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Abstract

A graph G = (V, E) is a star-k-pairwise compatibility graph (star-k-PCG) if there exists

a weight function w : V — Rt and k mutually exclusive intervals Iy, I, ... I, such that

there is an edge uv € E if and only if w(u) + w(v) € |J; I;. These graphs are related to
two important classes of graphs: pairwise compatibility graphs (PCGs) and multithreshold
graphs. It is known that for any graph G there exists a k such that G is a star-k-PCG. Thus,
for a given graph G it is interesting to know which is the minimum k such that G is a star-k-
PCG. We define this minimum k as the star number of the graph, denoted by y (G). Here we
investigate the star number of simple graph classes, such as graphs of small size, caterpillars,
cycles and grids. Specifically, we determine the exact value of y (G) for all the graphs with
at most 7 vertices. By doing so we show that the smallest graphs with star number 2 are
only 4 and have exactly 5 vertices; the smallest graphs with star number 3 are only 3 and
have exactly 7 vertices. Next, we provide a construction showing that the star number of
caterpillars is one. Moreover, we show that the star number of cycles and two-dimensional
grid graphs is 2 and that the star number of 4-dimensional grids is at least 3. Finally, we
conclude with numerous open problems.

1 Introduction

The categorization of graphs into different classes is fundamental in graph theory and its
applications, as it allows for a more structured and focused study of their properties and
behaviors. Indeed, each class of graphs, possess unique characteristics that make them suitable
for specific problems and applications. In essence, the diversity of graph classes reflects
the diversity of real-world problems they are used to model and solve. In this paper, we
concentrate on a specific class of graphs, referred to as star-k-pairwise compatibility graphs.
A graph G = (V, E) is a star-k-PCG if there exists a weight function w : V — R™ and
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k mutually exclusive intervals Iy, I, ... Ik, such that there is an edge uv € E if and only
if w(u) + w(v) € |J; I;. This class serves as a bridge between two well-established graph
classes: pairwise compatibility graphs and multithreshold graphs.

Connection with pairwise compatibility graphs (PCGs) A graph G is a k-PCG (known also
as multi-interval PCG) if and only if there exists a non-negative edge weighted tree 7 and k
mutually exclusive intervals /1, I, . .., I} of non-negative reals such that each vertex of G
corresponds to a leaf of 7 and there is an edge between two vertices in G if and only if the
distance between their corresponding leaves in T lies in | J; I; (see e.g. [2]). Such tree T is
called the k-witness tree of G. The concept of 1-PCGs, also known as PCGs, originated from
the problem of reconstructing phylogenetic trees [3]. Moreover, PCGs are a generalization of
the well-known k-leaf power graphs [4] and have proven valuable in describing and analyzing
evolutionary processes [5].

One of the most important open problems in the field is, whether given an integer k, the
k-PCG can be recognized in polynomial time, and it is unknown whether this problem can
be solved in polynomial time, even for the case of k = 1. To make progress towards the
solution of this problem, restrictions have been made on the topology of the k-witness tree
into two main directions: a star and a caterpillar (see e.g. [6—8]). The class of star-k-PCGs
is exactly the class of k-PCGs for which the witness tree is a star [1, 9]. Figure 1 depicts an
example of a graph that is a star-1-PCG. This topology constraint on the witness tree, has been
proven valuable as for star witness trees, the decision problem becomes simpler compared
to the general case. Indeed, Xiao and Nagamochi [10] introduced the first polynomial-time
algorithm for identifying graphs that are star-1-PCGs. Next, Kobayashi et al. in [11] improved
upon this result by introducing a new characterization of star-1-PCGs that led to a linear time
recognition algorithm.

Connection with multithreshold graphs  Multithreshold graphs were introduced by Jamison
and Sprague [12] in 2020 as a generalization of the class of threshold graphs introduced by
Chvital and Hammer [13] in 1977 and has since become one of the most prominent and
well-studied graph classes (see [14]). In a similar way, multithreshold graphs have gained
considerable interest within the research community since their introduction, as evidenced by
the following studies [12, 15, 16]. Givenreal numbers 61, 65, . .., 6, withf] < 6, < ... < 6
we say that a graph G = (V, E) is a k-threshold graph with thresholds 61, 0,, . . ., 6 if there
exist an assignment r : V. — R of real ranks to the vertices such that for every pair of
distinct vertices u, v € V we have uv € E if and only if the inequality 6; < r(u) + r(v)
holds for an odd number of indices i. It was shown in [11] that 2-threshold graphs are exactly

w(v) =2 w(v,) =

2 A

w(vs) = w(vy) =1 w(vs) =5

(a) (b)

Fig.1 a Anexample of a graph G that is a star-1-PCG graph. In b and c the 1-witness graph and the 1-witness
star for which G is a star-1-PCG with I} =[5, 8]
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star-1-PCGs. Here we directly extend this claim by showing in Observation 1 that the class
of star-k-PCGs is equivalent to the class of 2k-threshold graphs.

Results Itis already established that every graph G is a star-k-PCG for some positive integer
k [2]. Hence, we introduce the following notation.

Definition 1 Given a graph G, we define the star number, y (G), to be the smallest positive
integer k, such that G is a star-k-PCG.

The star number is not known even for graphs belonging to simple classes. In this paper we
firstly focus on n-vertex graphs for small values of n. Identifying the smallest graphs that are
excluded from a class not only helps to define the boundaries of that class but could also help
towards a characterization of the graph class through forbidden subgraphs. In this framework
we consider the following question: what is the smallest value of n for which there exists
an n-vertex graph that is not a star-k-PCG? This question has been already investigated for
related graphs classes. Indeed, it is known that the smallest graphs that are not 1-PCGs have
8 vertices [17, 18] while the smallest graphs that are not 2-PCGs must have at least 9 vertices
[19]. Here we determine the exact value of y (G) for all the graphs G with at most 7 vertices.
By doing so we show that the smallest graphs with star number 2 are only 4 and have exactly
5 vertices; the smallest graphs with star number 3 are only 3 and have exactly 7 vertices.

Next we study some simple graph classes: caterpillars, cycle graphs, grid graphs. Caterpil-
lars have already been shown to be 2-multithreshold [20] and thus they are also star-1-PCGs.
Here we provide a different construction in the context of star-k-PCGs. While path graphs
are known to be star-1-PCGs [10], cycle graphs are only shown to be 1-PCGs of caterpillar
witness trees [21]. However, when considering a star tree structure, we prove that the star
number of cycle graphs is 2. In [22] it was proved that 2-dimensional grid graphs are 1-PCGs
of a caterpillar. Here we prove that the star number of two dimensional grid graphs G, ,,
is 1 if min{n, ny} < 2 and 2 otherwise. From the results in [20] it can be easily shown that
the star number d-dimensional grids is at least d — 3. Here we improve this result for d = 4,
by showing that the star number of 4-dimensional grids is at least 3. All our constructions
can be obtained in linear time.

