13], the theory of optimal
stochastic control problems with random perturbations of Lévy type is not very
developed (especially for the case of multiplicative Lévy noises). We refer to
[5, 12, 17] for Bellman’s principles involving special dynamics and to the more
recent [4] for a dynamic programming principle associated with more general
controlled jump diffusions. We also mention the book [15], where several examples
of control problems for jump diffusions motivated by applications can be found.

Control systems in infinite dimensions with Wiener-type perturbations are of

current interest and discussed in many publications, see, in particular, the com-
prehensive monograph [10].
Besides the already mentioned [22, 23], however, we are unaware of works on sto-
chastic infinite-dimensional control systems with pure Lévy-type perturbations
without Gaussian component. They require essential modifications of the classi-
cal techniques, although basic dynamic programming ideas are still applicable.

Remark 1.1. The paper [2] studies regularizing properties and establishes gra-
dient estimates for the OU transition semigroup corresponding to subordinated
cylindrical Wiener processes W formally given by

Ws, =Y Be, t>0.

n>1

Here, (B}'),, is a sequence of one-dimensional independent Brownian motions and
S is an independent a—stable subordinator, with a € (%, 1). The perturbation W
18 2a—stable and, unlike Z, is isotropic, i.e., tnvariant by rotation. Employing
the gradient estimates in [2], the machinery devised in this paper can be adapted
to analyze a state equation like (1) driven by Wy instead of Z.
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2. PRELIMINARY MATERIAL

In this section, we recall some properties of cylindrical a—stable Lévy processes
from [19]. Moreover, in Subsection 2.2 we introduce the state equation of the
control problem investigated in the following sections.

2.1. On stable Lévy processes in Hilbert spaces. Let H be a real separa-
ble Hilbert space. Given a stochastic basis (2, F, (F;),P) satisfying the usual
assumptions, we consider a cylindrical a—stable process Z = (Z;);, o € (1,2),
formally given by

Zy =Y BuZe,, t>0.

n>1

Here, (e,), is a fixed orthonormal basis in H, (8,), C (0,00) is a sequence
of positive numbers and (Z}'), is a sequence of independent one-dimensional
a—stable Lévy processes defined on the previous stochastic basis such that, for
any n € N and t > 0,

E[e#'"] = e71M" h e R. (6)
Let A: D(A) C H — H be an operator that fulfills the next assumptions taken
from [19].

Hypothesis 2.1. The operator A is self-adjoint. Moreover, the following holds.

(i) The reference basis (ey,), is a basis of eigenvectors of A. More specifically,
(en)n C D(A) and there exists a sequence (Vn)n C (0,00) of positive numbers
such that v, — 00 as n — 0o and

Ae, = —Ypen, n €N
(ii) There exists v € [1/a,1) and C > 0 such that

_ 1
Bo>Cri ', neN (7)
(iii) The series Y, -, By, converges.

Note that when Y, ., 7, ' converges we can cover in particular the cylindrical
case Y. o, Zre,. This happens, for instance, when A is the generator of the
one-dimensional heat semigroup on a bounded interval with Dirichlet boundary
conditions.

For every x € H, the OU process Z% = (Z% ,); associated with Z is defined by

% t
Zhy = er + Zﬁn</ e”"(ts)dZ:) en, t>0.
n=1 0

Thanks to Hypothesis 2.1, by [19, Proposition 4.2], Z% is an H—valued pro-
cess. Moreover, by [19, Theorem 4.4], we can consider a version of Z% which is
stochastically continuous, predictable and with p—locally integrable trajectories,
for every p € [1,«). In particular, we note that, by [9, Proposition 3.7(ii)|, the
existence of a predictable modification is a consequence of the stochastic con-
tinuity and F;—adaptedness of Z%. We observe that for our arguments we do
not need the cadlag regularity for the paths of the OU processes. In fact, in our
infinite-dimensional setting, Z% may fail to have cadlag paths; this is the case,
for instance, when the sequence (,), does not converge to 0, see Theorem 2.1
and Corollary 2.1 in [6].
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We denote by Cy(H) [resp., Cy(H; H)] the Banach space of bounded and con-
tinuous real-valued [resp., H—valued] functions defined in H, endowed with the
usual norm ||-||o. Additionally, C}(H) is the Banach space of continuous, bounded
and Fréchet differentiable functions from H into R with continuous and bounded
Fréchet derivative, endowed with the usual norm ||-||;. Let P = (F;)i>0 be the
OU transition semigroup associated with the processes Z%, x € H, i.e.,

