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Abstract. We consider an atomic congestion game in which each player ¢ participates in the game with an exogenous and
known probability p; € (0, 1], independently of everybody else, or stays out and incurs no cost. We compute the parameterized
price of anarchy to characterize the impact of demand uncertainty on the efficiency of selfish behavior, considering two different
notions of a social planner. A prophet planner knows the realization of the random participation in the game; the ordinary
planner does not. As a consequence, a prophet planner can compute an adaptive social optimum that selects different solutions
depending on the players that turn out to be active, whereas an ordinary planner faces the same uncertainty as the players and
can only minimize the expected social cost according to the player participation distribution. For both type of planners we obtain
tight bounds for the price of anarchy, by solving suitable optimization problems parameterized by the maximum participation

probability ¢ = max; p;. In the case of affine costs, we find an analytic expression for the corresponding bounds.
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1. Introduction

Atomic congestion games, introduced by Rosenthal| (1973), have been extensively studied as a prominent
class of potential games and have been the starting point of numerous modeling efforts that capture inter-
actions mediated through marketplaces and networks. They are motivated by real-life situations in which
individuals make decisions with the goal of optimizing their cost, latency, power, or other relevant metrics,
and outcomes arise from players’ choice of the various resources. The epitome of these congestion models
has been road traffic routing. In this example, the players of the game represent commuters who choose a
route that minimizes their traveling time. Because one commuter’s realized time depends on choices made
by other commuters, their behavior has been typically modeled using equilibrium concepts in the corre-
sponding congestion game. We refer to Roughgarden| (2007) and references therein.

Equilibria may be suboptimal, as already observed by [Pigou (1920), and planners have had to manage
that. Suboptimality means that, compared to the equilibrium, there may be a set of different routing choices
that reduces congestion and generates a lower total travel time for all commuters collectively. Starting with
the seminal work of |[Koutsoupias and Papadimitriou| (1999), there has been an abundance of work that
contrasts the equilibrium view to what a central planner could achieve under similar traffic conditions. For
this thought exercise, planners are supposed to have the power to route traffic to improve conditions, even if
the resulting traffic pattern is not at equilibrium. Although this routing solution may not be implementable
in practice, it provides a benchmark to judge the efficiency of equilibria.

One important aspect in the study of congestion games is uncertainty. See, e.g., Ashlagi et al.| (2006 and
the literature review in Section In practice, commuters need to make routing decisions under incom-
plete information about the traffic conditions in roads, the amount of traffic, the presence of accidents, etc.
Uncertainty not only challenges commuters but also traffic planners, although the tools and information
available to either of them could be different. Traditionally, planners have used manually collected data
(e.g., traffic counts) and surveys (e.g., travel census) to gather information that is subsequently used to fit
models and project current and future traffic conditions. More recently, technology has enabled access to
real-time information which introduces further asymmetries between the planner and commuters. High-tech
firms and telecommunication companies can more easily pinpoint where commuters are at any moment
through GPS signals in phones and cars. The abundance of location information can be used by govern-
ment planners, or by traffic routing platforms such as Apple Maps, Google Maps, and Waze, to estimate
the number of commuters on the road and the routes they chose. This leads to a central understanding of
current traffic conditions at any point in time. Going back to how planners can benchmark traffic conditions,
a platform that possesses detailed traffic information, and particularly how many commuters are on the road
on a particular day — instead of just on an average day — could use that information to compute an optimal

traffic pattern customized to that particular day.
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Focusing on whether planners may possess real-time information or not, in this paper we lay out a frame-
work that captures the difference between less and more powerful planners that have foresight in the traffic
conditions. We associate players, which represent commuters, to a random type that represents that they
are either present or not, and we consider two different social planners whose goal is to route commuters
optimally. The first, referred to as ordinary planner, only has access to the distribution of commuters. Using
the terminology of incomplete information games, the ordinary planner assigns an action — i.e., a route —
to every player, before observing the realized type vector, i.e., which commuters are actually present in the
network at the moment. The second social planner, referred to as prophet planner, knows who is present in
the network at the time of routing and plans sets of routes for each contingency. In other words, a prophet
planner can adapt the routing pattern to the set of present commuters in the system. Because the planner’s
decision is the solution of an optimization problem, the additional information available to a prophet planner
positively contributes to optimizing the system and therefore it is a tighter benchmark for an equilibrium
than that of an ordinary planner. The term prophet is used here to indicate a planner who can anticipate the
future and react optimally. Similar concepts and terminology are used in on-line algorithms and prophet
inequalities.