2 Preliminaries

In this paper we only consider simple graphs, that is graphs that contain no loops or multiple
edges. Additionally, we focus only undirected graphs and thus for simplicity, we use a nota-
tional shorthand, writing uv to represent the unordered pair {u, v}. For a graph G = (V, E)
and a vertex u € V, the set N(u) = {v : uv € E} is called the neighborhood of u. A
cycle graph, denoted as C,, n > 3, is a graph that consists of a single cycle of n vertices.
A caterpillar is a tree in which all the vertices are within distance 1 of a central path. The
central path contains only vertices of degree at least 2 (i.e. vertices that are not leaves).

For any integer n > 1 we denote by [n] the set {0, 1,2, ..., n — 1}. A d-dimensional grid
graph Gy, ... n,, 1S a graph such that the vertex set is given by [n1] x [n2] x ... X [n4] and
there is an edge between two vertices if and only if they differ in exactly one coordinate and
the difference is 1. More formally, a vertex u is described by its coordinates (i1, ..., ig). For
any dimension j we denote by u; the coordinate of u in the j-th dimension. Two vertices u
and u’ are adjacent if there is a dimension i such that |u; —u;| = 1 and forall [ # i, u; = u;
(see Fig. 8 for an example).
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C2 C4 Ce

. ST : S C1 o Ca’ e C5 o C7
o—0——0—_0——-O0 o—0——0O——~0——->0
U U2 us us us U1 u2 us Us Us

w(uy) < w(uy) < wluz) < wlug) < wlus) w(c)) < wlcy) < wlcs) < wley) < wlcs) < wlcg) < wlcy)

(a) (b)

[}

u1 uz us usg us Us uz Us

W(Cl) < W(Cz) < W(C3) < W(C4) < W(Cs) < W(C(,) < W(C7)

(c)

Fig. 2 a An example of a 3-FSeq and b the corresponding 3-FP sequence. ¢ Another example of a 3-FP
sequence which does not lead to the identification of a 3-FSeq. The dashed lines depict edges that are not in
G, whereas the solid lines illustrate edges that are included in G

Given a graph G = (V, E) and a function w : V — R™T, we denote by G its weighted
version, that is, G supplemented with the weight function w (see Fig. 1a, b). Moreover for
each vertex v € V, w(v) denotes the weight of the vertex v and for each pair of vertices u
and v of G we denote by w(uv) the sum w(u) + w(v).

Given G” we define 0 (G") = vy, v2 ..., vy as the sequence of vertices in G*, arranged
in non-descending order based on their weights. Given a family S, of r pairwise disjoint
subsets of V we will use the notation Sy, Sz, ..., S, where S; € S, to denote the partial order
where for all 1 <i < r the weights of the vertices in S; are all less or equal to the weights
of all vertices in S;41.

We say that the neighborhood N () is consecutive with respect to o (G") if for v;, v; €
N(u) withi < j implies v; € N(u) foranyi <t < j.

Definition 2 A graph G = (V, E) is a star-k-PCG if there exists a weight functionw : V —
R* and k mutually exclusive intervals Iy, I, . .. I, such that there is an edge uv € E if and
only if w(u) + w(v) € |J; I;. Such weighted graph G" is called the k-witness of G.

The following result is a straightforward generalization of Observation 2.2 in [11].

Observation 1 Given an integer k, a graph is a 2k-threshold graph if and only if it is a
star-k-PCG.
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Proof (<) Let G = (V, E) be a 2k-threshold graph defined by r : V — R and 0; <
0> < ... < B such that for every pair of distinct vertices u, v € V we have uv € E if
and only if 6; < r(u) 4+ r(v) for an odd number of indices i. Notice that w.l.o.g. we can
assume that 6; > O for all 1 < i < 2k and that r(v) > O for all v € V. To show that
G is a k-star-PCG we construct G% as follows. For every v € V we define w(v) = r(v)
and I; = [6h_1,6) with 1 < i < k. It is easy to see that if we want to have closed
intervals as in the definition of star-k-PCGs, it is sufficient to set Ii’ = [02_1, 9£i] where
Géi = max{w(e) : e € E and w(e) € I;}. Finally, by construction for all ¢ = uv it holds that
w(e) € [; if and only if 65,1 < r(u) + r(v) < 6,;, meaning that the inequality is valid for
an odd number of indices.
(=) Now, let G be a star-k-PCG and let G¥ be its k-witness for I; = [a;, b;] with
1 < i < k. Notice that we can substitute I; = [a;, b;] with I; = [a;, bl/.) as follows. For
1 <i<kweset bl/. = “"%er" if there is no edge e for which b; < w(e) < a;41, otherwise
we set b} = min{w(e) : e ¢ E and b; < w(e) < aj11}. If i = k we set b, = by + 1 if there
is no edge e for which by < w(e), otherwise we set b,’( =min{w(e) : e ¢ E and by < w(e)}.
It is easy to see that G still remains a k-witness. Now w.l.o.g. we can assume a; < by <
. < ax < br. Then G is clearly a 2k-threshold with r = wand 1 < j <2k 0; = a(j+1),2
if j is odd or 6; = b, otherwise. The proof follows straightforwardly by the construction.
[m}

Given a graph G = (V, E), we say that G’ = (V’, E') is an induced subgraph of G if
V'’ C V and E’ consists of all the edges in E whose endpoints are both in V’. The following
lemma can be directly deduced from Definition 1.

Lemma 1 Given a graph G it holds that y (G') < y(G) for any induced subgraph G’ of G.
The next lemma follows trivially by the definition of star-k-PCG.
Lemma2 Let G be a star-k-PCG and let G¥ be a k-witness for G. For any two vertices u, v
in G¥ for which N (u) — {v} # N(v) — {u} it holds w(u) # w(v).

The following definition will be needed throughout the paper.
Definition 3 Let G be a vertex weighted graph and & an integer such that k > 1. Consider

a sequence, ci, €2, . . . , C2k+1 of 2k + 1 pairs of vertices in G*. This sequence is said to be
a k-FP if it satisfies the following conditions:

1. A pair ¢; is an edge in G" (i.e., ¢; € E) if and only if i is an odd integer.
2. The weights of the pairs follow an ascending order: w(cy) < w(c2) < ... < wW(C2%+1)-

See Fig.2b for an example of a 3-FP. The next lemma shows that the k-FP is a forbidden
pattern (hence the name) for any graph that is a star-k-PCG.