Po(x) =E[p(Z5,)], t>0,z€H, ¢cCy(H). (8)

In the sequel, we denote by C' = C(«,vy) > 0 a positive constant allowed to
change from line to line. According to [19, Theorem 4.14], for every t > 0, P,
maps Borel measurable and bounded functions ¢ into C}(H), and the following
gradient estimate holds:

C
|DPgllo = sup |[DPp(x)| < t—7|\¢\|0- (9)
zeH
If additionally ¢ € Cy(H), then the Gateaux derivative of P;¢ is given by

(DPo(a / o(ehs +y) Ji(h,y) m(dy), heH.

Here, y; is the law of the stochastic convolution Z%,t and, for every h € H and
t > 0, the map y — J;(h,y) is defined as follows:

— N pil <y7 eﬂ) e—%ﬁ(h, €n> . . 1-— e—OWnt l/a
Jt(ha y) - nz:l p_a( Cn(t) ) Cn(t) s with Cn(t) = 5,” (a—%) ’

where the convergence of the series is in the L?(H, y;)—sense and p,, denotes the
density with respect to the Lebesgue measure of the probability measure induced
on R by Z7, for any n € N. In particular, J;(h, ) € L*(H, ) is such that

/ | Je(h y)! pe(dy) <

We refer to [2, Theorem 7 and Corollary 8] for analogous results in the context
of OU processes driven by subordinated cylindrical Brownian noises.

< in?

2.2. The State Equation. We consider a map
F: H — H Lipschitz continuous and bounded; (10)

we denote by [Fry, the Lipschitz continuity constant of F'. For a fixed R > 0,
we define the set of processes

U=Ur={a:[0,00) x Q2 — Br(H) s.t. a is predictable} , (11)
where Br(H) is the closed ball centered at 0 with radius R in H.
Inspired by the cylindrical Wiener case analyzed in [7, 11], for every a € U, t > 0

and x € H we consider the following controlled nonlinear stochastic differential
equation:

dXs = (AX; + F(Xy))ds + asds +dZs;, s>t Xy =z € H. (12)

Starting from Section 3 below, we investigate a control problem featuring (12) as
the state equation. Indeed, the mild formulation of (12) has a pathwise unique
solution, as shown in the next lemma, which is proved similarly to [19, Theorem
5.3].
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Lemma 2.2. For everya € U, t >0 andx € H, (12) admits a unique predictable
mild solution with p—locally integrable paths for p € [1,«), that is, there erists
a unique predictable process X = (Xy)s>¢ with trajectories in L (t,00) for any
p € [1,a) such that, P—a.s.,

X, = e 4 / e A(F(X,) 4 a,) dr + Z9s— e(s_t)Angt, s>t. (13)
t

Proof. Let a € U, t > 0 and = € H; notice that a process X = (X)s>; satisfies
(13) if and only if the process Y = (Y,)y>; defined by Y, = X, — Z§  +el70425 |
fulfills

Y, = D4 4 / AR, + 29, —e"Z0 ) +a,)dr, s>t (14)
t

We then focus on this equation and demonstrate that it admits a unique pre-
dictable solution with continuous trajectories. This is sufficient to deduce the
properties of X in the statement of this lemma.