In this paper, we specialize this framework to congestion games with uncertain demand. Although our
analysis applies to the whole class of congestion games, we will often use the language of routing games to
provide a more vivid representation of the model. Starting from a congestion game with atomic players, we
assume that each player may be present in the game with a given probability, or not participate otherwise.
Similar ideas were used in Meir et al|(2012) and |Angelidakis et al.[|(2013)). Connecting this idea to traffic
congestion in cities, commuters who travel often know by experience how many other commuters are typ-
ically on the road. However, the actual number of commuters to be encountered is uncertain and is likely
to vary around its typical value. Such variability implies that for choosing the optimal route, players must
anticipate the consequences of the uncertainty.

We model this situation as a game of incomplete information. The key assumption of our work is that
each player i € {1,...,n} participates in the game with probability p;, independently of other players, and
otherwise stays out of the game. The population of players (prior to the random entry) and their probabilities
p; are common knowledge, but the actual realization of the uncertainty is unknown to players at the time
when they make their strategic choices in the game. If all players happen to have the same probabilities
p; = q, the number of active players is a binomial random variable with parameters n and q. However, we
allow for heterogeneous probabilities across players, which, given our motivation, is a natural setting to
consider. We call games of this form Bernoulli congestion games.

An instance of the game can be thought as the representation of the network conditions at a particular
(small) time interval of the day, so that the participation of each player at that time interval is stochastic and

thus only a random subset of the population of players is actually present. The participation probabilities at
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any given time interval of the day are affected by factors such as weather, road conditions, failures of traffic
equipment such as traffic lights, or events that influence the traffic patterns such as shows or sports. Whereas
such external random factors provide coordination signals we assume that, conditional on the realizations

of those factors, the individual participation events are stochastically independent.

1.1. Our Contribution

We study the general framework of Bernoulli congestion games and their equilibria. Our goal is to shed
light on how the uncertainty in player’s participation impacts the efficiency of the system as measured by the
price of anarchy (PoA), defined as the worst-case ratio between the expected social cost of an equilibrium
and the minimum expected cost achievable by a central planner (see, e.g., |Koutsoupias and Papadimitriou
1999, 2009). We distinguish two types of central planners: ordinary and prophet. The former faces the same
uncertainty as the players and assign strategies before knowing which players will be present: the players
who are present use the assigned strategies whereas the strategies of the absent players are discarded. In
contrast, the prophet planner can adapt the strategies to be used to the specific set of players participating in
the game. These scenarios yield two corresponding measures of inefficiency: the ordinary price of anarchy
(OPoA) and the prophet price of anarchy (PPoA).

The main conceptual contribution of this paper is the distinction between ordinary and prophet PoA.
Although both cases have been considered earlier, by Meir et al.| (2012)) and |Correa et al.| (2019) for the
OPoA and by Roughgarden| (2015b) for the PPoA, a direct comparison was not explicit. These previous
studies considered more general stochastic player participation including correlated cases, for which the
worst case bounds occur in the deterministic case p; = 1. Here, we restrict to the independent case — and
hence uncorrelated — with heterogeneous Bernoulli players, and perform a finer analysis that investigates
how the inefficiency varies as a function of the maximal participation probability ¢ = max; p;.

Concretely, for any given class of cost functions C we define OPoA(C, q) and PPoA(C, q) respectively, as
the maximum values for the ordinary and prophet PoA across all instances with resource costs in C and p; <
q. We parameterize our computations in terms of the participation probabilities p; of the various players,
and we show that, for both measures, the largest values across all instances with p; < ¢ occur when p; = q.
Thus, the worst-case analysis for Bernoulli congestion games can be reduced to the case of homogeneous
probabilities. Moreover, because both measures consider the worst-case ratio across all instances with p; <
q, the OPoA and PPoA turn out to be nondecreasing in g. In particular they are maximal at ¢ = 1, where
they coincide with the deterministic bounds in the previous studies mentioned earlier. However, Example
and Remark [I| show that for a fixed game the OPoA and PPoA may decrease with respect to some specific
p; and even with respect to the maximal probability ¢ = max; p;.

Corollary [I] shows that the homogeneous case can be further reduced to a deterministic game with

adjusted expected costs. This allows us to exploit the tools of (), x)-smoothness (see Section for
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the background and details about this concept): Theorem [2] provides tight bounds for the OPoA in general
Bernoulli congestion games with nondecreasing costs and heterogeneous players.

A similar analysis is undertaken for the prophet price of anarchy. To this end we refine the smoothness
concept into (A, u, ¢)-smoothness, which yields upper bounds for PPoA. As in the ordinary setting, we
prove in Theorem [3| that the optimal bounds derived from this refined smoothness framework are tight. We
note however that, in contrast with the standard smoothness framework, the games we use to show tightness
are not routing games but general congestion games.