Lemma3 Let G be a star-k-PCG than any k-witness G¥ of G does not contain a k-FP.

Proof Firstly, observe that an equality within the sequence of inequalities in item 2 of Defini-
tion 3 implies the existence of an edge and a non-edge with identical weight which contradicts
the definition of a star-k-PCG. So we have ¢; # c; for alli # j. The proof follows by notic-
ing that if G contains a k-FP then no two edges ¢; and c¢; can belong to the same interval.
Given that there are exactly k + 1 edges in the k-FP sequence, then at least k 4 1 distinct
intervals are required. O
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Fig.3 An illustration of u
Lemma 5 for a graph G. The
dashed lines depict edges that are
not in G, whereas the solid lines
illustrate edges that are included
in G. The vertices

{y1, y2, x, y3, y4} appear
consecutive in o (G%)

w(yp) < w(yp) < wx) < wlys) < wlyy)

We introduce now the concept of k-FSeq.

Definition 4 Let G” be a vertex weighted graph and & an integer such that k > 1. Consider
a sequence of k + 2 vertices in G¥, denoted as u1, uy, . .. ug+2. This sequence is said to be
a k-FSeq if it satisfies the following conditions:

1. ujujyy € Eforl <i <k+1
2. ujujyr ¢ Eforl <i <k
3. wup) < wuy) < ... < wrs2)

See Fig. 2a for an example of a 3-FSeq. The following lemma holds.

Lemma4 Let G be a star-k-PCG than any k-witness G* of G does not contain a k-FSeq.

Proof Notice that if G contains a k-FSeq then the edges
UTUD, UTUZ, UDUZ, UDUL, « .y UkUky 1, Uklk42, Uk+1 UKD
form a k-FP (see Fig. 2a and Fig. 2b for an example). The proof follows trivially by Lemma 3.
]

Note that from the proof of Lemma 4, we can infer that a k-FSeq implies the existence of
a k-FP. However, the converse is not always true. This is shown in Fig. 2¢, where we present
a 3-FP edge sequence that does not lead to the direct identification of a 3-FSeq.

3 The star number of n-vertex graphs withn < 7
3.1 n-vertex graphs withn <5

There are 34 non isomorphic graphs with 5 vertices [23]. Let Gs = {G1, G2, ..., G3a} be
the set of these graphs. These graphs are depicted in Fig. 4 based on increasing number of
edges. In this section, we prove that all graphs with at most 5 vertices have a star number
equal to 1, with the exception of G5, G20, G25, and G»7, which have a star number equal to
2. We start by proving the following lemmas.

Lemma5 Let G = (V, E) be a star-1-PCG and let u, x € V such that x € N (u), and for
every other vertex y € N(u), it holds that xy ¢ E. For any 1-witness graph G of G, the
neighborhood N (u) is consecutive with respect to o (G"™).
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1 2 4 3
1=[3, 3] 1=[4,4] 1=[5,5] 1=[6,6] I [9, 10]

1 2 2 2
1=[3,3] 1=[4,4] 1=[4,4]
Gt 2 G2 3 Gis 2
o—oO o
1 1 1 5 5 1
1=[3,3] 1=[6,6] 1=[4,5]
Gie 4 Gi7 5 Gis 3
(0]
2 4 1 3 1 E} 2
5 1 4 2 2 1
1=[6,8] 1=[4,6] 1=[2,3]
Gz 6 Gz 5 Gz 8
2 (@ 7 | (@ 3 5 @) |
10 1 4 2 2 4
1=[8,13] 1=[3,6] 1=[5,9] 1=[2,2] 11=[4,4], 1=[6,7]
G 4 Gz 10 Gs 3 Gx 3
| w
1
1=[4,5] 11=[4,5], I>=[11,14] 1=[3,4] |=(3,4] |—[2v3]
Ga1 3 Gaz 4 Gas 2 G 1
| @11 5 2 | @1 | @1
2 2 6 1 1 2 1 1
1=[2,4] 1=[5,10] 1=[2,3] 1=[2,2]

Fig. 4 The list for all non isomorphic graphs with at most 5 vertices. The graphs G5, Gyg, G5, G27 are
star-2-PCGs. The rest of the graphs are all star-1-PCGs
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G
536 Gesn

(a) (b) (c)

Fig.5 The only three graphs on 7 vertices thatare not star-2-PCG. a y (G536) = 3 by settingw(a) = 7, w(b) =
1L, w(c) =6, w(d) =4, we) =5 w(f) =9, w(g) =8and I} = [4,10], [, = [14,14],I3 = [17,17]. b
y(Gge2) = 3 by setting w(a) = 5, w(d) = 3, w(c) =4, w(d) = 1,w() =7, w(f) = 6,w(g) = 2 and
Iy =1[4,5], 1 = [7,8], Iz = [12, 13]. ¢ y(Goe3) = 3 by setting w(a) =5, w(b) = 4, w(c) =7, w(d) =
2, w(e) =1, w(f) =3, w(g) =4and I} =[5, 8], [ =[10, 10], I3 = [12, 13]

Proof Let G¥ be a 1-witness graph of G and let u € V with |N(u)| =t and let y, y2, ... ¥
be the ordering of N (u) according to the weight function w (see Fig. 3). Assume now that
N (u) is not consecutive in o (G") and thus there exists a vertex z € V — N (u) for which
w(y;) < w(z) < w(y;). Notice that if z = u we have the 1-FSeq sequence x, u, y; (if
w(x) < w(u))or y;, u, x (if w(x) > w(u)) and from Lemma 4 this contradicts the fact G
is a star-1-PCG. Hence, assume z # u and notice that clearly, z # x. There are two cases to
consider: either w(x) < w(z) or w(x) > w(z). We consider only the first case as the second
one follows using similar arguments. Thus, we have w(x) < w(z) < w(y;). Now, there are
two cases to consider: if w(u) < w(x) we have w(u) < w(x) < w(z) < w(y;), otherwise
w(u) > w(y;) and we have w(x) < w(z) < w(y;) < w(u). In both cases, ux, uz, uy; will
be a 1-FP and we reach a contradiction by Lemma 3. O

Lemmaé6 y(Gis5) > 2.

Proof Suppose on the contrary that there exists G which is a 1-witness of G5. Let
a,b,c,d, e be the sequence of the vertices in the cycle (as in Fig. 4). W.Lo.g. let a be
the vertex of minimum weight in G¥ (the same argument follows for any other vertex by
symmetry). From Lemma 5 we have that each of the neighborhoods N (b) = {a, ¢} and
N(e) = {d, a} must be consecutive in o (G"). However, there is no possible weight function
w for which w(a) is the smallest and a appears consecutive with both ¢ and d. Thus, we
reach a contradiction and there exists no G which is a 1-witness of G 5. O

Lemma?7 y(Gy) > 2.

