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in Gozzi and Masiero (2025) using a “lifting technique” (i.e. working in a suitable space of trajectories where
a “partial smoothing” property of the linear part of the HJB equations holds. In this paper we extend such
a theory to the case of infinite horizon optimal control problems, which are very common, in particular in
economic applications. The main results are: the existence and uniqueness of a regular mild solution to the
HJB equation; a verification theorem, and the synthesis of optimal feedback controls.

1. Introduction

This paper deals with the solution of a family of stationary
Hamilton-Jacobi-Bellman (HJB) equations arising from infinite hori-
zon stochastic optimal control problems in infinite dimensions and
their applications. A standard method for solving such equations is
to formulate them in an integral form (the so-called mild form) and
use a fixed-point argument, a survey on this can be found, e.g., in [1,
Chapter 4]. This approach, however, crucially relies on the regularizing
properties of the transition semigroup associated with the underlying
stochastic process.

Hence when such a smoothing property is missing, as it happens
in many applications (like the ones involving, as state equations, delay
equations or age structured PDEs), the problem becomes much more
challenging from the technical viewpoint. Things get worse when this
feature is coupled with the presence of unbounded control operators
and/or with the presence of state dependent objective function. This
kind of problem have been studied, only for finite horizon control
problems, in cases of increasing difficulties, in the papers [2-5]; in
particular the last one considers the case where all the above three
features arise together. The core part of this last paper is to lift the
state space into a suitable space of trajectories (what we call here
“lifting technique”) and to show that, in such spaces, a suitable “partial
smoothing” property holds.

* Corresponding author.

The central contribution of this work is the extension of the above
methodology (“lifting technique” and “partial smoothing”) to the
infinite-horizon setting:

+ finding solutions of the HJB equations that are regular enough
for the candidate optimal feedback map to be well-defined (see
Theorem 4.6).

» using such result to prove verification theorems (see Theorem 5.7)
and existence of optimal feedback controls (see Theorem 5.12).

Due to the complexity of such a methodology, such an extension
is delicate and nontrivial, see Remarks 3.22, 4.7, and for details. A
significant constraint of our main existence result (Theorem 4.6) is
the assumption that the discount factor A must be sufficiently large.
Although this requirement is typical when employing contraction map-
ping techniques for infinite-horizon integrals, it limits the scope of the
theory to problems with a strong time preference. A natural direction
for future research is to extend validity to arbitrary 4 > 0.

Our main motivation is that problems displaying the above features
are frequently encountered in the modeling of applied systems, like
the cases of problems with boundary control. Our primary examples
here will be a stochastic wave equation with distributed control and
a stochastic heat equation with boundary control. We are currently
working on extensions to cover problems with delay in the control
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and problem with age structured state equations, but this requires
additional results which will be the object of a future paper.

We must add that these kind of HJB equations could be in principle
studied by other methods, like the viscosity solution approach (see a
survey on it in [1, Ch.3]) or the backward SDE approach (see a survey
on it in [1, Ch.6]). However, up to now, the viscosity solution approach
does not provide regularity results in the case we are interested in,
in particular in presence of unbounded control operator; on the other
hand the backward SDE approach relies on structural conditions of the
problem which, again, do not hold in most of the applied examples we
have in mind, in particular when the control operator is unbounded
(like in boundary control problems).

The structure of the paper is as follows:

In Section 2, we set up the abstract framework for the infinite-
horizon stochastic optimal control problem, accommodating also
unbounded control operators.

In Section 3, we recall the partial smoothing results of the pa-
pers [2,4] and adapt them to our infinite horizon case. Moreover
we also recall and adapt the “lifting” technique of [5].

In Section 4, we use the lifting framework to study the stationary
HJB equation. We prove the existence and uniqueness of a regular
mild solution via a fixed-point argument for a sufficiently large
discount factor.

In Section 5, we establish a verification theorem that identifies the
HJB solution with the value function and allows for the synthesis
of an optimal feedback control.

In Section 6, we apply our theory to a stochastic wave equation
with distributed control.

In Section 7, we apply our theory to the stochastic heat equation
with Dirichlet boundary control.

2. Abstract formulation of our control problem

We now introduce the abstract formulation of the family of infinite
horizon stochastic optimal control problems treated in this paper. The
abstract framework is the one of stochastic optimal control in infinite
dimension (see e.g. [1, Chapter 2]) with unbounded control operators
which will include various problems interesting for applications: in
particular Boundary Control of Stochastic Partial Differential Equations
(SPDEs) and controlled Stochastic Delay Differential Equations (SDDEs)
with delay in the control.

We start with the following assumptions about the spaces and the
probabilistic framework.

Hypothesis 2.1.

(i) The state space H, the control space K and the noise space = are
real separable Hilbert spaces.

(ii) H (the space containing the image of the control operator) is a
real separable Banach space such that H C H with continuous
and dense inclusion.

(iii) (2,F,P) is a complete probability space.

Remark 2.2. In the boundary control case mentioned in the intro-
duction the state space H is L*(9) (where © c R? is a bounded
open set with smooth boundary) while the larger Banach space H will
be a negative Sobolev space H~%(®) with a properly chosen (see [1,
Appendix C]) is introduced since the, possibly unbounded, control
operator B takes values in H and not necessarily in H. This is exactly
what happens in the case of boundary control problems and in the case
of pointwise delay in the control, see e.g. [4, Section 3], [5, Section 4].
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For the state equation we consider the following evolution equation
on H:

dX(s)=AX(s)ds+ Bu(s)ds + GdW (s),
s € (0, 00) 21
X(0)=x€eH.

Here we make the following assumptions.

Hypothesis 2.3.

(i) A is the infinitesimal generator of a strongly continuous semi-
group {e'4} >0 00 H. We assume that such a semigroup can be
extended to a strongly continuous semigroup on H and denote

this extension by {e’*‘ } !
20

(i) B € LK, H).

(ii) G € L(Z, H).

(iv) W is an (.Q, F,(F,) 50 ,P)—cylindrical Wiener process in =, and
(F1) 5o is the augmented filtration generated by W'.

(v) The selfadjoint operator Q, := fot SAGG*esA" ds is trace class for
all r > 0.

(vi) The space of admissible control is given by (here U is a closed
and bounded subset of K)

UV i={u:[0,00)x2—>UCK,
(Fr)xzo prog. meas. } .

Remark 2.4. Hypothesis (i) is the standard assumption for modeling
linear evolution processes over time [6, Appendix A]. Hypothesis (ii)
formalizes the unboundedness of the control operator. The operator B
maps the control space K not into the state space H, but into the larger
space H. This setup is essential for problems like boundary control,
where the control’s effect is too “rough” to remain in H [4], while in
Hypothesis (v) the trace-class condition on the covariance operator O,
of the noise is a fundamental requirement to ensure that the stochastic
convolution term in the mild solution is a well-defined Gaussian process
with values in H [6, Chapter 5, Section 5.1.2]. [ ]

Eq. (2.1) is formal and has to be considered in its mild formulation.

Definition 2.5. We say that X(-) is a mild solution of (2.1) if

—_— s —
X(s)=ex + / e=NABu(r) dr
g 0 2.2)
+ / SMAGAW (1), s € [0, ).

0

We denote by X(#; x,u) the mild solution of (2.1) at time ¢ > 0 with
initial condition x € H and control u € U".

Remark 2.6. The mild solution is an integral representation of the
state equation. This formulation is essential because classical (strong)
solutions may not exist due to the irregularity of the noise and control
terms. The term /; e~"ABu(r)dr is particularly critical; it requires
extending the semigroup e to the larger space H to properly handle
the action of the unbounded control operator B.

Our goal is to minimize, over the set of admissible control strategies
U, the following classical infinite-horizon discounted cost functional,
defined for x € H

Jx;u)=E / " e [fo (X (53 x,w) + £, (u(s))| ds. (2.3)
0

where, as usual, the factor e=** with 4 > 0 ensures the convergence of
the integral and gives more weight to costs incurred in the near future.
We make the following assumptions on the cost functions ¢, and 7.

1 This property is satisfied in the boundary control of the stochastic heat
equation, as explained in detail in Section 7.
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Hypothesis 2.7.

@ ¢, : H - Ris measurable, bounded from below and satisfies
the growth condition |£y(x)] < Cy (1 + |x|?), for some positive

constants Cy, p and any x € H.
(i) ¢, : U — R is measurable and bounded.

Under this assumptions, the functional J is well defined and
bounded from below for all x € H, so we define the value function
of the problem as

V(x) := inf J(x;u), xeH. (2.4)
uel”

Our goal here is to follow the dynamic programming approach whose
core is to characterize this value function V as the unique solution to
the associated Hamilton-Jacobi-Bellman (HJB) equation, see e.g. [1,
Chapter 2].

Remark 2.8. We choose the current cost £, to be defined on the
extended space H. In this way, the functional J(x;u) is well defined
also for x € H and the value function can be studied directly on H.
This is a subtle but important modeling choice. Defining the cost on the
larger space H is consistent with the possibility that the state trajectory
X(s) may not remain in H, which is a key feature of systems with
unbounded control operators. However, if for any control u € U the
integral term /0’ e("=)4A Bu(s) ds belongs to H for all ¢+ > 0, this implies
that the solutions of (2.1) belong to H for all times whenever the initial
condition does. Hence, under this additional assumption, one can see
the value function defined on (2.4) as an extension of a well defined
value function, defined in the same way as (2.4), but in the smaller
space H.