Fix T > 0 and denote by C([t,t + T]; H) the Banach space of H—valued
continuous functions on [¢,t + T| endowed with the usual supremum norm || - ||o-
For P —a.e. w € €2, the functional I';r , given by

Ly o(f)(s) = 0%
+ / CIAR(f(r) + 28, () — €T IAZY () + an(w)dr,

selt,t+T], feC(t,t+T];H),

is well defined. Indeed, recalling that a, € Br(H) for every r € [t,t + T| and
Z%. € LP(t,t +T) for any p € [1,a), by (10) we have

IPerw()(8)] < |x!+/:(\F(0)!+|ar(W)!+[F]Lip (Lfllo + 123 (@) +1223 ()]} ) dr
<oo, se€tt+T],

where we also use the fact that e = (e4),> is a contraction semigroup on
H. Since e is strongly continuous, by the dominated convergence theorem we
infer that I'yr, takes values in C([t,t + T]; H). Moreover, for every fi,f> €
C([t,t+ T H),

ITer (1) = Tz o (f2)llo < [Fluip Tl f1 = fallo- (15)
It then follows that, for 7" sufficiently small, T';r , is a contraction in C([¢t, t+T7; H)
which has a unique fixed point ftg“"d.
Given that the relation among constants in (15) does not depend on the initial
point z, a standard argument by steps based on the semigroup property of e

enable us to consider the entire half-line [t, 00). More precisely, thanks to (15),
for every n € N we can define iteratively the contraction mappings I',;inr  in
nT ’

C(t+nT,t+ (n+1)T]; H) by

e (F)(5) = €0~
nT W (n—1

b [ IR+ 25,0) - N2 ) + )

+nT
set+nTt+n+1T), feC(t+nT,t+ (n+1)T}; H),

(t+nT)

yr
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where jTt'(nT_l)T’w denotes the unique fixed point in C([t + (n — 1)T, ¢t + nT]; H) of
Lwr . Therefore, the function f,, € C([t,00); H) defined by

(n—1)1"
fu(s) = JFt

is the unique continuous mapping in [t, c0) such that

(s), se€[t+(n—1)T,t+nT],neN,

nT
(n—1)T"%

fuls) = e [l (B + 28, (w) — e M2 ) + ) dr
¢
s> t.
(m)

T
el

Additionally, for every n € N, denoting by I"

_, the composition of Ft?T -

)T’ )T

with itself m—times, we have

lim ||D7)
m—00 (n—

The process Y = (Yj)s>¢ defined by Yi(w) = fu(s) for s € [t,00) and P —

a.s. w € {1 is then the unique continuous solution of (14). Furthermore, arguing

by induction, one can easily see that

o

tn

(n

= 0.
0

W(O) - fw‘[t+(n—1)T,t+nT} H

nT’

w(O))m is a sequence of predictable processes, for every n € N.
)T

As aresult, Y is predictable, as Y (w) = lim,, o, rim (0)(s) for P—a.s. w e Q

T
oy

and s € [t+ (n — 1)T,t +nT]. The proof is now complete. O

Consider the unique solution (X)>¢ of (13). Recalling that Z9 is predictable,
if we define Xy = X; for every s € [0,t), then the process X = (Xj)s>0 is
predictable, as well. In the sequel, to stress the dependence of X on the starting
point x, the initial time ¢ and the control a, we denote X by X5%® = (X5L%) .

Remark 2.3. Lemma 2.2 still holds when F' is only Lipschitz continuous. Indeed,
the boundedness of F' in (10) is never used in its proof.

3. THE CONTROL PROBLEM AND THE ASSOCIATED HJB EQUATION

For a fixed R > 0, we consider a control problem where the set of admissible
controls is U = Upg, see (11), and the state equation is (12). As discussed in
Subsection 2.2, for any a € U, t > 0 and = € H, (12) admits a unique predictable
mild solution X&%® = (X5 4 satisfying (13).