It is important to highlight that our results in Sections [2] and [3] and in particular our tight bounds
OPoA(C, q) and PPoA(C, q), are valid for general Bernoulli congestion games with nondecreasing costs
and heterogeneous player’s probabilities.

To illustrate the general results with a concrete class of cost functions, we perform a detailed study of
a common framework considered in the literature: the class C,¢ of nondecreasing and nonnegative affine
costs. Theoremprovides an analytic expression for the tight worst-case bounds OPoA(C,«, q) as a function
of g € (0,1], as illustrated by the green curve in Figure |1l This bound is continuous and increasing, and
exhibits three distinct regions with kinks at gy = 1/4 and ¢, ~ 0.3774. For ¢ = 1, we recover the 5/2-
bound of |Christodoulou and Koutsoupias| (2005) for deterministic atomic congestion games with affine
costs, whereas for all ¢ < 1 we get a smaller bound. A surprising feature here is that for ¢ < 1/4 we have
a constant tight bound of 4/3 — which coincides with the PoA for nonatomic games with affine costs, as
shown by Roughgarden and Tardos| (2002) — independently of the structure of the congestion game and
for any number of players. Similarly, Proposition ] and Theorem [6] provide the tight worst-case bound
PPoA(C.s, q) for the prophet price of anarchy, expressed as the lower envelope of a countable family of
functions as shown by the blue curve in Figure|l| This bound is continuous and increasing, and converges

to 2 for ¢ — 0 and to 5/2 when ¢ — 1.

1.2. Related Work

In this section, we frame our contributions in relation to the closest work in the literature. This provides the

necessary context and understanding of our assumptions and results.

1.2.1. Ordinary price of anarchy for nondecreasing costs and heterogeneous players. Our analysis
of the ordinary price of anarchy is most closely related to the work of|Christodoulou and Koutsoupias|(2005])
who computed the price of anarchy for atomic unsplittable congestion games with affine costs by finding
two coefficients for which an inequality for equilibria and optima holds. Related ideas appeared around
the same time in |Harks and Végh (2007) and |Aland et al.| (2011) for a variety of settings. Collectively
this set of techniques became known as the (A, pz)-smoothness framework, as coined and systematized by

Roughgarden| (2015a)) in a work that surveyed past uses and extended the framework to congestion games
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Figure 1 Tight bounds for the OPoA and PPoA (thick lines in the figure) for Bernoulli congestion games with affine costs as
a function of ¢ = max; p;. The dots corresponding to ¢ = 1/n for n € N4 in the OPoA curve, as well as the dashed
segment corresponding to ¢ > 1/2, mathematically coincide with previously known bounds for different models (see
Section[I.2). Our results fill in the gaps for that curve and make its regimes explicit. The vertical dashed lines depict
the breakpoints where the OPoA changes regimes. The dot at 1/3 does not coincide with the kink of the curve at
q1 ~ 0.3774 but they coincide at o = 1/4.

with general nondecreasing costs and other classes of games. The bounds obtained by this technique were
shown to hold not only for pure equilibria, but also for mixed, correlated, and coarse-correlated equilibria.

As discussed previously, our OPoA bounds result from an application of (A, x)-smoothness. This is
supported by Corollary [T] and Theorem [2] which combined show that the worst-case for the OPoA occurs
with homogeneous probabilities and boils down to study a deterministic game with expected costs. This
allows to leverage the tools of (A, )-smoothness to derive tight bounds OPoA(C, ¢) for general Bernoulli
congestion games with nondecreasing costs and heterogeneous players.

Among previous work that studied specifically the OPoA for congestion games with random players,
Meir et al.| (2012) considered a model where the stochastic player participation can be correlated, whereas
resource costs can be increasing or decreasing (for a similar model with both player and resource failures see
L1 et al.|2017). Most of their results concerned the case of Bernoulli games with homogeneous probabilities
p; = q. They showed how uncertainty eliminates bad equilibria when ¢ ~ 1, and established the lower semi-
continuity of the OPoA at ¢ = 1, and full continuity for routing games on parallel networks. For fixed g < 1
they also showed that PoA can grow with the number of players. Our results complement this by showing
that the largest OPoA across all congestion games with heterogeneous probabilities p; < g occurs in the
homogeneous case p; = ¢, and that tight bounds can be established using (\, 1)-smoothness. Moreover, for
affine costs we compute explicitly the tight bounds OPoA(C., ¢) as a function of ¢ € (0, 1].