3. Recalling and adapting partial smoothing results
3.1. “Basic” partial smoothing

We introduce some notation for spaces of functions used in the
sequel. Let E be a real separable Banach space (in our applications
E will be H or H). We denote by B,(E) the space of bounded and
Borel measurable functions ¢ : £ — R, endowed with the sup norm
lpllee = sup,eg [¢(x)|. C,(E) is the subspace of bounded continuous
functions. C}: (E) is the space of Fréchet differentiable functions ¢ : E —
R with continuous and bounded derivative. Finally, given an operator
B € L(K, E), we denote by C;’B(E) the space of functions ¢ € C,(E)
which are Gateaux differentiable in the directions of the image of B
and such that the directional derivative VB¢ : E — K is continuous
and bounded.

We now recall and adapt the results of “partial smoothing” given
in In [2]. We introduce the Ornstein—Uhlenbeck (O-U) process on H as
the mild solution of the following uncontrolled equation on H

B

dZ(t) = AZ@®) dt + GdW (1), 120
ZO)=x¢€ H.

and we denote it by X(-; x). The associated Ornstein-Uhlenbeck semi-
group is defined on B,(H) by:

Pdl(x) :=E[¢(X(1;x))] (3.2)

=/ ¢ (ex+y) N(0,0)dy), x€H.
H

In the same way, if we denote by A the infinitesimal generator of
the extended semigroup e’4 then we can define the extended Ornstein—
Uhlenbeck process in the extended state space H as the mild solution
of

{ dX(0) = AX()dt + GAW (1), 120 3.3)

ZO0)=ze H.
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The associated semigroup on B,(H) is defined similarly as

PlE1(z) := E[&(Z(t; 2))] (3.4)

= /,é (ef_Az + y) N(@©,0)dy). zeH,
H

where N(0, a,) is the law of the gaussian process WX(t) =
/Ot e-NAG dW (r) defined on F wh(Ee covariance operator 6, €
L(H,H) is given by 0, = [ ¢'AGG*e' ds.

The following computation shows that the semigroup P, can be seen
as an extension on B,(H) of the semigroup P, naturally defined on
By(H).

Lemma 3.1. Let ¢ € B, (H). Let § be the restriction of ¢ to H, which is an
element of B,(H) thanks to the continuous inclusion H < H. Let {P,} 150
and {F,},ZO be the Ornstein—Uhlenbeck semigroups defined on (3.2) and
(3.4) respectively. Then for each x € H and t > 0 one has

PIGI(x) = P [$1(x).

Proof. By definition (3.2) we have

Plolx) := E[p(Z(t: )],

being Z(-;x) the solution of (3.3) with initial datum x € H. Moreover,
being ¢’4 an extension of ¢/4 it follows immediately that Z(z; x) = X (t; x)
for all + > 0, where X(-;x) is the solution of (3.1) with the same
initial condition. Since ¢ is the restriction of ¢ to H it is clear that
$(X(t;x)) = $(X(t,x)) and hence E[¢(?(I;x))] =E [GE(X(T;X))]- By
definition the last term coincide with P[¢](x). [

As a consequence of the previous lemma we have the following
representation of the extended Ornstein—Uhlenbeck semigroup.

Corollary 3.2. Let ¢ € B,(H). Let {F,},zo be the extended Ornstein-
Uhlenbeck semigroups defined on (3.4). Then for each x € H and t > 0 the
following equality holds

Emm=/¢@%+oﬂmgwn
H

Proof. Thanks to (Lemma 3.1) we have that for all x € H

Emm=ﬂwm=/$w%+ﬁNﬁgww (3.5)
H

being ¢ the restriction to H of ¢. Clearly, the last term of Eq. (3.5)
is the_restriction to H of the continuous function g(x) =
Ju® (e’Ax +y) N(0,0,)(dy) defined for x € H. It follows that the

functions g and ﬁ,[d)] are both continuous extensions of the function
P,[¢]. Since the inclusion H & H is dense and continuous we can
conclude that g(x) = P,[¢](x) forall xe H. [J

Remark 3.3. From now on, motivated by the previous results, we will
use the notation {P,},5, for both the Ornstein-Uhlenbeck semigroup
and the extended one.

Now, we recall some regularizing properties of the
Ornstein—Uhlenbeck semigroup, see e.g. [7, Section 3] and [8, Section
2, Theorem 2.1].

Hypothesis 3.4.

(i) For every t > 0, h € H we have ¢/4h € Im Qt1 2, Consequently,

by the closed graph Theorem, the operator A(t) H - H,
A = Qt_l/Qe’Ah, for all 1 € H, is well defined for all ¢ > 0.

(ii) There exists k) > 0 and y € (0,1) such that [[A®)|lgmyy <
Ko7' Vv 1), vt > 0.
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Theorem 3.5. Let ¢ € B,(H). Let {P,},5, be the Ornstein-Uhlenbeck
semigroup defined on (3.2). Assume that 3.4 holds. Then P;[¢] belongs to
C,}(H ) and the following formula for the gradient holds

(VP [$1(x), h)
= [ #(ex0) (A0n075), N©.0)an.
H H
Moreover, the following estimate is straightforward

[(VPLp1(x). h) g | < 1Al g 1 llo A £ ary-

This theorem states the classical “strong Feller” property. It states

that the semigroup smooths out measurable, bounded functions into
continuously differentiable ones. The key condition Im(e'4) C Im(Q,l/ 2)
is a form of null controllability condition for the linear system associ-
ated with the drift A and diffusion G [6, Section 9.4.6], [9, Part IV,
Chapter 2].
Remark 3.6. The condition on the images Im(e'4) C Im(Q,l/ 2) in
general is too strong and it is not satisfied in many applications, such
as boundary control problems or stochastic equations with delay in the
control. For this reason, we follow the ideas of [2, Section 4.1], [4,
Proposition 5.9], [5, Proposition 2.21] and we introduce a selection
operator P € L(H). The approach pioneered by Gozzi and Masiero
is to seek a “partial” smoothing property that holds only in specific
directions or for specific classes of functions, which is nonetheless
sufficient to solve the control problem.

Hence, we define a special class of functions, depending on the
selection operator P.

Definition 3.7. Let P € L(H). We call Blf(H) the subset of B,(H)
of functions ¢ for which there exists a borel measurable and bounded
function ¢ : Im(P) — R such that

d(x) = qS(Px), XEH.

Hypothesis 3.8.

(i) For every t > 0, k € K we have Pe' Bk € Im(PQ,P*)l/z.
Consequently, by the closed graph Theorem, the operator

APB@t) : K-> H,
APB(k := (PQ,P*)”'/? e B,

for all k € K, is well defined for all ¢ > 0.
(ii) There exists k, > 0 and y € (0, 1) such that

IAPE Ol ks S k7 V1), V>0

Remark 3.9. Hypothesis (i) is the key controllability-like assumption
for partial smoothing. It is a weaker version of the condition in the pre-
vious theorem, requiring the inclusion of images not in the whole space,
but only after applying the selection operator P, while Hypothesis (ii)
controls the blow-up of the operator A”B(f) as t+ — 0. The condition
y € (0, 1) ensures that the singularity is integrable, a crucial property for
using fixed-point arguments to solve the HJB equation [4, Hypothesis
5.71, [5, Hypothesis 2.19].

Remark 3.10. By using a standard duality argument [6, Appendix B.2,
Proposition B.1] we observe that 3.8 (i) is equivalent to the existence
of a function c(¢) such that

j( <ec(r) <(Q,P)* z, P*Z>H,

fort € (0,0) and z € H. Moreover, for any time ¢ > 0 the infimum over
the constants ¢(¢) for which the inequality holds is exactly equal to the
operator norm || APB()| ¢k ). This dual formulation is often easier to
verify in concrete applications. It relates the observability of the system
in the direction of the control to the covariance of the noise, projected
onto the selected subspace.

‘(Pem B)*z
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The following is a generalization of the previous theorem, which
requires a weaker assumption on the images of the operators.

Theorem 3.11. Let ¢ € Blf’ (H). Let {P,},5( be the Ornstein-Uhlenbeck
semigroup defined on (3.4). Assume that Im(Pe'4 B) C Im((PQ, P*)'/?) for
some t > 0. Then P,[¢] belongs to C;’B (H) and the following formula for
the B-gradient holds

(VEP$1(), k>K = / é (ex+y)
H
x (APB(nk, (PO, P*)™'2y) . N(0.0,)(dy).
Moreover, the following estimate is straightforward

[(VERI1I0.k) | < KLl 1A™E Ol ek 1

3.2. “Lifted” partial smoothing

In the previous section, we established a partial smoothing result for
the Ornstein-Uhlenbeck semigroup for class of functions depending on
a selection operator P. This result is general, but it is not clear how it
can be applied to specific problems, such as problems with state depen-
dent costs or with infinite time horizon. To overcome this limitation,
we introduce here a more powerful and sophisticated technique, known
as the “lifting map”, first developed in [5, Section 2].

The core idea of lifting is to move from a state-based perspective
to a trajectory-based one. Instead of considering functions of the state
xeH _at a single point in time, we will consider functions of the entire
path {Pe'4x},,, generated by the state.