Proof Let a, b, c,d, e be the vertices of Gy as in Fig. 4. Suppose on the contrary that
there exists G* which is a 1-witness of Gog. W.Lo.g. we can assume w(b) < w(e). From
Lemma 5 we have that each of the neighborhoods N (b) = {a, c, ¢} and N(e) = {a, b, d}
must be consecutive in o (G"). Thus, the total order o (G") must contain the partial order
{b, d}, {a}, {c, e}. We distinguish two cases:

e w(b) < w(d).In this case we have only two possibilities: either w(b) < w(d) < w(a) <
w(c) < w(e) orwb) < wd) < wa) < w(e) < w(c). In both cases we have that
ba,da, ae is a 1-FP contradicting our initial hypothesis that G is a 1-witness.
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e w(d) < w(b).In this case we have only two possibilities: either w(d) < w(b) < w(a) <
w(c) < w(e) orw(d) < wb) < wla) < w(e) < w(c). In the first case we have that
bc, ac, ae is a 1-FP and in the second case, de, dc, bc is a 1-FP. Hence, in both cases we
contradict our initial hypothesis that G is a 1-witness. m}

Lemma8 y(Gys) > 2 and y(Ga7) > 2.

Proof Leta, b, c, d, e be the vertices of G5 as in Fig. 4. Suppose on the contrary that there
exists G* which s a 1-witness of G,5. The next observation follows by the fact that G5 — {a}
does contain neither a clique of three vertices nor an independent set of size three.

Observation 2 Any set of three vertices in Gos that does not include vertex a will always
induce a subgraph in G5 that contains at least one edge and at least one non-edge.

Consider now the position of a in 6 (G"). We consider three cases:

e the partial order {a}, {b, c, d, e} is contained in the total order o (G"). Let o (G") =
a,x,y,z, t. By Observation 2 we have that there is at least one non-edge among xy, xz,
vz. Wilo.g. let xz ¢ E(G»s). Then, consider x, z, t and again by Observation 2 there is
at least one edge among x¢ and zt. We reach a contradiction as if xt € E(G»s), then
ax, xz, xt is an 1-FP and if zt € E(G»s), then ax, xz, zt is an 1-FP.

e the partial order {b, c, d, e}, {a} is contained in o (G"). Using similar argument as the
previous item, let 0 (G") = x, y, z, t, a. By Observation 2 we have that there is at least
one edge among xy, xz, yz. W.L.o.g. let xz € E(G»s). Then, consider x, z, t and again by
Observation 2 there is at least one non-edge among xt and z¢. We reach a contradiction
as if xt € E(G»s), then xz, xt, ta is an 1-FP and if zt € E(Gys), then xz, zt, ta is an
1-FP.

e the partial order Sy, {a}, S», where S;, S» form a partition of {b, c, d, e}, is contained
in 0 (GY). We show that there exists x € S and y € S, such that xy ¢ E(G»s). This
concludes the proof as x, a, y is an 1-FSeq. W.Lo.g. we may assume that 1 < |S7| < 2.If
S1 = {x} then for every vertex different from a there is at least one vertex y non adjacent
to it that necessarily belongs to S, and thus we have found our xy ¢ E(G»s). Otherwise,
S1 = {x, z} and S» = {s, t}. Notice that one among xs, xf, zs and z¢ must be a non-edge
as the graph induced by G»5 — {a} has strictly less then 4 edges. Thus, again we found
our pair xy ¢ E(G2s).

Finally, notice that Observation 2 holds also for the graph G»7 and in the previous proof,
we did not consider whether there is an edge between ¢ and d or not. Therefore, the argument
for the graph G7 follows identically as for the graph Gs. O

Theorem 1 For all graphs with at most 5 vertices, the star number is 1, except for the four
graphs G 15, G2o, Gas and Gp7 which have a star number equal to 2.

Proof From Lemmas 6, 7 and 8 we conclude that y(G;) > 2 for i € {15, 20, 25, 27}. The
witness graph and the corresponding interval depicted in Fig. 4 demonstrate that indeed
y(G;) = 2 for these graphs. Next, it is straightforward to verify that the remaining graphs
in Fig. 4 are star-1-PCGs by examining the witness graph along with the associated interval.
The weights and the corresponding intervals are given in Fig. 4. This proves the claim for
n=>3.

Now, let G’ be a graph of at most 4 vertices. We can obtain a graph G of exactly 5
vertices, by adding isolated vertices to G’. Thus, any graph of at most 4 vertices can be
viewed as an induced subgraph of the following graphs depicted in Fig. 4: G, G5 ..., Gg,
G13, G4, G138, G24. These graphs are shown to be star-1-PCGs. Thus, for n < 4 the claim
follows from Lemma 1. O
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Ay @ Ay a3 Ay s WA) =216 wia) =14  wd) =202 way) =28 w(A,) =188 wlas)=42
ag A a Ay Ay As wiag) =7 w(A)) =210 wa) =19 w(d) =198  wla) =31 w(A;) =186
(a) (b)
Fig.6 a A caterpillar with n = 6 and b the corresponding 1-witness graph. The interval is I = [217, 229]
w(v) =12 w() =8
w(vg) = 4 w(vy) =1
w(v;) =6
! w(vy) =5
w(v;) =9 w(v;) =11
w(vg) =1 w(vs) = 10
w(vg) =3 w(v,) =2
w(vs) =10 w(vs) = 12 wvy) =3

(a) (b)

Fig.7 a The 2-witness graph for Cg, the intervals are /1 = [12, 13] and I, = [16, 16]. b The 2-witness graph
for C7; the two intervals are /1 = [13, 15] and I, = [7, 7]. The normal and bold edges in the cycle correspond
to edges for which the sum of the weights of their endpoints falls in /] and I, respectively

3.2 n-vertex graphs withn = 6o0rn =7

The number of non-isomorphic graphs with 6 and 7 vertices is 156 and 1044, respectively
[23], which is significantly greater then that of graphs on 5 vertices. Hence, to determine
the star number of these graphs we introduce two different algorithms that enable automatic
verification. First we introduce a straightforward LP program, Algorithm 1, that takes as
input a graph G, an integer k denoting the number of intervals required and an integer M
denoting the maximum possible weight on the vertices of G. The program checks if there
is a k-witness G where the highest vertex weight is at most M. We generated all the non-
isomorphic graphs with at most 7 vertices and checked if there is a k-witness for k € {1, 2, 3}.
We set M empirically to the value of 10 and 20 for n = 6 and n = 7, respectively. For graphs
with 6 vertices, Algorithm 1, produced either a 1-witness or 2-witness graph leading to the
next theorem.