Correa et al.[(2019) also considered atomic games with stochastic player participation and arbitrary cor-

relations, and proved that (A, u)-smoothness bounds extend to Bayes-Nash equilibria of the incomplete
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information games. However, when applied to Bernoulli games for a fixed maximal participation probability

q € (0,1), their bounds are not tight.

1.2.2. Prophet PoA for nondecreasing costs and heterogeneous players. The closest previous result
for the prophet price of anarchy is contained in Roughgarden| (2015b) who showed that for incomplete
information games where player types are independent, the (\, ;t)-smoothness bounds remain valid for the
PPoA considering all Bayes-Nash equilibria. This yields bounds that are robust and insensitive with respect
to the underlying distribution of types. In particular, for congestion games with affine costs this yields the
uniform bound PPoA < 5/2 for the prophet price of anarchy.

Here we introduce a weaker notion of (A, i, ¢)-smoothness, specifically tailored to deal with Bernoulli
games with p; < ¢, which provides finer parameterized bounds PPoA(C, ¢) that are sensitive to the maxi-
mum participation probability ¢ = max; p;. We show that these bounds are tight (see Theorem [3]), and we

compute them explicitly for the class of affine costs (see Theorem [6).

1.2.3. Tight Bounds for Affine Cost Functions Our tight bounds for the OPoA and PPoA can be
computed explicitly but laboriously for the simplest class of nonnegative and nondecreasing affine costs,
which is one of the most common settings considered in the literature. For this class, Theorem [5] shows
that OPoA(C.«r,q) as a function of ¢ € (0, 1] exhibits three distinct regions with kinks at g, = 1/4 and at
g, ~ 0.3774, the real root of 8¢> + 4¢q> = 1 (see Figure . In the lower region 0 < ¢ < Gy, OPoA(Car, q)
is constant and equal to 4/3, which coincides with the price of anarchy for nonatomic congestion games
with affine costs. In the middle region gy < g < g1, we have OPoA(Cur,q) = (1 + g + \/q(27—|—p))/(1 —
q+/q(2+q)), whereas in the upper region g, < ¢ < 1, the OPoA(C.rr,q) =1+ q+¢?/(1+q). For g =1
we recover the known bound of 5/2 for deterministic atomic congestion games with affine costs, whereas
for all ¢ < 1 we get a smaller bound. The computation of these tight bounds is a non-trivial application of
(A, pv)-smoothness, especially in the intermediate range gy < ¢ < g; which is the most challenging from a
technical viewpoint.

Proposition 4| and Theorem @ exploit the alternative (A, u,q)-smoothness to compute the worst-case
bounds PPoA(C.g, q) for the prophet price of anarchy. The resulting bound is again tight and is given by
the lower envelope of the functions {(¢(¢+1)pg*+2¢qg+1)/(2¢q) | £ € N\ {0} } (see Figure[l). The bound
converges to 2 when ¢ — 0 and to 5/2 when ¢ — 1.

Some parts of our OPoA(C,¢, ¢) bounds for affine costs coincide with previous bounds found by Piliouras
et al.|(2016)), [Bilo et al.| (2024) and [Kleer and Schifer (2019), although for different models that — somehow
surprisingly — turn out to have the same mathematical structure as ours. Specifically, Piliouras et al.| (2016)
considered an atomic congestion game where players using a given resource are randomly ordered and their
costs depend on their position in this order. For risk-neutral players, the model exhibits the same structure

as ours with p; = 1/2.Bilo et al.|(2024) considered a model with link failures where players select robust
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strategies that comprise a fixed number p of edge-disjoint routes, and established tight bounds that coincide
with ours when p; = ¢ = 1/p with integer p € {1,2,...}. In this model it only makes sense to consider
discrete values of ¢’s of the form 1/p, which provides little insight for what happens with continuous g,
specially in the range 1/4 < ¢ < 1/2, where the function OPoA(C,¢,¢) has two kinks at ¢y and ;. In a
different direction, [Kleer and Schifer (2019) studied routing games with affine costs and with two additional
parameters p and o that affect the costs perceived by the players and central planner. Our bounds for affine
costs and homogeneous players (p; = q) are formally equivalent to the bounds in Kleer and Schafer| (2019)
with p = 0 = ¢, although the models and parameters have completely different meanings. Moreover, the
results in Kleer and Schifer (2019) only cover the interval ¢ € [1/2, 1], whereas we provide tight bounds
in the full interval ¢ € (0, 1]. Incidentally, we note that the analytic expression of the bound for ¢ € [1/2,1]
remains valid and tight on the larger interval ¢ € [Gy, 1].