In this section, we will define this lifting map, denoted by Y'F, which
maps a state x to its corresponding path. We will then introduce a new
class of functions, SO’: (H), which depend on the state only through its
lifted trajectory.We follow the framework of [5], but we adapt it to
the infinite horizon setting by introducing weighted spaces (Definition
3.19) to manage the asymptotic behavior of trajectories. This allows us
to state the extended partial smoothing result (Proposition 3.28) needed
to solve the HJB equation. Hence, in what follows, we recall the results
of [5] for the convenience of the reader.

Let P : H — H be a selection operator on H as in the previous
section. We make the following assumption throughout the discussion.

Hypothesis 3.12. For any ¢+ > 0 the map Pe'd : H — H can be
extended into a linear and continuous map Pe'4 : H — H.

Remark 3.13. This is a crucial regularity assumption. It requires
that the composition of the evolution operator ¢4 with the selection
operator P is “smoothing” enough to map elements from the large,
potentially rough space H into the well-behaved Hilbert space H.
This property is satisfied in many relevant examples, including heat

equations with boundary control, as shown in [5, Section 4.1].%

Lemma 3.14. Let Hypotheses 2.3 and 3.12 hold true. For every x € H
and 0 < s <t we have

PelAx = PesA - e=9)Ax,

Moreover the map (0,+o00) — H, t — Pe'Ax, is continuous.

2 For a counterexample we can consider the case where P is the identity
operator, the state space is H = W'?2(0,1), and the extended space is H=
L?(0,1). If we take the multiplication semigroup (e'f)(x) = e™f(x), this
operator maps L?(0,1) into itself but does not improve the regularity of the
functions. Consequently, for any x € H \ H, the term Pe'Ax = ¢'Ax never
belongs to H, violating the smoothing requirement.
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Definition 3.15. We define the set of paths
CP(0,00): H) := {f € C((0,00); H) s.t. Ax € H :
f(t) = Pe'Ax, Vt € (0,0)}.

For every x € H we call yP(-) the path given by yZ(1) = Peitx for all
t € (0,0). This defines the space of all possible trajectories that can
be generated by initial conditions in H. This space will become the
domain for the “lifted” functions we will work with.

Lemma 3.16. Let Hypotheses 2.3 and 3.12 hold true. Define the map
YP : H - CP(0,00); H)as YP (x) = y2, forall x € H. Y7 is surjective but
not necessarily injective. Moreover, we have, endowing C((0, c0); H) with
the topology of uniform convergence on compact subsets, that x,, — x in H
= yP - yP in C((0, 0); H). The converse is not true in general. Hence
YL is continuous if we endow CF((0, 0); H) with the topology inherited by
C((0, c0); H).

Remark 3.17. The map YT is the “lifting map”. It takes a point x
in the state space and maps it to a full trajectory. The continuity of
this map ensures that small changes in the initial state lead to small
changes in the resulting trajectory (in the appropriate topology). The
lack of injectivity and the failure of the converse implication highlight
that different initial states can lead to the same trajectory, and that
convergence of trajectories does not imply convergence of the initial
states. This is a key feature of infinite-dimensional systems [5, Lemma
2.10].

Remark 3.18. Without explicit notice we will take, on C/’: (0, ); H),
the topology inherited by C((0, «); H).

Definition 3.19. We define the space of functions that are square
integrable on [0, +o0) when multiplied by a suitable weight e=#', p > 0:

L2000 H) = {f 1 [0.400) = H i |If]l2 =
+00 1/2
</ X FOI3 dt) <400 p.
0
This is a Hilbert space with the inner product (f,g),» := /'
P

e~201 (f(1), g(1))y dt. For simplicity, if no confusion is possible we will
write L,Z) instead of Li(O, o0; H) and LZT for L2(0,T; H).

Hypothesis 3.20. There exist ©« € R, C > 0 and 5 € [0,1/2) such
that ‘Pe'Ax‘H < e”t™"|xls, Vx € H, and, as a consequence, the

map t — PeiAx, belongs to L%(O,oo;H ). This assumption provides a
quantitative bound on the growth and singularity of the paths. The
term " allows for a possible blow-up at ¢ = 0, which is typical for heat-
like semigroups, while ¢® controls the growth at infinity. The condition
n < 1/2 is crucial to ensure that the paths are square-integrable near
the origin.

Lemma 3.21. Let Hypotheses 2.3, 3.12 and 3.20 hold true. Let A be
of type w® and consider p > w. then for all x € H, we have e
L%(O,+oo;H). Hence, CF((0,0); H) can be seen as a linear subspace of
Li(O, oo; H) with continuous embedding given by Y. Moreover, if x, — x
in H this implies that yfn - yPin L%(O, o0; H) but the converse is not true
in general.

Remark 3.22. The extension to the infinite horizon requires a careful
choice of the trajectory space. In the finite horizon case (as in [5]),
trajectories are naturally defined on a compact interval [0,7], and

3 We say that A is of type w if there exists some M > 1 such that
[le*|| < Me* for all ¢ > 0.
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spaces like L2(0,T; H) are sufficient. In our stationary case, we must
consider trajectories over (0, o). To ensure that the trajectories yf )
belong to a well-defined Hilbert space (as required by Hypothesis 3.20
and Lemma 3.21) and to manage their potential growth at infinity,
we are forced to introduce the weighted space Li(O, 00; H) (Definition
3.19). The weight e~ is essential to ensure integrability and the well-
posedness of the lifting operator Y, making the technical setup more
complex compared to the unweighted case on a finite interval.

Definition 3.23. Let L be another separable Banach space. We intro-
duce the following set of functions

SP(H: L) :={ ¢:H—Lst3:Cl(0,00)H) =L :
$ bounded, Borel meas. and ¢(x) = ¢ (»¥), Vx € H. } .

when L coincides with R we will write directly SD{: (ﬁ).

This is the central definition of this section. It introduces the class of
“lifted” functions So’; (H). A function ¢ belongs to this class if its value
at a point x depends only on the entire trajectory y” originating from
X.

Proposition 3.24. Assume Hypotheses 2.3, 3.12 and 3.20. We have the
following.

(i) We have S:: (H) ¢ Bb(ﬁ). Moreover the restriction to H of a
function in ST (H) belongs to B,(H).

(i) Let ¢ € s (H) and ¢ be the function given in the definition of
SP(H): we have ¢ = goY .

(iii) zissume that P can be Qctended to a continuous linear operator P
H — H such that Im P = Im P. Then we have B](H) C SE(H).
Moreover, if also P commutes with A, then B (H) = ST (H).

(iv) The adjoint operator (Y£ ) ot L%(O, oo; H) — ﬁ, C H is given by
By z() = [ e resA" Prz(s) ds.

This proposition establishes the fundamental properties of the class
5‘0’: (H). Point (iii) clarifies the relationship between this new class and
the more classical function classes depending only on Px, showing
that the lifting approach is a true generalization. Point (iv) provides
an explicit formula for the adjoint of the lifting operator, which will
be essential for verifying the smoothing hypothesis ( Hypothesis 3.25)
later on.

Hypothesis 3.25.

) — 172
(i) For every t > 0, k € K we have YZe'4Bk € Im (Y2Q,(¥E)*) "/~

Consequently, by the closed graph Theorem, the operator

APB@y D K - L2(0, 003 H),

-1/2

APBk := (YPo,(0rDy*) " v Pe B,

for all k € K, is well defined for all 7 > 0.
(i) There exists k, > 0 and y € (0, 1) such that

||A\P’B(t)||£(K,L/2,) <ky@TV1), vt > 0.
This is the “lifted” version of the partial smoothing hypothesis (com-
pare with Hypothesis 3.8).

This is the technical heart of the lifting method. It states that the
trajectory generated by the control action, YPe'4 Bk, is “less singular”
than the noise projected onto the trajectory space, which is measured
by its covariance operator Y2 Q,(¥P)*. Verifying this hypothesis is the
main challenge when applying the theory to a concrete example.

Remark 3.26. Following [5, Remark 2.20] it can be verified that if
the operator P and the semigroup e/4 commute for each r > 0 then

Hypothesis 3.25 is equivalent to 3.8, which is usually easier to verify
in applications as we will see in our examples.
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Remark 3.27. Again, by using [6, Appendix B.2, Proposition B.1] and
the fact that inclusion H < H is dense and continuous we can conclude
that Hypothesis 3.25 (i) is equivalent to the existence of a function c(r)
such that

YFeByz i <c{Q YDy z,(vEyz) . (3.6)

for 1 € (0,00) and z € H. Moreover, for any time ¢ > 0 the infimum

over the constants c(r) for which the inequality holds is exactly equal
AP.B

to the operator norm || A (t)||£(K’L‘27).

Proposition 3.28. Let Hypotheses 2.3, 3.12, 3.20, and 3.25-(i) hold true.
Then P,,t > 0 maps functions ¢ € So’; (H) into functions which are B-
Fréchet differentiable in H, and the B-derivative is given, for all t > 0,
x € H, by

VB(PpD(x)k
= [ b(z4v2x)
LZ

»

x <;1\P*B(t)k,(Y£Q,(Y£)*)_l/2z|>

1
x NO,(¥2o,rPy)dz))
=E [(13 (Yox@:x)

><</TP’B(t)k,(Y£Q,(Y£)*)’1/QY£WA(I)> ] .