Theorem 2 For any graph G with 6 vertices, it holds that y (G) < 2 and there exist graphs
on 6 vertices for which the equality holds.

Proof In [24] we include the list of all the graphs with their respective constructions proving
the membership in star-1-PCG or star-2-PCG.

We applied Algorithm 1 to all the graphs with 7 vertices. For all these graphs, except for
the three shown in Fig. 5, namely G536,G 662 and Goes,! the algorithm successfully generated
either a 1-witness or a 2-witness graph. For the three graphs in Fig. 5, it managed to construct
a 3-witness as shown in [24] and in the caption of the figure. The proofs that the star number

! The index of the graphs refers to the index they have in the list in [24].
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wvep=1 wv, D=7 wh,)=3 w;)=5
©.1) (.0 en o GD 0.1 L) 21) 3.0
l l 9 \9
0,0) (1,0) 2,0 (3,0) wvpo) =8 wig) =2 wvg) =6 w(g) =4
(a) (b)

Fig.8 a The grid G4 2. b The 1-witness graph for G4  with interval /1 = [8, 10]

for these graphs is 3 is a case by case analysis that shows that for any graph G; with i €
{536, 662, 963}, and any weight function w, the graph G}’ contains a 2-FP. These proofs
rely solely on the ordering of the vertices based on their weight and not on the actual weight
values. The proofs are quite lengthy and technical and thus we use automatic verification
to ensure that all cases were thoroughly covered. To this purpose we develop an algorithm,
Algorithm 2, that given a graph G and an integer k, checks if there exists an ordering m of the
vertices for which no k-FP appears. Notice that from Lemma 3, if for all possible orderings
7 an k-FP appears, then y (G) > k. Notice that all three graphs in Fig. 5 do not contain two
vertices u, v for which N(u) — {v} = N(v) — {u} and hence by Lemma 2, in any k-witness
graph G", there are no two vertices with the same weight. Thus, we can only focus on strict
total orders of the vertices. For each one of the graphs in Fig. 5 and for all possible strict total
orders 7, Algorithm 2 always found a 2-FP leading to the following result.

Theorem 3 For all graphs with 7 vertices, the star number is at most 2, except for the three
graphs depicted in Fig. 5 which have a star number equal to 3.

4 The star number of caterpillars

Here we prove that caterpillars are star-1-PCGs. Notice that in [20] it is shown that caterpillars
are 2-threshold and by Observation 1 they are also star-1-PCGs. However, we provide a
new construction within the framework of star-k-PCGs, providing a different approach to
understanding caterpillars in this context.

Theorem 4 For any caterpillar T, it holds y(T) = 1.

Proof We consider first a caterpillar T = (V, E) where every vertex of the central path is
adjacent to exactly one leaf. We denote by n the number of vertices in the central path and the
vertices are enumerated following an alternating pattern along the central path and its attached
leaves. The vertices along the central path alternate between lowercase and uppercase labels:
ao, A1, a3, Az, ...,a;, Ait1, aiy2, . ... Each vertex in the central path is connected to a leaf
labeled by the opposite case, hence ag is paired with Ag, A; with aj, and so on. In Fig.6a
we show the labeling for a caterpillar with n = 6. Notice that we can assume n > 3 as for
any n < 3 itis easy to see that a caterpillar is a star-1-PCG [24].
For each 0 < i < n we define the weight of a; and A; as follows:

@) G+ Dn+1, if i is even
w(a;) =
' (i +Dn+1+i, ifiisodd
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3 . C e
n° —in—1i, ifiiseven
wA) =1,
n° —in, if i 1s odd

We define the interval:
I=[n3+1,n3—|—2n+1]

See Fig. 6b for a construction of a 1-witness graph for caterpillar with n = 6.

Notice that the only edges are of type a; A; and a, Ay, 41 and Ay, 1a2,47 for some integer
r > 0. Consider two vertices x, y in the caterpillar. We need to consider the following cases:

Casel. x =a; and y = a;. Notice that in this case a;a; ¢ E. Indeed, w(a;) + w(a;) <
2max, w(a,) = 2w(ay—1) < 21> +2n < n’asn > 3. Thus, w(a;) + w(a;) ¢ I.

Casell. x = A;andy = A;. Notice thatin this case A;A; ¢ E.Indeed, w(A;) +w(A;) >
2min, w(A,) = 2w(Ag) = 2n3 > n3 +2n + Lasn > 3. Thus, w(A;) + w(A;) ¢ I.

Caselll. x =a; and y = A;. We have to consider the following cases:

e i and j are both odd: Notice that in this case a;A; € E if and only if i = j. Indeed,
consider w(a;) + w(A;) = 4G - J+DDn+i+1.1fi = jthenw(a;) + w(4;) =
n+n+i+1elsince0 <i <n.Ifi < jtheni—j < —2and thus w(a;) +w(A;)
n—n+i+1 <nd ¢ .Ifi > jtheni —j > 2 and thus w(a;) + w(A;)
W 43n+it1¢l.

e i and j are both even: Notice that in this case a;A; € E if and only if i = j. Indeed,
consider w(a;) + w(A;) = n 4G —j+Dn—j+1.1fi = jthen w(a;) + w(Aj) =
nd4n—j+1elsince0<j<nlIfi < jtheni—j < —2and thus w(a;) +w(A;) <
W —n—j+1l<nd ¢l Ifi> jtheni —j > 2 and thus w(a;) + w(A;) >
3 +3n—j+1>n%+2n+2¢ I (where the last inequality follows as j < n — 1).

e i odd and j even: Notice that in this case a;A; ¢ E. Indeed, w(a;) + w(A;) =1+4i +
A+im+n—jo+D=nm+G—j+D@n+1.Ifi > jtheni — j > 1 and we
have w(a;) + w(A;) > n* +2n+1)>n*>+2n+2 ¢ I.1fi < jtheni—j < —1and
we have w(a;) + w(A;) <n® ¢ I.

e i even and j odd: Notice that in this case a;A; € E if and only if |i — j| = 1. Indeed,
consider w(a;) + w(A;) = 4G - j+ Dn+ 1.If|i — j| = 1 we have that either
w(a) +w(A;)) =n*+2n+1el(wheni=j+1)orw(@)+w(d)=n+1el
(when j =i+ 1).If |i — j| > 2 then either w(a;) + w(A;) > B +3n+1 ¢ I (when
i—j>2)orw(a)+w(A) <n®—n+1¢I (wheni—j<-2).