Despite the fact that some parts of the OPoA curve coincide with the expressions in|Piliouras et al.| (2016),
Bilo et al.| (2024), and Kleer and Schafer| (2019), we emphasize that the results are conceptually different:
our curve represents the maximum price of anarchy across all Bernoulli games with p; < g, whereas these
previous papers consider neither Bernoulli games nor random participation of players, but rather games with
homogeneous players whose costs and/or strategies depend on some uniform parameters which formally
end up playing a similar role as the maximum participation probability q. However, a priori it is far from
obvious that those previous results bear any connection with Bernoulli games, and it is the analysis that

reveals these formal and partial coincidences.

1.2.4. Other prior related work The inefficiency of equilibria in congestion games has been studied
since the introduction of these games, and more extensively since the late 1990’s after the work of [Koutsou-
pias and Papadimitriou| (1999} 2009), by means of worst-case bounds for the price of anarchy (PoA). These
bounds differ substantially for atomic and nonatomic congestion games.

For nonatomic games, where the demand is perfectly divisible, the equilibrium concept is due to Wardrop
(1952) and has been thoroughly studied starting with Beckmann et al.| (1956). Tight bounds for the PoA in
these games were obtained for specific classes of cost functions by Roughgarden and Tardos| (2002, 2004),
Roughgarden| (2003} 2005) and |Correa et al.[ (2004} 2008).

We refer to Roughgarden| (2007)), Roughgarden and Tardos| (2007), Correa and Stier-Moses| (2011)) for
surveys of these early results. For atomic congestion games, both in its weighted and unweighted versions,
the PoA was examined in |Christodoulou and Koutsoupias| (2005)), Dumraut and Gairing| (2006)), Harks and
Végh| (2007), Sur1 et al.| (2007), and |Awerbuch et al.| (2013)). |/Aland et al.| (2011) provided exact bounds
for the PoA when costs are polynomial functions. Inspired by these results and techniques, |Roughgarden
(2015a)) introduced the unifying terminology of (\, ut)-smoothness, and showed that the bounds derived
in this manner are not only valid for pure equilibria, but also for mixed, correlated, and coarse-correlated

equilibria.
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Various studies made different calls about what aspect to highlight, fixing some input parameters and
taking the worst-case PoA among chosen families of instances. Some results were given parametrically
as a function of some scalar quantity, to shed light on how the efficiency of equilibria depends on this
scalar. For instance, Correa et al.| (2008) computed the parameterized PoA as a function of the level of
congestion in a game, in order to explain why lightly congested networks have low PoA. In a different
direction, the impact of altruistic behavior of players in atomic congestion games with affine costs was
investigated by [Caragiannis et al.| (2010) for homogeneous players, and by [Chen et al.| (2014) when each
player has a different altruism coefficient. Although the latter deals with heterogeneous players, which bears
some similarity with our model with heterogeneous probabilities, a major difference is that the social cost
in these studies does not depend on the altruism parameters, whereas in our case both the ordinary and
prophet optimal costs are affected by the stochastic player participation, the same as for the equilibrium.
As a consequence, the models in these papers and the corresponding PoA bounds differ substantially from
our bound in Theorem [5| Other recent papers studied the behavior of the PoA in nonatomic routing games
as a function of the total traffic demand. Among these, [Colini-Baldeschi et al.| (2017), |Colini-Baldeschi
et al.| (2019), and Colini-Baldeschi et al.| (2020) studied the asymptotic behavior of the PoA in light and
heavy traffic regimes, and showed that, under mild conditions, full efficiency is achieved in both limit cases.
Similar results for congestion games in heavy traffic were obtained by Wu et al.|(2021b). A non-asymptotic
analysis of the behavior of the PoA as a function of the demand can be found in|Cominetti et al.|(2024) and
‘Wu and Mohring| (2022). These papers studied the behavior of the PoA for a given game as a function of
the traffic demands. By contrast, in the present paper we provide tight worst-case bounds for the PoA for
Bernoulli congestion games (BCGs) as a function of the maximal participation probability ¢ € (0, 1].

Centrally to the motivation of this paper and as mentioned in the introduction, attention has recently
turned to incomplete information settings. |Gairing et al. (2008)) studied the PoA for congestion games on a
network with capacitated parallel edges, where players are of different types — the type of each agent being
the traffic that the agent moves — and types are private information. |Ashlagi et al.|(2006) and |Ukkusuri and
Waller| (2010) considered network games in which agents have incomplete information about the demand.
Ordoniez and Stier-Moses| (2010), Nikolova and Stier-Moses| (2014), (Cominetti and Torrico| (2016), and
Lianeas et al.| (2019) studied the consequences of risk aversion on models with stochastic cost functions.
Angelidakis et al.| (2013) studied a routing game over parallel links with Bernoulli players who are risk-
averse and minimize the value-at-risk of the travel times, showing that for affine costs the PoA is never larger
than the number n of players. Penn et al.| (2009) and [Penn et al.| (2011) dealt with congestion games with
failures. Wang et al.[(2014)) considered nonatomic routing games with random demand and examined the
behavior of the PoA as a function of the demand distribution. Wrede| (2019) considered the same model as
ours, restricting the attention to games with a small number of players and giving a precise characterization