L
Moreover, for any ¢ € So’:(ﬁ), t>0,xeH, keK,

[(VERLBIGO. k)| < NAPP Wi 12, blco - K]

This proposition is the culmination of the lifting strategy. It estab-
lishes that the O-U semigroup P, regularizes functions from the lifted
class S o‘: (H) to make them differentiable in the direction of the control
operator B. The formula for the derivative and the associated estimate
are the essential ingredients for solving the stationary HJB equation
with state-dependent running costs via a fixed-point argument.

4. Solution of the Hamilton-Jacobi-Bellman equation

In this section, we arrive at the core of the optimal control problem:
solving the associated Hamilton—-Jacobi-Bellman (HJB) equation. The
HJB equation provides the link between the value function V(x) and
the dynamics of the system. Thanks to the “lifting” technique and the
partial smoothing results established in the previous section, we are
now equipped to handle stationary HJB equations with state-dependent
costs, which was our main objective.

We will first formally write down the stationary HJB equation for
our infinite-horizon problem. Then, we will define what we mean by a
“mild solution”, which is an integral formulation of the HJB equation
that is well-suited for our setting. The main result of this section,
Theorem 4.6, will be to prove the existence and uniqueness of such
a mild solution by means of a fixed-point argument on a carefully
constructed operator. This result relies heavily on the regularizing
properties of the O-U semigroup for lifted functions. Finally, we will
investigate the higher-order regularity of this solution.

4.1. The HJB equation and mild solutions

We define the current value Hamiltonian for p,u € K
Hey(piu) = (p,u)g +2;(w)
and the minimum value Hamiltonian

Hiyip(p) = inf Hey (p:0).
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The HJB equation associated to the stochastic optimal control problem
is formally

Ao(x) = A[v(O)]E) + £o(x) + H,y,y (VBu(x)), x € H. 4.1

Here the differential operator A is the infinitesimal generator of the
O-U semigroup (P,);5(, formally defined by

ALFI0) = 5T (QV2£(0) + (v AV F ()

Remark 4.1. This is the stationary HJB equation associated with the
infinite horizon problem. The term Av(x) comes from the discounting
in the cost functional. The operator A represents the expected change
of the value function along the uncontrolled dynamics, while the term
H,,;,(VBu(x)) is the nonlinear part that encodes the optimization over
the controls. Note that the Hamiltonian depends on the generalized
B-derivative Vv, which is why the partial smoothing theory is so
critical.

Definition 4.2. We say that a function v : H — R is a mild solution
of (4.1) if

@ vec, (H);
(i) for each x € H it satisfies the following integral equation

v(x) = /m e P, [fo(-)+ H,i (VB0()) | () dt (4.2)
0

This definition is based on the variation of constants formula.
Instead of satisfying the PDE in a classical sense, the solution satisfies
an equivalent integral equation. This approach avoids issues with the
domain of the operator A and is standard for solving HJB equations
in infinite dimensions [10, Section 3, Definition 3.1], [11, Chapter 13,
Section 13.2.1].

Remark 4.3. Since in our framework the semigroup P, can be naturally
extended to a semigroup acting on functions of Bb(ﬁ) and the running
cost ¢ is defined on ﬁ, Eq. (4.2) can be studied in the extended space
H. Hence, form now on, our goal will be to study Eq. (4.1) in mild form
on the extended state space H.

Definition 4.4. We introduce the following nonlinear operator F =
(Fy, Fy), acting on S (H) x SP (H; K) by

Fy[v, w](x) =/ e”“P,[f’o(')+ H,, (W(~))] (x)dt
0

Flv,w](x) = / eMvEp [f0(~) +H,,;, (w(~))] (x)dt
0

Solving the mild HJB Eq. (4.2) is equivalent to finding a fixed point
for the operator F;. The operator is defined on the space of lifted
functions S? (H) because the presence of the state-dependent cost 7,
means we must leverage the smoothing properties on this specific class
of functions, as established by Proposition 3.28.

Remark 4.5. The operator F is well defined due to the regularizing
property of the O-U semigroup discussed in 3.28. Infact for any function
w € SP(H;K) the function £, + H,,;,(w) belongs to S (H) and so it
is B-regularized by the O-U semigroup. Moreover, it is immediate to
check that F takes value in S®(H) x SE(H; K).

This is the main result of this section. It establishes existence and
uniqueness of the HJB solution by applying the Banach fixed-point
theorem. The proof will show that for a sufficiently large discount
factor A, the operator F is a contraction on the space of lifted functions.
The magnitude of 4 is needed to absorb the Lipschitz constants and
operator norms that appear in the estimates.
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Theorem 4.6. Assume that Hypothesis 2.3, 3.12, 3.20 and 3.25 holds.
Then, there exist a Ay > 0 such that for each A > A the nonlinear operator
F introduced in Definition 4.4 admits a unique fixed point in the space
SP(H)x SE(H; K).

Proof. As explained in Remark 4.5 the operator F maps S (H) x
SOPo (H:K) into itself. We show that F is actually a contraction in this
space for sufficiently big discount factor A > 0. Let x € H,v,ieS o’; (H)
and w,w € So‘; (H; K). For the first component of F we have

| F v, wl(x) = F[5, @](x)]

/ e P, [Hypin(w) — Hypy (0)] () dt’
0

<

e_/u /7 [Hmin (W(Y)) - Hmin (w(Y))]
0 H
x N (er_Ax, Q,) (dy)dt‘
< / e ﬁ | Hopin () = H i (0()))|
0 H

x N (e’_Ax, Q,) (dy)dr.

By using the lipschitzianity of H,,, we can estimate the last term with
o —
c / e / lw(y) = ()| N (efo, Q,) (dy)dt
0 H

<Cllw—- wum/ e M.
0
For the second component of operator F, similarly, we have
| F>lv, w](x) = F, [, ®](x)|

/ T VIR, [y 1)~ Hp ) o
0

o
< / e |VE P, [Hyiy(w0) = Hy ()] ()| .
0
Thanks to Proposition 3.28 we can estimate

/ | VPP, [Hypy(0) = Hiy (@) ()] d
0

s
< / [ Hyin (0) = Hyyo (0)| o IAT POl 12, d1-
0

By using the lipschitzianity of H,,;, and Hypothesis 3.25 we have
5]
/0 [ Hyin (0) = Hypg (0) | o IATF Ol 12, 1

o0
<Cllw - wnw/ e MV dt
0

for a certain constant C > 0 and y € (0,1). Putting all together we
obtain

|Flv, wl(x) - F[7, 0](x)] <

0
Cllw- w||°°/ e M (v dr.
0

It is easy to check that the function 4 — [ e=# (1 v 17¥) dt is monotone
decreasing and goes to 0 as 4 — o. Hence, there exists a 4, > 0 such
that for each 4 > A, the term C f;° e=#(1vr77) dt is strictly less then one,
showing that F is a contraction. By the contraction mapping theorem
F admits a unique fixed point. []

Remark 4.7. When solving the evolutionary (finite horizon) HJB
equation via a fixed-point argument, the contraction is often obtained
by integrating over a sufficiently small time interval [, T]. This is not
possible in the stationary case, where the integral operator (Definition
4.4) is defined over [0,c0). As shown in the proof of Theorem 4.6,
obtaining a contraction requires the discount factor 4 to be large.

Lemma 4.8. Let (v,w) € SE (H)x sk (H; K) be the unique fixed point of
the operator F introduced in 4.4. Then, one has
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@ veC B(H);
(i) VBv=uw;
(iii) v is the unique mild solution of Eq. (4.1) in the class ST (H).

Proof. By construction the function v satisfies
v(x) = / eMp [f0(~) +H,, (w(v))] (x)dt, xe€H. (4.3)
0

By using proposition 3.28 we get that v € C;‘B (H) and we can
differentiate under the integral sign obtaining

VBu(x) = /°° e”“VBP, [ﬁ’o(-) +H,,, (w(~))] (x)dt,
0

with the last term coinciding with w(x) with x € H, proving (i) and
(ii). Now, we can substitute w with V2v in Eq. (4.3) to get

u(x)=/0 P [€0() + Hypi (VEVO)] () dt,

which conclude the proof of (iii). []

Remark 4.9. The previous theorem clearly ensures the existence of
mild solutions of (4.1) at least for large values of the discount factor
4> 0. However, uniqueness is guaranteed only on the class S£ (H).

4.2. Higher-order regularity

The following are additional regularity assumptions on the problem
data, which will allow us to prove higher regularity for the solution of
the HJB equation.

Hypothesis 4.10.

(i) ¢, : H - Ris of class C}(H),
(i) H,;, : K - R is of class C}(K),
(iii) there exists a constant L > 0 such that

|VEo(x) = VEGW)| + |V H i (p) = VH i (9)|
SL(x=yl+1p—4ql
uniformly for x,y € H and p,q € K.

This proposition shows that if we assume more regularity on the
cost functions, we obtain more regularity on the value function. Proving
that the solution is of class C%8 (i.e., that its B-derivative is itself dif-
ferentiable) is a key step towards establishing the existence of optimal
feedback controls via a verification theorem [3]

Proposition 4.11. Assume that Hypothesis 2.3, 3.12, 3.20 and 3.25
hold. Assume, moreover, that Hypothesis 4.10 is satisfied. Let Ay > 0 as
in Theorem 4.6. Then there exists A; > A, such that for any A > A, the
corresponding solution v : H — R of Eq. (4.1) is of class CbZ‘B (H).