It remains to show that the construction we provided generalizes to any caterpillar. Indeed if
a vertex of the central path is connected to more than one leaf, we assign the same weight to
all of its leaves. The construction is still valid as from Case I and Case II we have that for
any 0 <i < n,2w(a;) ¢ I and 2w(A;) ¢ I. Finally, if a vertex on the central path is not
connected to any leaf, then the original construction trivially holds. O

IV IA

5 The star number of cycle graphs

We already showed that y (Cs5) = 2, here we show that this holds for every cycle C,, with
n>>5.
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©.3) (1.3) Q3 33 5 19 1 13
O O O O O O

©.2) ayl eyl 62 " 6 | sl 12
\K \K \P o/ \K \)

©.1) (1) enl e | 23 ) 7 17
O O O O O O
(0,0) (1,0)’\) (2,0)() (3,0)() {: C O
28 2 22 8

(a) (b)

Fig.9 a The grid G4 4. b The corresponding 2-witness graph graph. The two intervals are /1 = [24, 25] and
I, = [29, 30]. The normal and bold edges correspond to edges for which the sum of their endpoints falls in
I and I, respectively

Theorem 5 For anyn > 5 it holds y (Cy,) = 2.

Proof Note that the proof of Lemma 6 can be extended to every cycle C,, withn > 5 and thus
y(C,) > 1. We provide now a construction to show that cycle graphs are star-2-PCGs. To
this purpose we extend a construction for the 1-witness of a path. The construction depends
on the parity of n. Let C, = vy, v2, ..., v, v1 and to simplify the notation we set for every
1 <i<n,wl)=w;.

Case n even. Forevery 1 <i < n, we define w; as follows:

i1
¢+g—’ . ifiisodd

w; = i
o if i is even
We define two intervals:

n n
11=[n+5,n+5+1] L = [2n,2n]

In Fig. 7a we depict an example of the 2-witness graph for Cg. Consider any two arbitrary
vertices v;, v;, with v; # v;. There are three cases to consider:
(a) Both i and j are odd. In this case w; + w; = 3n — % + 1 > 2n + 1 (where the last
inequality follows from % < n). Thus, w; +w; ¢ Iy and w; + w; ¢ b.

(b) Both i and j are even. In this case w; + w; = % < n. Thus, w; +w; ¢ I} and
wi +wj ¢ .

(c) i and j have different parity. W.l.o.g. leti be odd and j be even. In this case w; + w; =
n+% — == Clearly, w; +w; € Iy if and only =4= € {~1,0}. If == = —1 then
i = j — 1. Otherwise if ’_’2_1 =Owehavei = j+ 1. Thus w; + w; € I if and only if
|i — j| = 1 which corresponds to an edge in C,,, more precisely in P, = vy, v2, ..., Uy.

Moreover, w; +w; € I if and only if j —i = n — 1. The latter holds only for j = n
andi = las 1 <i, j <n, which again corresponds to the edge v,v; in C,,.

Thus, from points (a)-(c) we conclude that there is an edge among v; and v; if and only if
v;vj is an edge in C,.
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Case n odd. For every 1 <i < n we define w; so that:

n—1i, ifiiseven
w; =q1n+i, ifiisoddandi #n
n—1, ifi =n

We define two intervals:
L =2n—-1,2n+1] I, =[n,n]

In Fig. 7a we depict an example of the 2-witness graph for C7. Consider any two arbitrary
vertices v;, v;, with v; # v;. There are three cases to consider:

(a) Bothi and j are even. In this case w; + w; = 2n — (i + j) < 2n — 1 (where the last
inequality follows from i 4+ j > 6). Thus w; + w; ¢ I;. Moreover i + j is even thus
w; +w; = 2n — (i + j) is even too. Hence w; + w; ¢ b>.

(b) Bothi and j are odd. First assume i and j different from n. In this case w; +w; = 2n +
(i+j) > 2n+1(where the lastinequality follows fromi+j > 4). Thus w; +w; ¢ I1UL.
Assume now that i = n, in this case we have w, + wj =n—1+n+j=2n+j— 1.
If j =1 (i.e. we are considering the edge v,v;) then w, + w; = 2n € I;. Otherwise,
for j > 3, it holds that w, + w; > 2n + 2. Thus, w, +w; ¢ I} U I,.

(c) The vertices i and j have different parity and w.l.o.g. leti be even and j be odd. Assume
first that j # n. In this case w; + w; = 2n — i + j. Clearly, w; + w; € I if and
onlyif -1 < j—i < landsincei # jitmustbei = j+ 1ori = j — 1 which
correspond to edges of P,_1 = vy, v2, ..., U,—1. Consider now the case j = n. We have
w; +w; =2n—i—1.Clearly,asi > 2, w; + w;j <2n—3 ¢ I,. Finally, w; + w; € I
if and only if i = n — 1. This corresponds to the edge v, v, of C,.

Thus there is an edge among i and j if and only if v;v; is an edge in C,,. This concludes the
proof. O

6 The star number of grid graphs

In [20] it has been shown that every graph with minimum degree § in which any two distinct
vertices have at most ¢ neighbors in common is not a [2(§ — ¢ — 1) — 1]-threshold graph.
Since any d-dimensional grid has minimum degree 6 = d and any two vertices can share
at most ¢ = 2 neighbors by Observation 1 we have that the star number of a d-dimensional
grid is at least § — 3. Thus, the following theorem holds.

Theorem 6 [20] Given anintegerd > 5, for any d-dimensional grid G it holds y (G) > d —3.

In this section we analyse the cases d = 2 and d = 4. To simplify the notation we introduce
the following convention: for any vertex u# described by its coordinates (iy, ..., ig), we will
write w(iy, ..., ig) = w(u).

Theorem 7 For any 2-dimensional grid G, n, withmin{ni, np} < 2itholds y (Gp, »,) = 1.
Proof If min{ny, ny} = 1 then the graph is a path and it is already known that it is a star-1-

PCG [10, 25]. Assume now min{ny, n2} = 2 and w.Lo.g. let np = 2. It is worth mentioning
that it is already known that G, » is a PCG but the witness tree is a caterpillar [26]. We
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define a 1-witness graph for G, > as follows: For each vertex (i, j) with 0 <i < ny — 1
and 0 < j < 1, we define its weight w(i, j), as follows:

L. 2n; —i ifi + jiseven
w(i, j) =1, e
i+1 if i + j is odd
We define
Iy = [2n1, 2ny + 2]

See Fig. 8 for a construction of a 1-witness graph for G4 2. We now show that G* is a
1-witness graph for G, ». For this let (i, j) and (i’, j") be two vertices and we consider the
following three cases:

Case j = j =0.