Given h, g € Cy(H) and a finite time-horizon T > 0, the cost functional J(¢, x, a)
that we investigate is

’ 1
J(t,z,a) ZE{ / (gt + ilasﬁ)ds - h(X%x’“)},
t
The corresponding value function V' : [0,7] x H — R is then defined by
V(t>$) = ;IGIZE J(t,x,a). (17)
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We study this control problem following the Dynamic Programming Approach,
focusing on the nonlocal parabolic HJB equation (see, e.g., [7], [10] and [24])

{atu(t,a:) = g() + infrepon [Lrult, x)], ¢ €]0,T),

u(0,z) = h(z), =€ H. (18)

Here, for a sufficiently regular cylindrical function ¢,

£29(z) = L9(x) + (F(x), Do)} + [\ Do) + 5], we B,

where, denoting by v(d€) the Lévy measure of the processes (Z2"), (see also [20,
Theorem 31.5])

LOUQS(.Q:) =(Ax, D¢(x))
X [ (oo e - o0 = % 0) ) via). v H. (19

L

Notice that, by (6), [20, Theorems 14.3 (ii) and 14.15] and the Lévy-Khintchine
formula,

1 -1
v(d€) = ‘5|a+1 where ¢, = 3 <—F(—a) cos %) , (20)

thus, with the change of variables {; = 3;£, we can rewrite (19) as follows:

£V () ={Az, Do(a)
ran oo [ (ot ce) - o) - 652 0)) e, w et

|€|0¢+1

We now introduce the Hamiltonian function H defined by
1
— inf Op) AP+ (F
Hwp)= nf [Ap)+ A+ (F@).p) + 9(@),
= H(p) + (F(z),p) +9(x), x,p€H. (21)
By imposing first order conditions on the Gateaux differential of the convex map

A = (X\,p) + 3|A]* and applying the Cauchy—Schwarz inequality, we derive an
explicit expression for H, namely

1 2

—5\P p SR?

Hp)={ 2P P (22)
—Rlp| + 3R*, |p| > R.

Note also that #H(-,0) = g. Using H, the HJB equation (18) can be rewritten as

follows:
{atu@, z) = H(z, Du(t, ) + LOVu(t,z), t€]0,T], 23)

u(0,2) = h(x), =z € H.

In Section 4, we study the well-posedness of (23) in a mild formulation.

We conclude this part with a lemma stating some properties of H. Its proof, which
relies on the definition in (21), (22) and the fact that ' and g are continuous and
bounded, is straightforward and therefore omitted.
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Lemma 3.1. The Hamiltonian H: H X H — R is continuous in both variables.
Furthermore, there exists a constant L > 0 such that

‘H(x,p) —H(z,q)| < Llp—gq|, p, ¢ xzeH.

In particular,

|H(x,p)| < Llp| + llgllo, =, p€H. (24)

4. MILD SOLUTIONS OF THE HJB EQUATION

In this section, we study Equation (23) in mild form. Recall that a suitably
regular map w: [0,7] x H — R is a mild solution of (23) if u fulfills the following
convolution equation:

u(t, ) = Pih(x) —l—/o P, [H(-, Du(s,-))|(x)ds, t€][0,T], = € H. (25)

To stress the dependence of u on the given functions g and h, in the sequel we
can also write

u(t,z) = u¥(t,z), t€l0,T), € H.

We search for solutions of (25) in the functional space

sup t7||Du(t,)]lo < oo
t€]0,7T

u(t,-) € Cy(H), t €]0,T]
Ci(H) = {u: [0,7]x H — R cont., bounded }, (26)

where 7 is given in Hypothesis 2.1. As in [24, Section 9.2] (see also [3], [9, Section
9.5] and [10, Section 4.2.2], where similar spaces are introduced), we consider the
norm

lulles = sup [u(t,-)llo+ sup || Du(t,-)|lo, we C(H);
t€[0,7) t€]0,T]

the couple (CJ(H), || - [|cz) constitutes a Banach space.

In Theorem 4.2 below we demonstrate the well-posedness of (25) in C(H). We
refer the reader to [3, Theorem 2.1], [9, Theorem 9.38], [24, Section 9.2] and [10,
Section 4.4.1] for similar results in different settings.