of the ordinary price of anarchy for two players.
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Acemoglu et al.| (2018)), [Wu et al.| (2021a) studied the impact of information on nonatomic congestion
games. Macault et al.[(2022,2023) considered learning in repeated nonatomic routing games where the costs
functions are unknown and the demands are stochastic. Griesbach et al.[(2022) considered congestion games
where a benevolent planner (e.g., a mobility service such as Google Maps, Apple maps or Waze) has perfect
information on the realization of an unknown state of nature, and can use this informational advantage to
improve the efficiency of the equilibrium behavior by sending a public signal. Zhu and Savla/ (2022) studied
a nonatomic congestion model where a planner can affect the agents’ behavior via either public or private
recommendations. These various papers on incomplete information games made different calls on the power
of the social planner. For example, |Gairing et al. (2008)), Wang et al.|(2014), |Angelidakis et al.| (2013)) and
Correa et al.|(2019) considered ordinary planners, whereas |Syrgkanis| (2015)) studied prophet planners.

1.3. Organization of the Paper

The general setting of Bernoulli congestion games is formally described in Section 2] In Section [3] we
present our tight worst-case bounds for the ordinary and prophet price of anarchy, for general nondecreasing
cost functions and heterogeneous players. Next, Section [4] computes explicitly these bounds for the class
of affine costs. Section [3] contains conclusions and open problems. All missing proofs can be found in
Section EC.1 of the supplementary material. For convenience, Section EC.5 in the supplementary material

contains a list of symbols.

2. Bernoulli Congestion Games and the Price of Anarchy
2.1. Atomic Congestion Games

Consider a finite set of resources £ and a finite set of players A" = {1,...,n} where each player i € A has
a set of feasible strategies S; C 2¢. Given a strategy profile s € S & X;en'S;, the cost for player i is given

by

Ci(8) =Y co(ne(s)), (1)

ees;
where n.(s) is the load of resource e € £ defined as the number of players using that resource
def
ne(8) =D Tiees)) )
JEN
and ¢, : N — [0,00) is a nondecreasing cost function of the resource e, with c.(z.) the cost experienced
by each player using resource e when the load is x.. The tuple I' = (N, &, S, (¢.)ece) defines an atomic
congestion game (ACG).
A pure Nash equilibrium (PNE) is a strategy profile $ € S such that no player ¢ € A/ can benefit by

unilaterally deviating from §;, that is, for each player i € A/ and every s; € S;, we have

C;(8) <Ci(s4,8-4), 3)
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where §_; is the strategy profile of all players except i. The set of all PNE is denoted by NE(I"). Rosenthal
(1973)) showed that every atomic congestion game I' is an exact potential game and, as a consequence, its
set NE(T") of pure Nash equilibria is nonempty.

The social cost (SC) of a strategy profile s € S is defined as the sum of all players’ costs
C(s) £ D Ci(s) =D nels)culne(s)), “
1EN eck

and a social optimum (SO) is any profile s* that minimizes this social cost

C(s*)=minC(s). (5)

sES
The price of anarchy (PoA) is defined as

def C(s)
POA(F) = sg&%f%) w (6)

If C(s*) =0, then C(s) =0 for all s € NE(I"), and so in that case we artificially set PoA(I") = 1.
For a family C of nonnegative and nondecreasing cost functions, we call G(C) the class of all atomic
congestion games I" with costs ¢, € C, and we look for bounds on PoA(I") that hold uniformly for all such

games, that is, we seek upper bounds for
PoA(C) = sup { PoA(I'): T € G(C)}. (7)

A flexible tool to estimate PoA(C) is the concept of smoothness: a family C is called (), p1)-smooth with
A>0and p€0,1),if
ke(1+m) < Xke(k)+pme(m)
Vk,meN,Vc¢(-)eC. (®)

It is well known that this condition implies PoA(C) < A/(1 — p), so that

PoA(C) < v(C) ZLinf [A/(1 — p):
(A, p) satisfies (@) . )

For specific classes of costs, these estimates evolved in a series of papers by |(Christodoulou and Koutsoupias
(2005)), [Suri et al.[(2007),|Aland et al.| (2011)), Awerbuch et al.| (2013)), Roughgarden| (2015a). Roughgarden