Notice that we must have i # i’ andi +i’ <n; —1+n; —3 = 2n| — 4. We consider the
following three subcases:

e Bothi and i’ are odd. We have w(i,0) + w(i’,0) =i +i'+2<2n; —2¢ 1.

e Bothi and i’ are even. We have w(i, 0) + w(i’,0) =4n; — (i +i') > 2n; +4 ¢ 1.

e iand i’ have different parity. W.l.o.g. assume i odd and i’ even. Then w(i, 0)+w(i’, 0) =
2n1+i—i’+1.Thus,as I} = [2n1, 2n; +2] it must hold that either 2n; +i —i’ +1 = 2n;
or2n; +i—i'+1=2n; 42 hus, w(i, 1) + w(i’, 1) € Iy ifand only if i —i'| = 1,
which corresponds to the edges of G, » for which |i —i’| =l and j = j' = 0.

Case j = j =1.

This case is symmetrical to the previous one. Thus, w(i, 1) + w(i’, 1) € I; if and only if
li —i’| = 1, which corresponds to the edges of G, 2 for which |i —i’| = land j = j' = 1.
Case j and j’ of different parity.

W.lo.g. assume j = 0 and j* = 1. Then we consider the following three subcases:

e Bothiandi’ areodd. Wehave w(i, 0)+w(i’, 1) = 2n1+i—i’+1.Ifi # i’ then|i—i'| > 2
and thus either w(i, 0) + w(@’, 1) > 2n; +3 ¢ [ orw(i,0) + w(i’, 1) <2n; —1 ¢ I;.
Otherwise, if i = i’ then w(i,0) + w(i’, 1) = 2n; + 1 € I; which corresponds to the
edges of G, 2 for whichi =i"and |j — j'| = L.

e Both i and i’ are even. We have w(i,0) + w(i’,1) = 2ny — i + i’ + 1 and the case
follows identical to the previous one. Thus, w(i, 1) + w(i’, 1) € I; if and only if i = i/,
which corresponds to the edges of G, » for whichi =i’ and |j — j'| = 1.

e i and i’ have different parity. Notice that we must have i # i’ and thus i +i’ < 2n; —4.
Assume first i odd and i’ even. Then w(i,0) + w(@’, 1) =i +i' +2 <2n; —2 ¢ I;.
Otherwise, if i even and i’ odd. Then w(i, 0) +w(’, 1) = 4n| — (i +i') > 2n1+4 ¢ I;.

Thus, G,l;’],2 is a 1-witness graph for G, >. m}
Theorem 8 For any 2-dimensional grid G, ,, withny, ny > 3 it holds y (G, p,) = 2.

Proof Notice that the cycle graph Cg is an induced subgraph of G, », with ny, ny > 3. By
Lemma 1 and Theorem 5 we have y (G, »,) > 2. We now prove that any 2-dimensional grid
graph is a star-2-PCG. Notice that if a graph G is a star-2-PCG, then so is any vertex induced
subgraph of G. Hence, it is sufficient to focus on the case where n| = ny = h. Indeed the
construction for any G, », can be obtained by the one of G , where h = max{n, n}. Let
G = Gy, and for each vertex (i, j), we define its weight w(i, j), as follows:

(U =D it jisodd
w(i, j) = L
@h - Dh— YD1 i g jiseven
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Fig. 10 The smallest tree known a
not to be a star-1-PCG

We define two intervals:

It = 2h(h — 1), 2h(h — 1) + 1]
L =[2h(h—1)+h+1,2h(h—1)+h+2]

See Fig. 9 for a construction of a 2-witness graph for G4 4. By construction two vertices
(i, j) and (i’, j') are adjacent if the sum of their weights is one of the 4 integer values in
S ={2h(h—1),2h(h—1)+1,2h(h—1)+h+1,2h(h — 1) + h +2}. Consider two vertices
(@i, j), (i’, j)) in the grid with 0 < i, j,i’, j/ < h — 1. There are two cases to consider. Case
i + j and i’ + j’ have the same parity. By definition of a 2-dimensional grid these vertices
are not adjacent. Consider first the case where i + j and i’ + j’ are both odd. Notice that
w(i, j) = w + i+ 1is maximized fori = h — 1 and j = h — 2 (notice thatas i + j is
odd we cannothavei = j = h—1.Hence, w(i, j)+w(i’, j') < Qh—4)h+2h = 2h—2)h
and thus is not in S where the last inequality holds as (i, j) # (', j/).

Consider now the case i + j and i’ + j’ are both even. Notice that w(i, j) = (2h —

D — Y DR ¢ minimized for i = — 1and j = h — 1. Hence, w(i, j) + w(i', j') >
2h(h — 1) + 2 and thus is not in S. Case i + j and i’ + j” have the different parity. W.Lo.g.
assume i + j odd and i’ + j’ even and thus:

h
w(i,j)+w(i’,j’)=(2h—1)h+(i—i’+j—j’—1)5+i—i’+1

We consider now for what values of i, j, i’, j we have w(i, j) + w(i’, j') = s € S. To this
purpose we solve the following equations for each possible value of s.

e Inthe case s = 2h(h — 1) we obtain the equation (i —i'+ j — j'+ 1)h+2(i —i’+1) = 0.
Letc =i —i’+ j— j’+1 and we consider for which values of ¢ the equation has solutions.
Notice first that for c < —3 and ¢ > 3 there are no solutions as —2h < 2(i —i’+1) < 2h
(recall that 0 < i, j,i’,j < h — 1). Moreover, as i + j is odd and i’ + j’ is even
we have that ¢ must be even. Thus, the only possible cases that remain to consider are
ce{-2,0,2}.Ifc=2then2h +2( —i’+ 1) = 0and thusi — i’ + 1 = —h. From
thisandi — i’ + j — j + 1 = 2 we have j — j/ = h + 2 which is not possible since
j—j <h—1.Ifc=-2then—2h+2(i —i’+1)=0and thusi —i’ +1 = h. From
thisandi —i’ 4+ j — j'+1 = —2 we have j — j/ = —(h +2) which is not possible since
j—Jj' = —(h+1). The only possibility is ¢ = 0 and as a consequence 2(i —i’ +1) =0
from which we have i =i’ — 1. Thenasi —i’+ j — j/ +1 =0 we have j = j'.

e Inthe case s = 2h(h — 1) + 1 following a similar argument as in the previous point we
have the only possibility isi =i’ and j = j' — 1.

e Inthe case s = 2h(h — 1) 4+ h 4 1 following a similar argument as in the previous point
we have the only possibility isi = i’ and j = j' + 1.
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e Inthe case s = 2h(h — 1) + h + 2 following a similar argument as in the previous point
we have the only possibility isi =i’ + 1 and j = j'.

From the previous four items we have that two vertices (i, j), (i’, j’) are adjacent if and only
ifi=i"and|j — j'|=1orj=j and|i —i’| = 1 and j = j'. This concludes the proof.