Before that, we present a preliminary lemma on the regularity of the map
(t,x) — Pip(z) on [0,00) x H, for a given ¢ € Cy(H).

Lemma 4.1. For every ¢ € Cy(H), the function (t,x) — Pio(z) is continuous
in [0,00) x H. Furthermore, given a direction p € H, the Gateauz derivative
(t,x) — (DP;¢p(x),p) along p is continuous in (0,00) X H.

Proof. Fix ¢ € Cy(H). The joint continuity of the map (t,z) — Pi¢(z) in
[0,00) x H is a consequence of [1, Lemma 2.1] and the stochastic continuity of
Z9.

As regards the Gateaux derivative, notice that, for every ¢ > 0, by (8),

Pip(z +y) =E [ (“z + ey + 23 )] = P(6(- + y))(2), z,y€ H. (27)
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Then, given p € H, for every ¢ > 0, by the semigroup property of P we write

4 hetAp)) —
(DP(w),p) = ,ggnépt_e(Pew“h ) P*b) @)

h
]_‘)6 . h (t—e)A _Pe
., (R R
= P_(DP.¢(-), e\ (x), t>e€ € H. (28)

Here, for the second equality, we apply (27) to the operator P, choosing y =
he(=94p. together with the semigroup property of (e4),>o. The last equality
follows from the dominated convergence theorem, which can be applied because,
by (9), the mean value theorem and the fact that (e%4),>o is a contraction semi-
group on H,

- 1
|Pep(y + he'~p) — Pep(y)| < C=lelolnllpl, y € H.

If we now consider ¢t > ¢, x € H and two sequences (t,), C [¢,00), (), C H
such that t, — t and z,, — x as n — oo, then

[{DP,,¢(z0),p) — (DPid (), p)| < | P, ((DP(:), e~ p — e p)) ()]
+|B,—((DP(:), e~ p))(20) = Pec((DP(-), e Mp)) ()| =: L, + IL,.

Observe that, by (9) and the strong continuity of the semigroup (¢“4),>o on H,

C e
< 5“¢HO |eltn=94p — el=4p| — 0,

n—oo

and, considering that (DP.¢(-), e*=94p) € Cy(H), by the first result of this lemma
lim II,, = 0.

n—o0

Therefore we conclude that (¢,z) — (DP,¢(x),p) is continuous in [e,00) x H.
Since € > 0 is arbitrary, the proof is complete. [l

Theorem 4.2. There exists a unique solution u = u®" of (25) in C1(H).
Proof. Define the mapping S in CJ(H) by

S(u)(t,x) = Ph(z) +/0 Prs[H(-, Du(s, -)))(x) ds,
te[0,T], z € H,ue C,(H). (29)

Observe that S takes values in C(H). Indeed, since h € Cy(H), by (9) and
Lemma 4.1, the function (t,2) ~ P/(z) belongs to CI(H). Additionally, for
every u € CJ(H), the map I'(u)(t, z) = fot P,_s[H(-, Du(s,-))](x) ds is continuous
on [0,7] x H by the dominated convergence theorem and Lemmas 3.1 - 4.1.

Furthermore, once again, by the dominated converge theorem and (9), T'u(t, ) €
C}(H) for any t €]0,T], and, by (24),

prt < [ ot (5 o) as

_O 1=y [ g7 1
< S (e L||u||o%t—,y+||g||o e
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where we use [3, Equation (2.12)] for the last inequality. Thus, S : C}(H) —
C;(H ). Since, by estimates similar to those above and Lemma 3.1,

1—

T
1S (u) — S(Uz)H@ < 1=

v
ryL(l —+ 4WC)HU1 — ’U/QHCIY, U, U € C,t(H),

we deduce that S is a contraction in Cg(H ) for T' small enough. Consequently,
(25) admits a unique solution u € C}(H) for a sufficiently small T.