Proof. We introduce the Banach space
M = SLP(H)x SLP(H K)
equipped with the norm

@, w)llz = M@, W)l + (Vi Viv) || .-

Let B, be the closed unit ball in /. We want to prove that F is a
contraction on B, if A > 0 is sufficiently large. Let (v,w) € B;. We
need to show that F[v,w] still belongs to X and in particular to B,.
For any w € SOIZ (H; K) we introduce the function ¢* : H — R defined
by

#(x) = £o(x) + H,pyp W(x)), x € H.
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Since both ¢, and H,,,(w) belong to SP (H) there exists a unique
measurable function @* C: ((0,00); H) — R such that ¢*“(x) =
¢" (Y2x) for all x € H. Hence, the first component of F is given by

Fy[v,w] (x) = / e P, ¢ ()] (x) dt 4.4
0
- / e / P (e’_Ax+y) N(0,0,)dy)dt.
0 H

By using Hypothesis 4.10 we can differentiate inside the integral the
first component of F, obtaining the following

(VF[v, w](x), h>g’,§ =
/0 e /H (Ve (eAx +y) e m)g o N (0,0,)(dy) dr, (4.5)

for x,h € H. Now, we can write explicitly (F,[v, w](x), k) for each
k € K using 3.28 as

/ e’”/ v (2, + Yol:x) (4.6)
0 L2
x (AP'B(t)k,(Y£Q,(Y£)*)_l/2z1>L% .7

x NO.(Y2 Y2y )dz)dr. 4.8)

Hence, by differentiating, for each # € H and k € K we can compute
(VF,[v,w](x)h, k) obtaining

[se]
/ e <V¢3’” (Zl + Yo‘:x) ,Y£h>L2
0 P

Ly
x <//1\P*B(t)k, PO, Py, >L2
xN'©0,¥F0,0rPy))(dzy) dt. (4.9)

By using Eq. (4.4) and the global lipschitzianity of £, and H,,;,, we can
estimate

|Fy o, wl(x) — Fy[5, #1(x)|
< « —Ar/ w(iA + _ a0 (A + ‘
/OeHdJ(exy)¢(exy>
X N'(0,0,)(dy)dt
SHM—M / e"“dtﬁllw—u?llw/ e ar,
© Jo 0

In the same way, by using Eq. (4.6) and Hypothesis 3.25 for |k|x = 1
one can estimate

[(Fy [0, wl(x) = Fyl, @1(x), k)|

< [lee -7, /0 i HNATPOll 12, dt

o0
<Cllw- wum/ e M (v dt,
0

for a certain constant C > 0 and y € (0, 1). Putting together these two
estimates we deduce that

1 Filv, w] = Fy 15, @]l + [ 20, w] = F10, @]l

<Cllw- wnw/ e AV dr. (4.10)
0

By using Eq. (4.5) we obtain for any unit vector h € H
[V Filo, w0l = VR 18, @100, ) g o7
0
w_ W —A AN
= Hv‘ﬁ Ve Hm/(, e el ey at
5 o
< Hvd)w _ V¢wH / oG gy,
© Jo

being w the type of the semigroup {e’_A},ZO. Similarly, using Eq. (4.9)
we get

|(VF2[U, w](x) = VF, [0, w](x), k)K|
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<c ”v¢w —ve?

5
—At)| AP.B
e ATt dt
oo‘/O [ ()”C(K,L%)

<c ”v¢w - V¢W” / AV dr.
* Jo
The last two estimates imply

IV Filv,w] = VF|[8, 0]l
+IVE v, w] = VE[8, @]

(s
<cC ”Vd)“’ - V¢w|’ / Um0 (1 v 177 dt. 4.11)
© Jo
Moreover, it is easy to check that
[voe - ver|,
S C(IVw = Vil + lwllg lw = @l )
< Cllw - lly (4.12)

and the last estimate follows from the fact that the functional is
restricted to the unit ball B;. Combining (4.11) and (4.12) we get

[o]
| Flv, w] = FIB, @]l < Cllw — @l / e (v ) dr. (4.13)
0

and by choosing 1, > A, Vv w we get that F is a contraction on B,.
In particular, this imply that v € C; (H) and by using Lemma 4.8 that
also VB € Cl: (H; K). Moreover it is easy to check that Vo belongs
to SP (H; ﬁ,) and so by an obvious generalization of Proposition 3.28
we deduce that both VV2v and VBVy are well defined and they must
coincide. [

5. Verification and synthesis of optimal control
5.1. The verification theorem

This section represents the culmination of our theoretical develop-
ment. Having established the existence, uniqueness, and regularity of
a mild solution v to the HJB equation, we now connect this analytical
object back to the original stochastic control problem. The main goal
is to prove a “verification theorem”. This type of theorem provides a
sufficient condition for optimality and, crucially, identifies the solution
of the HJB equation with the value function of the control problem,
i.e., v(x) =V (x).

To achieve this, we first need to show that our mild solution can
be approximated by a sequence of more regular, “classical” solutions.
This is a common technique in the theory of viscosity solutions and
for mild solutions of HJB equations in infinite dimensions, as ... direct
application of tools like It6’s formula to the mild solution v is not
possible due to its limited regularity [1, Section 4.5], [3, Section 4], [5,
Section 5.1]. For a recent verification theorem in the semilinear case
see also [12].

Once the approximation result is in place, we will prove the “fun-
damental identity” (Proposition 5.6), a key relationship that holds for
any admissible control. This identity will be the foundation of the
verification theorem (Theorem 5.7), which ultimately allows us to
confirm the optimality of a given control strategy.

We denote by UC,(H) the space of bounded and uniformly contin-
uous functions from H to R. Given a Banach space Z, we denote by
UC,(H: Z) the space of bounded and uniformly continuous functions
from H to Z. We denote by £,(H) the space of trace class operators
on H. We denote by UC?(E) the space of functions ¢ € UCb(ﬁ) such
that their first Eld_s,econd FréclEt de_rivit,ives V¢ and V3¢ exist and
belong to UC,(H; H ) and UC,(H; L(H, H )) respectively.

Definition 5.1. We define the following subset of U Cb(ﬁ)
D(Ay) ={ pe Ucf(ﬁ) . A*Voe UCb(ﬁ;ﬁ’),

OV2ip € UC,(H: L,(H)) }



G. Bolli and F. Gozzi
and the operator A : D(A)) - U Cb(ﬁ) as
1 T
Aol @100 = 3 Tr (OVZh()) + (A" V(). X) -

We defined the domain of the infinitesimal generator A, in a
rigorous way. Note that the condition V¢ € D(A*) is a strong regularity
requirement, typical for defining classical solutions of HJB equations in
infinite dimensions [11, Section 4], [13].

Definition 5.2. Let g € Cb(ﬁ). A function v : H — R is a classical
solution of

Ao(x) = Ap[v](x) = £4(x) + H,py (VB0()) + g(x) (5.1)

if v € D(Ay), VBy e C,,(ﬁ; K) and satisfies Eq. (5.1) pointwise for all
x€ H.

Definition 5.3. Let ﬁ_be a real and separable Banach space. A

sequence (f,),»0 € C,(H) is said to be K-convergent to a function
— K

f € C,(H) (and we sﬂall write f, —» f or f = K —lim,_, f,) if for

any compact set £ C H

Sp ey r, <+oo and - Jim sup |76 - £,0] =0.

This is the notion of convergence on compact sets, which is weaker
than uniform convergence but strong enough for many purposes in
the analysis of SPDEs. It is particularly useful when dealing with
semigroups that are not uniformly continuous but are continuous on
compact sets [13].

Definition 5.4. We say that v : H — R is a K-strong solution of Eq.
(4.1) if there exist a sequence (v,) C D(A,) and (g,) C C,(H) such that
v, is a classical solution of

Aw(x) = Ag[wl(x) = £y(x) + Hpiy (VEw(x)) + g,(x)

and moreover, as n — oo the following convergences

K-lim,_ v, =v,
K —lim,_, VBU,, =VBy, (5.2)
K —lim,_ g, =0.

This definition bridges the gap between the mild solution we found
and the classical solutions needed for applying Itd’s formula. A K-strong
solution is a function that, while not necessarily a classical solution
itself, can be approximated by a sequence of classical solutions in a
meaningful way [3, Lemma 4.3].

Proposition 5.5. Let Hypothesis 2.3, 3.12. 3.20 and 3.25 be satisfied.
Assume moreover either that the extended semigroup {e'4} . is analytic or
that the image of P* is contained in D(A*). Let v : H — R be the unique
mild solution of Eq. (4.1) in the class SF (H). Then, v is dalso a K-strong
solution in the sense of definition 5.4.

Proof. Let g : H — R be the function defined by

g(x) :==¢y(x)+ H,

min (

VBv(x)) , XE H.