The next theorem states the result for the 4-dimensional grids. We will make use of the
following definitions. Let a be a vertex of degree 8 in a given 4-dimensional grid. Two
neighbors b and b’ of vertex a are called opposed if there exists a dimension s for which
|bs — b;| =2 and for all ¢ # s, by = b;. Notice that the 8 neighbors of a are partitioned in 4
pairs of opposed vertices. Indeed, suppose on the contrary there exist three neighbors b, ¢, ¢’
of a such that (b, ¢), (b, ¢’) are both opposed pairs. This means that b and ¢ differ by 2 in
exactly one coordinate, b and ¢’ differ by 2 in exactly one coordinate and the three of them
differ by 1 from a in exactly one coordinate. It is easy to check that this cannot happen.

Consider now any two neighbors b and b, of a that are not opposed. Then there exists
exactly one vertex y different from a, such that N(a) N N(y) = {bs, b;}. We denote this
vertex as Q’;h by

Theorem 9 Given four positive integers ni,ny, n3, na > 3, for any 4-dimensional grid
Gnl,nz,ng,m;it hOZdS y(Gn].nz,n3,n4) Z 3

Proof Consider G = Gy, ny,n3,n4, and let G* be any of its k-witness graphs. We will show
that in G® there exists a vertex x with vy, vy, v3in N(x) and u1, up notin N (x) U{x} such that
w) < w(u) < w(v) < wz) < w(vs) and the proof will follow from Lemma 3 since
the existence of the vertex x implies the presence in G® of the 2-FP xvy, xuy, xva, Xua, Xv3.

Consider the vertex a = (1, 1, 1, 1). Notice that a has exactly 8 neighbors and by Lemma
2 all these vertices have different weights, w.lo.g. let by, ..., bg be these neighbors and
w(by) < w(by) < ... < w(bg). We consider now two cases:

Casel. There exist two vertices u1, uy ¢ N(a) and two integersi and j, 1 <i < j <7
such that it holds w(b;) < w(u1) < w(b;i+1) and w(b;) < w(uz) < w(bjy1). In this case
we have x = @ and v = by, va = bj41, v3 = bg.

Casell.  If Case I does not hold, then there exists an integer i, 1 < i < 7 such that for any
u ¢ N(a) one of the followings holds: (i) w(u) < w(by), (ii) w(b;) < wu) < wbit1),
(iii) w(u) > w(bg). Notice that if every u ¢ N (a) satisfies (i) or (iii) then i can be any value
between 1 and 7. We will consider only the cases 1 < i < 4 as the reasoning in the cases for
i > 4 is identical to the cases 8 — i.

Case Il.a. 1 <i < 2. Notice that as the neighbors of a are partitioned into opposed pairs,
at least one between the pairs (b4, be) and (b4, b7) is not an opposed pair. W.l.o.g. let (b4, be)
be such a pair. Let y = sz b and consider an arbitrary vertex v € N(y) — {ba, be} (notice
that the minimum degree of a vertex in a 4-dimensional grid is 4). Since v ¢ N (a) we have
that one of the followings must hold: (i) w(v) < w(by), (ii) w(b;) < w(v) < w(b;+1), (iii)
w(v) > w(bg). We consider each case separately and prove that in all the cases we have
X =y.

1) Ifw() < w(by) wecanset vy = v, vy = by, v3 = bg and u; = by, up = bs.
(i) If w(b;) < w(v) < w(b;j+1) we can set v| = v, vo = by, v3 = bg and u; = bs,
ur = bs.
>iii) If w(v) > w(bg) we can set v; = by, v2 = bg, v3 = v and u| = bs, up = bg.
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Case II.b. 3 < i < 4. Notice that as the neighbors of a are partitioned into opposed pairs,
at least one between the pairs, at least one between the pairs (b, bg) and (b, b7) is not an
opposed pair. W.Lo.g. let (b, be) be such a pair. Let y = sz, be? similarly to the previous
caseletv € N(y) — {ba, bs}. Since v ¢ N (a) we have that one of the followings must hold:
1) w) < w(by), () wb;) < w) < wbjy1), (iii) w(v) > w(bg). We consider each case
separately and prove that in all the cases we have x = y.

G) If w(w) < w(by) wecan set vy = v, vo = by, v3 = bg and u; = by, uy = bs.
(i) If wb;) < w() < w(bj+1) we can set v; = by, v = v, v3 = be and u| = b3,
uy = bs.
(iii) If w(v) > w(bg) we can set vi = by, vo = bg, v3 = v and u| = bs, ur = bg.

This concludes the proof. O

7 Conclusions and open problems

In this paper we consider the problem of characterizing star-k-PCGs. This is particularly
interesting as this class connects two important graph classes: the PCGs and multithreshold
graphs for both of which a complete characterization is not yet known. Here we investigate
the star number, y, of simple graph classes, such as graphs of small size, caterpillars, cycles
and grids. Specifically, we determine the exact value of y (G) for all the graphs with at most
7 vertices. By doing so we show that the smallest graphs with star number 2 are only 4 and
have exactly 5 vertices; the smallest graphs with star number 3 are only 3 and have exactly 7
vertices. Next, we provide a construction showing that the star number of caterpillars is one.
Moreover, we show that the star number of cycles and two dimensional grid graphs is 2 and
that for 4-dimensional grids the star number is at least 3. Many problems remain open.

Problem 1 For a d-dimensional grid G, with d # 2, determine the value of y (G).

Given a graph G, from Lemma 3 it follows that if for any ordering & of the vertices, the
presence of a k-FP can be deduced, then y (G) > k. However, even if we find an ordering
in which no k-FP appears, we currently lack a method to obtain a k-witness graph G%. Thus
we have

Problem 2 Given a graph G, is it true that the existence of an ordering of the vertices 7 such
that no k-FP can be deduced, implies the existence of a weight function w, for which G¥ is
a k-witness graph and o (G") = ?

For k = 1 a similar result has been proved in [10] so a positive answer to the previous
problem can be seen as a generalization of the result in [10] to an arbitrary k. Notice that
this is can be interesting as in [10] it lead to a polynomial time algorithm for the recognition
of star-1-PCGs. Thus, this may be an important step toward the solution of the following
problem.

Problem 3 Determine the computational complexity of recognizing star-k-PCGs for k > 2.

From the results of Sect.3 we have that for all graphs with at most 7 vertices, the graph
in Fig. 10 is the only acyclic graph that is not a star-1-PCG. To the best of our knowledge,
there are no acyclic graphs with a star number of at least 3 documented in the literature.

Problem 4 Is there an acyclic graph G for which y(G) > 27?
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More generally,

Problem 5 What is the star number of acyclic graphs?
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