(20154l theorem 5.8) proved that these bounds are tight for atomic congestion games, that is:

THEOREM 1 (Roughgarden|2015a). For each family C of nonnegative and nondecreasing cost functions
we have PoA(C) = ~y(C). Moreover, if C contains the zero cost function co( - ), then the supremum in PoA(C)

is achieved by network congestion games.
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Roughgarden| (2015a) showed that the same bounds hold when the maximum in PoA(T") is taken over the
class of mixed equilibria of the game I', and even over the larger classes of correlated equilibria and coarse
correlated equilibria. We will adapt the (A, pt)-smoothness framework to derive finer bounds for the price of
anarchy in Bernoulli congestion games defined next. It turns out that Theorem [1]is a corollary of our main
result Theorem 3] For simplicity we start focusing on pure strategies, and postpone the discussion of mixed

and correlated equilibria to Section [3.3]

2.2. Bernoulli Congestion Games

A Bernoulli congestion game (BCG) is an atomic congestion game I" in which every player i € N partic-
ipates with some probability p; (independently of the other players), and otherwise remains inactive and
incurs no cost. A BCG with probability vector p = (p; ), . Will be denoted by I'?. Clearly, in the determin-
istic case with p; = 1 for all i € N/, a BCG coincides with the atomic congestion game T".

Without loss of generality, we assume that players (randomly) staying out of the game incur a cost
equal to 0. Because staying out is determined exogenously and thus non-strategic, we could assign any
cost to staying out of the game. The choice of cost for the outside option does not affect the set of Nash
equilibria. Furthermore, a positive cost of non-participation would increase the cost of every strategy profile
at equilibrium and under an optimal solution equally. This would make the PoA artificially smaller, so in a
worst-case analysis it is appropriate to make the constant equal to zero.

The random variables W; ~ Bernoulli(p;), which indicate whether player i is active, are assumed to be
independent across players. We also assume that players choose their strategies before observing the actual
realization of these random variables, so that no player knows for sure who will be present in the game.!
Thus, a BCG can be framed as a game with incomplete information where each player has two possible
types: active or inactive. The standard solution concept in this setting is the Bayes-Nash equilibrium, where
each player’s strategy is contingent on the player’s own type. However, in BCGs an inactive player has no
impact over the other players and has zero cost, regardless of the chosen strategy profile. Hence, it suffices
to prescribe the strategies to be used when active. In what follows we describe explicitly a Bayes-Nash
equilibrium for BCGs.

For a strategy profile s = (s;);cn € S and all e € £ we define the random resource loads

Ne(s):ZWj ]l{eGSj}y (10&)
JEN
and
N7i(8) = Wilie,,) forallieN, (10b)

J#i
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considering, respectively, either all the players who use the resource e, or all these players except player .
With a slight abuse of notation, we use the same symbols as in (I)) and () for the expected cost of a player

and the social cost, respectively, which are redefined as

:ZpiE[ce(1+Ne_i(s))], (11a)
C(s)=> Ci(s)=E | Ne(s) ce(Ne(s))]- (11b)
iEN eel

Alternatively, these costs might also be expressed in terms of the random set of active players Z =

{jeN:W;=1}and

nl(8)=> Ty (12)

JET

ef

with which we have N, (s) =nZ(s) and p(Z) <= [1;ezps [1;47(1 = D)), so that

Ci(s)=E [Wi D e (nf(s))]

=22 p@e(ni(s), (13)
C(s)=E [Z n;(s)-ce (nf(S))] : (14)

DEFINITION 1. A strategy profile § is a Bayes-Nash equilibrium (BNE) for I'? if, for each ¢ € N/ and all
s; € Si, we have C;(8) < C;(s;,5_;). The set of all such BNE is denoted by NE(I'?).

Using Rosenthal| (1973)’s theorem, we prove that the set of Bayes-Nash equilibria is nonempty by noting
that every BCG admits an exact potential function ¢: S — R such that, for each strategy profile s € S and

any unilateral deviation s’ = (s}, s_;) by a player i, we have
Ci(s')—Ci(s) =(s') — D(s). (15)

A similar fact was observed in|Meir et al.| (2012}, theorem 1) for more general congestion games where the
stochastic player participation can exhibit correlations, stating that such games admit a weighted potential
function and hence there exist pure Bayes-Nash equilibria. As proved next, in the special case of Bernoulli

games we have in fact an exact potential.

PROPOSITION 1. Every BCG I'? is an exact potential game. In particular NE(I'P) is nonempty.
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(16)

Proof. By considering the expectation of Rosenthal’s potential

Ne(s
é@g!Z§}M+
(17

it suffices to note that (I3) follows directly from the fact that the difference

NZ'(s)
O(s)—Ci(s)=E|> Y colk)

ecf k=1

does not depend on s;.