Clearly g belongs to So’; (H), hence there exists a measurable function
g L’Z) — R such that g = goYo’; . Following the ideas of [5, Proof of
Lemma 5.4] we can construct a sequence (§,),en C FC(‘)” (Lf)) such that
K—lim,_, &, = § Wefix g, := §,0YT and we still get the convergence
K - lim,_ g, = g Now, we define the sequence of approximate
solutions as

0,(x) = / e HPlg,(Olx)dt, xe€H,neN. (5.3)
0

By definition, v, is set to be the mild solution of the following elliptic
equation on H

Aw(x) = Ap[w](x) = g, (x). (5.4
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We want to show that v, is actually a classical solution of Eq. (5.4).
Since g, € FC(‘)”(L%) it is immediate to verify that g, € U C[f(ﬁ) and
0V2g, € UC,(H: £,(H)). We still need to verify that Vg,(x) € D(A ) in
order to show that g, € D(A,). First of all we observe that

<Vgn(x),h>§ryﬁ = <V§n (Y£X) ,Y:;h)L%
= (VD) Ve, (Ex).h) . xhed

Hence, we have the equivalence Vg,(x) = (Y2 )x Vg, (YLx), for any
x € H. By using proposition 3.24 we can write

+o0
Vg, (x) = / e_‘”e"A*P*VgAn (Yo’:x) (s)ds. (5.5)
0

By hypothesis either the semigroup o4 is analytic, or the image of P* is
contained in D(A*). In both cases we can deduce that
e 7esA" PV, (YPx) (s)ds € D(A*) and then Vg,(x) € D(A¥)
for any x € H. Since v, is a mild solution of Eq. (5.4) and belongs
to D(A,) we deduce that v, is a classical solution of Eq. (5.4). Now,
we prove the convergences as in 5.3. By construction we have that

K —lim,_, . g, = g. Moreover, using the K-convergence of g, to g and
the dominated convergence theorem it is easy to check that
o [oo]
K — lim e P lg,l()dt = / e M P[gl(-) dt, (5.6)
n—-oo 0 0

so that X —lim,_, , v, = v. It remains to prove that K —lim,_,, Vv, =
VEu. We observe that g, € SP (H) and the same holds for v,. Hence,
there exists a measurable function 9, : lej — R such that v, = 9,0Y7.
By deriving under the integral sign we get

VB, (x) = /m eMVBP[g,()l(x)d:, xeH. (5.7)
0

By using proposition 3.28 we can express the B-differential of v, as

(o]
/ e_”“/ & (2, +Y£x)
0 L2

x <//1\P*B(t)k, (Y£Q,(Y£)*)_l/2zl>

L
N0, ¥F0,0r2y))dzy) ar. (5.8)

In the same way, being v € SP (H) we can express the B-differential of
v as

[se]
/ e_’"/ & (z, +Y£x)
o

x <//1\P’B(t)k, (Y£Q,(Y£)*)_l/2zl>

L
N0, ¥F0,(r2y))(dzy) at. (5.9)

By using the K-convergence of g, to § and the dominated convergence
theorem, we get that (5.8)K-converges to (5.9). []

Proposition 5.6. Let the hypothesis of proposition 5.5 be satisfied. Let v
be the unique mild solution of Eq. (4.1) in the class S (H). Then for every
x € H, and for every admissible control u € U, we have the fundamental
identity

v(x) = J(xiu) + E / e [ Hyiy (VP0(X(5))
0

—Hey (VBu(X (5));u(s)) ] ds, (5.10)
where X () is the mild solution of Eq. (2.1) with initial datum x € H and
controlu e U'.

Proof. The proof follows the lines of the proof of [3, Proposition 5.1].
In this proof, to avoid heavy notation, we write A for A.

Take any admissible state-control couple (X(-),u(-)), and let v, :
H - R be the approximating sequence of strict solutions defined in
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Proposition 5.5. To apply the Ito formula to v,, we need to regularize
X(-) since it does not live in D(A); to this aim we define for k € N,
sufficiently large, X,(s) = k(k — A)~! X(s). The process X, is in D(A), it
converges to X (P-a.s. and s € [0,0) a.e.) and it is a strong solution*
of the Cauchy problem

{ dX,(s) = AX,(s)ds + Biu(s)ds + G dW,s € [0, 00)
Xk(O) = X»

where B, = k(k — A)~'B, G, = k(k — A)~'G and x, = k(k — A)~'x. Now
observe that the operator B, is continuous in H, hence we can apply
Dynkin’s formulam (see [1, Section 1.7]) on the interval [0,7] to the
process e**v,(X,(s)), obtaining

Ev, (X, (T)) = v,(x;)

T
=E / e <—,1u,,(Xk(s))
0

+ % Tr [QD*v,(X;(s))]
+ (X} (5), A* Dv, (X (5)))
+ (Byu(s), Dv,(X(s))) ) ds.

Now we pass to the limit for k — oo. Applying the Dominated
Convergence Theorem to all terms but the last we get

Ev,(X(T)) = v,(x)
T
=F / e <—/1u,,(X(s)) + %Tr [QDzvn(X(s))]> ds
0
T
+E / e (X(s5), A*Du,(X(s))) ds
0

T
+ lim E / e (Byu(s), D, (X,(s))) ds.
0

k—o0

Concerning the last term, again following the lines of [3, Proof of
Proposition 5.1]

T
lim E / e (Bru(s), Vo, (X (5))) ds
k—+o00 0
T
:IE/ (u(s), VBu, (X (s))) ds.
0
Using the fact that v, is a classical solution of Eq. (5.4) we get
Ev,(X(T)) — v,(x)
T
:IE/ e g, (X (5)) + {(u(s), VEu, (X (s)))] ds. (5.11)
0
Now we let n — co. By Proposition 5.5, we know that v, — v, VZu, —

VBy and g, — H,,,(VEv) in the sense of K-convergence, obtaining by
dominated convergence theorem

T
Eu(X(T)) - v(x) = E / e [ H,y, (VP0(X(9))
0

+£5(X () + {(u(s), VEu(X(5))) ] ds. (5.12)

T
Now, adding and subtracting E / ¢ (u(s))ds and rearranging the
1

terms, we get
T
v(x) = Eo(X(T)) +E / [£0(X () + £, (u(s))] ds
0
T
+ IE/ [Hmi,,(VBU(X(s)))
0

- Hey (VBu(X(5)) u(s)) } ds

4 Here we mean strong in the probabilistic sense and also in the sense of
[6, Chapter 5, Section 5.1.1].
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which immediately gives the claim by passing to the limit for T —
. O

Theorem 5.7. Let the hypotheses of Proposition 5.5 hold true. Let v be the
unique mild solution of Eq. (4.1) in the class S% (H). Then the following
holds.

(i) For dll x € H we have v(x) < V(x), where V is the value function
defined in (2.4).

(ii) Let x € H be fixed. If, for an admissible control u* € U, we have,
calling X* the corresponding state,

u*(s) € arg E;[élll’]l Hqy (VBU(X*(S)); u)

for a.e. s € [0,00), P-a.s., then the pair (u*, X*) is optimal for the
control problem starting from x and v(x) = V(x) = J(x; u®).

Proof. Let (X(-),u(-)) be any admissible state-control couple. Since
H,in (VBU(X(5))) < Hey (VBu(X(5));u(s)) for all s > 0 it follows by
Proposition 5.6 that v(x) < J(x;u). By taking the infimum over all ad-
missible controls u € U" we get immediately (i). If now (X*(-), u*(-)) sat-
isfies u*(s) € argmin,ey Hey (VEu(X*(5));u) then clearly H,,,
(VBu(X*(s))) = Hey (VBo(X*(s));u*(s)) for all s > 0. Again by
Proposition 5.6 we get that v(x) = J(x;u*), which proves (ii). []
5.2. Synthesis of the optimal feedback control

We now prove the verification theorem and the synthesis of optimal
controls.

Definition 5.8. We define, for x € H, the feedback map

. . B .
¥(x) :=arg {2‘3 Hcy (V v(x),u) s (5.13)

where, as usual, v is the unique mild solution of Eq. (4.1) in the
class SOIZ (H). The feedback map ¥(x) provides the optimal action to
take when the system is in state x. It is found by minimizing the
Hamiltonian, using the gradient of the value function VZu(x) as the
“costate”.

Given any x € H, the so-called Closed Loop Equation is written,
formally, as

dX(s) € AX(s)ds+ BY (X(s)) ds +GdW,,
s € [0, 00)
X(0) = x.

Corollary 5.9. Let the assumptions of Proposition 5.5 be satisfied. Let v be
the mild solution of (4.1). Fix x € H and assume that the map ¥ defined in
(5.8) admits a measurable selection y such that the Closed Loop Equation

{ dX(s) = AX(s)ds + By (X(s)) ds + GdW,,

X(0) = x. (5.14)

has a mild solution X »(5x) (in the sense of [6, Chapter 7, Theorem 7.2]).
Define, for s > 0, u,(s) = w(X,,(s;x)). Then the couple (u,(-), X,,(-; X))
is optimal at x and v(x) = V(x) = J(x;u*). If, finally, ¥(x) is always a
singleton and the mild solution of (4.1) is unique, then the optimal control
is unique.

Proof. By construction, the control u,, satisfies u,,(s) € argmin, ey Hcy
(VBu(X,,(s));u) for all s > 0. Hence, by Theorem 5.7 we have that the
couple (uy, (1), X, () is optimal at x € H. For the uniqueness, we observe
that if (X(-),u(-)) is an optimal couple, then V(x) = J(x;u). By Theorem
5.7 (i) we have that V(x) > v(x) and using Proposition 5.6 we obtain

J(x;u) =V(x) > v(x) = J(x;u)
+E / " s [ Hopin (VB0(X(5)))
0
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—HCV(VBU(X(S));u(s))] ds. (5.15)
However, we can construct an optimal couple in feedback form, say
(X, (), 4, (), hence by the first part of the proof we get that v(x) =
V(x), which implies by using Eq. (5.15) that

E / " e [H,m-n (VBu(X(s))
0

—Hey (VBu(X(5));u(s)) ] ds=0. (5.16)
Since H,,;, (VEu(X(5))) < Hey (VEu(X(5)); u(s)) for all s > 0 we deduce
that

H, (VB0(X(5) = Hey (VEuX () u(5)) ,ds @ P — ace. (5.17)

which clearly implies that
: B .
u(s) € arg Elél(l}l Hcy, (V U(X(s)),u) .