This conclusion continues to hold even in the case of a general T', which can be
demonstrated by a standard step method relying on the semigroup property of
P. The theorem is now completely proved. 0]

We conclude the paper with a regularity result on the solution u = u%" to (25)
— Theorem 4.3 — that seems to be new even in the limiting Brownian case o = 2.
We focus on the Holder continuity of Duf(t,-), t €]0,T]. For every 0 € (0, 1], we
denote by C’g ’Q(H ) [resp., CS’Q(H ; H)] the space of R—valued [resp., H—valued]
bounded and #—Hoélder continuous functions [ endowed with the usual norm

() = U(y)]
l| 00 =||l|lo +|llg, where [l[p = su —_—
e = litlo + o o= swp HO—
In particular, C{"'(H) [resp., Cy"' (H; H)| is the space of R—[resp., H—]valued
Lipschitz continuous and bounded functions. As we have done for F' in (10), we
write [{|Lip for [[];. We also consider the space

CH(H) = {f e C{(H)st. Df : H— H is §—Holder continuous},
endowed with the norm ||fHC;,9 = || fllx + [Dflo-

Theorem 4.3. For every 6 € (0,1) such that v+ 6y < 1, the unique solution
u=u" of (25) in CL(H) satisfies

u(t,) € Cy(H), t€)o,T], (30)
that is, the Fréchet derivative Du(t,-) is 0—Hdlder continuous from H into H.

Furthermore, there exists a constant L > 0 such that

[Du(t, Y]y < [—

s o t €]0, 7). (31)

Proof. Fix t €]0,T] and consider 6 € (0,1) such that v+ 6y < 1. For every ¢ €
Cy(H) and k,p € H, denoting by D} P,¢ the Gateaux derivative of (DP;¢(-), p)
along the direction k, by the semigroup property of P (see also (28) in the proof
of Lemma 4.1) we infer that

D, Pid(x) = (DPys((DPyy2i(), e3*p)) (). k), x € H. (32)
Then, by (9), since the (e4),>¢ is a contraction semigroup on H,
C
ID{DE(), pllo < 7 l19llolpl- (33)

By [8, Theorem 2.3.3] (see also the monograph [14]), the following characteriza-
tion for the interpolation space (UCy(H), UC}(H))p 0 holds:

(UCY(H), UCy(H))o00 = Gy (H).
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Here, UCy(H) is the Banach space of uniformly continuous bounded R—valued
maps, and UC} (H) is the space of functions in UCy(H) with uniformly continuous
and bounded Fréchet derivative. Denoting by Cy = C1(6, «,v,T) > 0 a positive
constant allowed to change from line to line, since (DPé(-),p) € UCLH(H), [8,
Example 2.3.4] yields

IKDP6 (), Pl o0y < CLIKDPS(), D)6~ * IKD P (), p)IY

1 1
< Gy (i + g ) lolllol

where we use (9), (33) and the subadditivity of z — 2% on R, for the second
estimate. Therefore

[{DPié(x) — DPg(y), p)| < I{DPo(-), p)ll ool — yl°

1 /1 1 )
< Clm (t,y_e + W) plll#llolz — yl

Ip|
- t’y+'y€

éllolz —y|°, =,y € H. (34)

Differentiating (25), by (24) and (34) we compute, for every =,y € H,
[(Dut, x) = Du(t, y), p)| < (DPh(x) — DEh(y), p)l

/ (DB JJH(-, Du(s,))|(x) — DPJ[H(- Du(s, )| (y). p)] ds

||HC 1 1
<o/ (L L g ||0)( s + sl ) Ille %, (39

Taking the supremum over p € H such that |p| < 1, this estimate shows that
Du(t,-) is #—Holder continuous from H into H (i.e., (30)). By [3, Equation
(2.12)], we infer that

'l 1 1-2(y+6

s < Oyt 200,
o SY(t—s)rte

hence, recalling that 1 — v — 6y > 0 by assumption, (31) readily follows from

(35), as well. Given that ¢ €]0,T] is arbitrary, the proof is complete. O
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