As ¥(X(s)) is always a singleton given by w(X(s)) it must hold that
u(s) = u,(s) and by the uniqueness of mild solution we obtain that
X, (s)= X(s),ds@P—ae. [

Hypothesis 5.10. The set-valued map
Pp) :={uelU : {puy+¢,w)=H,, ()}

is always non empty; moreover it admits a Lipschitz continuous selec-
tion y.

Remark 5.11. This is a crucial assumption for ensuring the well-
posedness of the closed-loop equation. The existence of a selection y
is guaranteed under mild conditions by selection theorems (e.g., Au-
mann’s, see [14, Measurable Choice Theorem]). However, Lipschitz
continuity is a much stronger requirement and depends on the specific
structure of the cost #; and the control set U (e.g., if ¢, is strictly convex
and smooth).

Theorem 5.12. Let Hypotheses 2.3, 3.12, 3.20, 3.25, and 5.10 hold true.
Let v be the unique mild solution of Eq. (4.1) in the class ST (H). Fix any
x € H. Assume also that the running cost ¢,y is Lipschitz continuous. Then
the following closed loop equation

dX(s) = AX(s)ds + By (VEu(X(s))) ds
+GdW,, sel0,0)
X(0)=x

(5.18)

admits a unique mild solution X,(-;x) (in the sense of [6, Chapter 7,
Theorem 7.2]); setting, for s > 0, u,(s) :=y (VBu(X, (s;x))), we obtain an
optimal control at x which is unique if P is always a singleton. Moreover
v(x) = V(x).

Proof. We just need to prove that Eq. (5.18) admits a unique mild
solution defined for all time s > 0. The rest of the theorem is an
immediate consequence of Corollary 5.9. For this purpose, we first
prove that the map x — y(VZu(x)) is bounded and Lipschitz continuous.
By construction, y takes value in U, so it is clearly bounded. Moreover
we observe that y is Lipschitz thanks to Hypothesis 5.10, while VB is
Lipschitz by Proposition 4.11. Hence the map x — y(VZu(x)) is Lips-
chitz too, being the composition of Lipschitz functions. The existence
and uniqueness of a mild solution follows immediately by contraction
arguments for stochastic evolution equations with Lipschitz coefficients
[6, Chapter 7, Theorem 7.2]. []

6. Example 1: Controlled stochastic wave equation

We consider a system describing the vibration of a membrane 2 c
R? with a fixed boundary, subject an internal control force f(t,x) and
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stochastic noise. The evolution of the state u(z, x) is governed by the
following stochastic partial differential equation (SPDE):

0, u(t,x) = c2Au(t,x) + f(t,x) + cdW(t, x)
in (0, 0) X 2

ut,x)=0 on (0, 0) X 002

u(0,x) = uy(x), 0u(0,x) = vy(x)

6.1)
in Q
where ¢ > 0 is the propagation speed, f(t, x) is the distributed control in
the space K = L?(22;C) and W (t,x) is a cylindrical Wiener process on
L2(2; C). The state space is the Hilbert space H = HS(Q; C)x L%(2;0C),
with the norm ||(u, v)[|3, = c?||Vull?, + ||v||iz, which corresponds to the

physical energy of the system. In tﬁis space, the SPDE (6.1) is rewritten
as a first-order evolution equation:

dX(@)=(AX@) + Bf@)dt + GdW (1), X(0) = (u, UO)T. (6.2)

The system operators are defined as follows: The dynamics operator A
is defined on the domain D(A) = (H*(£;C) n H,(2;C)) X H)(2;C).

0 I
24 0
operator A generates a contraction semigroup ¢4 on H and moreover
there exists a sequence of eigenvalues of A, say u, € C and the
corresponding sequence of eigenfunctions @, € H which form a Riesz
basis of H [15, Chapter 3]. The control operator B : K — H acts
on the system only through the second component and is defined as
the identity operator of L?(£2; C). Hence, in this framework the control
operator is clearly bounded. The set of admissible controls is

and its action is defined as A = < > It is well known that the

UV :={u:[0,0)x 2 — U C K, prog. meas.},
for a suitable bounded and closed subset U. Finally, the noise operator

G : RN - H is given by G = (0 , where ¢ : RN — [2(@2;C) is
c

a Hilbert-Schmidt operator for an N-dimensional noise. The goal of
the optimal control problem is to minimize over the set of admissible
controls U, the following discounted cost functional depending on the
initial state x = ( "0 ):
Uo

J(x; f)=E [ / M [£6(X W) + £,(f )] dr] : (6.3)
0

Remark 6.1. We observe that this problem does not satisfy the stan-
dard strong Feller condition (Hypothesis 3.4). This hypothesis would
require Im(e'4) C Im(Q,1 / 2) for + > 0. In this setting, the state space
H= Hé (£2; C) x L*(2;C) is infinite-dimensional. The wave semigroup
et (for y > 0) is surjective onto H for any ¢ > 0. Thus, Im(e'4) = H.
Critically, the operator ¢ is defined as Hilbert-Schmidt, which implies
that ¢ is a compact operator. This implies that G itself is a compact
operator from its domain into H. Consequently, GG* is also compact.
The covariance operator Q, = /[, ¢"AGG*¢*4"ds is an integral of com-
pact operators (since e*4 is bounded) and is therefore itself a compact
operator. This implies that Q,1 /2 is also compact. By a standard result
of functional analysis, a compact operator on an infinite-dimensional
space cannot be surjective. Thus, Im(Q,1 yis a proper subspace of H.
This leads to the contradiction Im(e’4) = H ¢ Im(Q,1 / 2), and Hypothesis
3.4 fails. This failure is the primary motivation for introducing the
partial smoothing technique, which only requires smoothing in specific
directions.

Here we assume that ¢ is of the form Z,(x) = fO(Px), for a certain
function 7, defined on H, where P is the spectral projection operator

onto the subspace
Vy =span{®,..., @y }.

We assume, moreover, that P and G have the same image given by V).
The crucial step is to verify that the system satisfies a key smoothing
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condition required by the theory (see Hypothesis 3.8), which involves
the interaction between the dynamics, control, noise, and projection.
A fundamental property in this context is the commutativity of the
semigroup and the projection operator (see Remark 3.26).

Lemma 6.2. Let A be as in (6.2) and P be the spectral projection onto
the subspace V) spanned by the first N eigenfunctions of A. Then, for all
t>0, Pand ¢'* commute: Pe'A = e'AP.

Proof. The proof relies on spectral decomposition. Any state x € H
can be written as x = )7 | ¢,®,, where A®, = p,®,. By definition, the
action of the operators is:

Cn

oo N
elx = Z c,et'®d, and Px= Z e, D,
n=1 n=1

Computing the compositions, we get:

co N
(Pet)x = P <2 cne""’(D”> = 2 c,etn'd,.
n=1 n=1
N N N
(e P)x = (Z c,,din) = Z c,etd, = Z c et d,.

n=1 n=1 n=1
This computation shows that the two operators are equal.

|

The key condition for the required estimate concerns the ability of
the noise to excite all modes of interest.

Theorem 6.3. If we assume that the finite dimensional operator PGG* P*
acting on Vy is positive definite, then the model (6.2) satisfies the following
estimate for all t > 0:

”(PQ,P*)‘1/2Pe’AB” < Ct"/z, 6.4)

where Q, = /0’ eAGG*eA" ds is the covariance operator. This verifies
the abstract hypothesis required by the theory (cf. [5]) with an exponent
y=1/2.

Proof. The proof is based on estimating the two terms composing the
operator separately. The estimate of the first term is in the following
Lemma.

Lemma 6.4. Assume that the finite dimensional operator PGG* P* acting
on Vy is positive definite, then the projected covariance operator M(t) =
PQ, P* is invertible for all t > 0. Moreover, there exist constants C; > 0
and t, > 0 such that || (PQ,P*)_I/2 I < C =72 for all t € (0, 1,].

Proof of the Lemma. Since K = PGG*P* is positive definite its
first eigenvalue 4,,,(K) is strictly positive. For t — 0, an asymptotic
expansion of M (t) yields M(t) = tK + O(t?). This implies that the small-
est eigenvalue of M(r), A,;,(M (1)) can be estimated by A,;,(M (1)) >
%Amin(K ) for small ¢. The following estimate follows directly:

” (PQ,P*)_I/Z ” — ;
V Amin (M (1))
<1 _cin

/5 Amin(K)

Conclusion of the proof of the Theorem. In order to conclude
the proof of the Theorem we just observe that the operator Pe4B is
bounded and, by using the fact that ¢/4 is a contraction semigroup, we
can estimate the norm as ||Pe'AB|| < ||P|llle“A || BIl < IPIIIBI. O

Hence all required assumptions (particularly Hypothesis 3.8) are
satisfied.

7. Example 2: Stochastic heat equation with boundary control

We now show how to apply our results to the optimal boundary
control of a stochastic heat equation. In particular we show that our
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hypotheses (particularly the crucial “lifting smoothing” condition of
Hypothesis 3.25), are satisfied. For related work on boundary control
see also [16].

We consider, in an open connected set with smooth boundary © C
R? the stochastic heat equation with control at the boundary

0,(s,8) = Ay(s, &) + 0 dW (s,§),
10,8 =x(6), £ €0,
¥(s,8) =u(s,9), s€(0,:), & €00,

s € (0,00), £ €0,
(7.1)

where 4 is the Laplace operator, W is a cylindrical Wiener process on
L2(0), x(-) € L*(O) and u(s, -) € L*(00) for each s € (0, c0).

We formulate this problem as an abstract evolution equation as
in (2.1). We choose H := L*(O9) to be the state space, A to be the
Laplace operator with domain D(A) := H2(O)n Hol((ﬂ). The operator A
is self-adjoint and diagonal with strictly negative eigenvalues {—4,},cn
(recall that A, ~ n*/¢ as n — +o0). We can endow H with a complete
orthonormal basis {e,},cy of eigenvectors of A. Moreover it is well
known (see, for instance, [17, Theorem 4.3]) that A generates an
analytic semigroup e’ on H.

The control space is given by K
admissible controls is

:= L%(00), while the set of

VUV :={u:[0,00)x 2 — U C K, prog. meas.},

for a suitable bounded and closed subset U.

Here the extended state H is set to be the dual space of V :=
D((—A)3/4*¢) for some ¢ > 0 small. We introduce the Dirichlet map
(see e.g. [18] for a complete treatment of the topic) D : L*(00) —
D((—A)!/4-¢) as the unique weak solution of

{ Af(&) =0,
f©& =a@®),

for any boundary data a € L*(00).

The Dirichlet map D is the standard tool to convert a boundary
condition into an action on the domain. The regularity result D €
L(L2(00), D((—A)'/47%)) is a classical result from the theory of elliptic
PDEs [15, Appendix A and Chapter 3]. We follow the ideas of [1,
Appendix C] to define a suitable notion of solution for (7.1).

£eo,
£ € 00.

Definition 7.1. We say that X(-) is a mild solution of (7.1) if for all
s>0

s
X(s)=ex— A / e“ A Du(r) dr
0

+ / sAG dW (r). (7.2)
0

We observe that we can extend the semigroup {e'4},,, to a semi-
group {e’_"},zo on H. The extension procedure relies on the property
that the semigroup leaves the smaller space V' (equipped with the graph
norm) invariant, i.e., for every v € V and t > 0, we have v e V. The
extended semigroup {e'4},,, on H is then defined by duality. For any
element x € H = V’, its action is defined through the duality pairing

with an arbitrary test element v € V' as follows:

SIA o 7
(e X’U>V’V = <x,e U)V’,V‘

This definition is well-posed because ¢'4v remains in V. This construc-
tion provides a true extension, as for any x € H, its action is consistent
with the original semigroup. Indeed, for any v € V:

<e’_Ax, U>V/’V = (x,e’Av>V,,V =(x, e’Au>H = (e”‘x,u)H .

Since V is dense in H, this implies eihx = e'x for all x € H. The
extended operator inherits the semigroup property from e/, In the
same way we extend the operator A3/4*¢ to an operator A3/4t¢ &
L(H; H).

(7.3)

tA
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By defining A := A3/4+tc A1/4=¢ we can write
N s
A / S ADu(r) dr = / A4 Du(ry dr
0 0

N
=/ A3/4+€e(s_r)AAl/4_€Du(r)dr
0

= /S eUNA 43/4+e AVA € Dy(ry dr
0

N
=/ S ADu(r) dr.
0

In this framework problem (7.1) can be reformulated as the following
abstract evolution equation on H

dX(s)=AX(s)ds —ZDu(s)ds +GdW (s),
s>0 (7.4)
X0)=x€eH,

where the control operator
B:=-AD (7.5)

is an element of £(K; H). Notice that thanks to Definition 7.1, the
evolution is preserved on H, hence X(t;x,u) € H forallt >0, x € H
anduel.

Now we consider the optimal control problem related to the stochas-
tic heat equation with boundary control in its abstract reformulation,
also in order to introduce the class of function on which we study the
partial smoothing, defined by means of the operator P. For any given
t € [0,T] and x € H, the objective is to minimize, over all control
strategies in U, the following finite horizon cost:

Jx;u)=E [ / e [Lo(X () + €1 (u(s)] ds] .
0

Moreover we take Q = (—A)~%# for some § > 0 and P a projection on
a finite dimensional subspace contained in D(—A)* for some a > f + i.
The covariance operator Q, is given by

t
0, = / (—A) A ds = (—A)HN (T - 2. (7.6)
0

Notice that it can be deduced by the strong Feller property of the
heat transition semigroup that Ime4 C Im Q,1 / 2, see e.g. [6, Chapter
9, Section 9.4 and Chapter 11, Section 11.2.2] for a comprehensive
bibliography. Now we estimate ”Q;l/ 2e"“BH.

Lemma 7.2. Let Q, be defined in (7.6). For every € € (0, i), we get, for
some Cj > 0,

i g
o7 "/2e 4 B|| < corm .

Now we introduce the operator P. Let ¢ > 0, let vy,...,v, €

D((—A)%) be linearly independent, and let P be the projection on the
span of (v, ...,v,), namely

n
P:H-H, Px=Y (xuv)v, Vx€H. (7.7)
i=1

We set moreover, noticing that P = P*,
0, := PQ,P = P(—A)~'P(I — 24)P. (7.8)
Notice that P, := (—A)*P is a continuous operator on H. Hence

_— 3

3 1
PelAB = P (—A)11((=A)77° D),
(Pe’AB)* _ ((—A)%_ED)*(—A)%H_aetAP
- a
(Q,P*x, P*x) = (I — #*)(~A)'72*F P x, P,x)
The aim now is to verify that
im (PeiA(-AD)) c Im (0}")

1/2

and to estimate ”Q_,_ Pe’A(—AD)”.
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Lemma7.3. Let Q, be defined in (7.8). Let a > ﬂ+i. Then, for e € (0, i),
im (PeiB) cm(0,%). [|0;"*Pet| < ,1% (7.9)

Remark 7.4. These technical lemmas provide the core estimates
needed to show that the abstract hypotheses of our theory are met.
Lemma 7.3 is particularly important as it establishes the bound re-
quired by the partial smoothing hypothesis (specifically, a version of
Hypothesis 3.25) with an integrable singularity ~!. This is the key
technical verification that allows the application of our HJB theory to
this problem.

Hypothesis 7.5.

(i) ¢y, : H - R is measurable and is such that for the finite set of

linearly independent vectors defined in Eq. (7.7) {v;,...,v,} C
D((—A)*) with a > j—‘ + € and a suitable function 7, € C,(R") one
has

Co(x) =2y (X, 0) gy s (X, 0y ) - (7.10)

(i) ¢, : U - R is measurable and bounded from below.

This assumption on the cost function ¢, ensures that it belongs
to the class of lifted functions So’; (H) (in fact, to the simpler class
B[f (H) C So’: (H) as per Proposition 3.24). This is necessary to apply
the partial smoothing results derived from the lifting method.

Now we verify that Hypothesis 3.20 holds true. We perform the
computation in the case in which n = 1, but for the cases in which
n> 1 the proof is identical. We can write

<e’Ax, v) v

< |oly 1A%0] ‘A_"e’_Ax|H. (7.11)

[P =

<ol ‘(A*“er_ftx, A"v)

Now, for9=%+e—aweget
—a A _ | 40514 g—a—0 -0
‘A e x)H = ‘A eAA x|H <crfixly. (7.12)

which provides the desired estimate. Finally we verify Hypothesis 3.25.

Proposition 7.6. Let {P,}, be the Ornstein-Uhlenbeck semigroup as-
sociated to the uncontrolled Eq. (7.4). Let B be the boundary control
operator defined in (7.5) and let P be the projection defined in (7.7). Then,
Hypothesis 3.25 is satisfied with y = 1 — & for some 6 € (0, i)

Proof. In this proof we consider the case of the projection on the
space generated by only one element v € D((—A)%), namely P : H —
H, Px = (x,v)v, for all x € H, P = P*, the extension to a map as in
(7.7) being straightforward.

In order to prove Hypothesis 3.25, point (i), we will prove (3.6)
i.e. that there exists a function c¢(7) such that
(Yo’;e’AB)*zﬁ < (QYEyz(¥Eyz), . (7.13)

for t € (0,00) and z € H. To do this we observe first that, in this
case, using Proposition 3.24-(iv), for any z € L§(0,+oo;H) we have
Py zev and
+oo
(YD’:)*Z = / e e Prz(s)ds
0

+oo
= / e P (z(s), v)vds
0

+oo
</ e~ PesAz(s)ds, u> v
0
P

+oo
/ e e z(s)ds
0
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where in the second equality we used that A is self adjoint and the
explicit expression of P. Hence for any 7 > 0 and for z € L}%(O, +o0, H)

(0,xtyzxlyz),
1/2 2
=lo/ "oy =
+oco 2
= }/ZP/ e e’ z(s)ds
0
Moreover
2 N 2
c|oZetsyz|, =B Dy
2

+oo
B*e’AP/ e e’ z(s)ds
0

—1/2
t

Now the claim follows simply recalling that, by (7.9), “Q Pe’AB“ <
cri-9. O
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