(]
A particularly relevant case is that of homogeneous players with p; = ¢ for all 7 € NV. In this case, the
loads N, (s) are binomial random variables and I'? is equivalent to a deterministic atomic game with suitably

modified costs. Indeed, define the Binomial expectation of a cost function ¢: N — R, as
(18)

(k)L g E[c(l1+X)] forkeN
and X ~ Binomial(k —1,¢q).
The following technical lemma will prove useful for dealing with the case p; = ¢ and, more generally, for

heterogeneous probabilities such that p; <gq.
LEMMA 1. Let Y =%" Yiand X =" | Y:Z, with Y; ~ Bernoulli(r;) and Z; ~ Bernoulli(q) two fami-

lies of independent random variables. Then

gE[c(1+ X)|=E[c"(1+Y)]

and

E[X c¢(X)]=E[Y (Y)].
In particular, if X ~ Binomial(m, q) then ¢E[c(14+ X)] = ¢%(1+m) and E[X ¢(X)] =mc?(m).

Proof. Conditionally on the event Y = k, the variable X is distributed as a Binomial(k, ¢), so that, from
the very definition of ¢?( - ), we have ¢E [c(1+ X) | Y = k| = ¢?(1 + k). Then, the first claim follows from

the tower law of iterated expectations:
gE[c(1+X)] =E[qE[c(1+ X)|Y]]
=E[c/(1+Y)].

To establish the second identity we write

E[X c(X)] =E [iyizic()()}
1+ Y,2,)]

= iri qE {
i=1 i
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and using the first identity we conclude

E[X c(X)] :iri&(uzyj)

-3 e[re(Lw)

=E[Yc(Y)]. O

Applying Lemma([I|to (ITa)) and (T1b)), we get the following direct consequence.

COROLLARY 1. Let I'P be a Bernoulli congestion game with p; < q. Set r; = p;/q € [0,1] and NY (s) =

> ien Yilyees,y with Y; ~ Bernoulli(r;) independent random variables. Then

Ci(s)=E [Z cl(NY (s))] , (19)

ecs;
C(s)=E [Z N (s) -t (NY (s))] : (20)

ec&
so that I'P is equivalent — in terms of player costs and social cost — to a Bernoulli congestion game 'y, with
costs ci(-) and probabilities r;. In particular, when p; = q we have r; =1 and NY (s) = n.(s) so that TP

is equivalent to a deterministic atomic congestion game I, with costs ci( - ).

3. Social Optimum and Price of Anarchy with General Costs

For games with incomplete information we can define several notions of social optimum, depending on the
relevant social cost function and the information available to the central planner. In the present context, we

consider the total expected social cost (ESC)

C(s) =) Ci(s)=E [Z nZ(s)- ce(nf(s))] : 1)

1EN ec€

An ordinary social optimum (OSO) is a profile s* € S that minimizes the following expected cost:

Cord &t C(s*)=minC(s), (22)

seS
which induces the ordinary price of anarchy (OPoA), defined as

OPoA(F”)g max C(s)

seENE(TP) Copg

(23)

The quantity OPoA(I'?) measures the inefficiency of the worst equilibrium § € NE(T'P) by comparing
its expected social cost C'(8) to the optimum C,q4 of a central planner who faces the same uncertainty
about which players are present. We now introduce the prophet social optimum (PSO), i.e., a harder bench-

mark that is achievable by a hypothetical planner who has full information and selects an optimal strategy
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adapted to each specific realization of the set of active players. More precisely, to achieve a PSO, the planner
observes the realized set of active players Z C NV, and selects an optimal strategy profile s* = (s7);cr € S
that solves

Cor(Z) =L C(s7) =min Y nZ(s) - c.(nZ(s)). (24)

seS ¢
ec&

This minimum is obviously smaller than the one obtained by the fixed ordinary optimal profile s*, so that

taking expectation with respect to the random set Z yields a smaller expected cost

Co 223" p(T)C(T)

ICN
=Y p(D)> ni(s")-c.(nl(s)). (25)
ICN ecé

The prophet price of anarchy (PPoA) is then defined as

PPOA(I™) L oy C18)

seNE(re) Cp

(26)

Observe that, by linearity of expectation, neither the ordinary nor the prophet planner can profit by opti-
mizing over mixed strategies and in both cases it suffices to optimize over the pure strategy profiles s € S.
However, as far as equilibria are concerned, the maximum in PoA could in principle be different if we con-
sidered either pure or mixed equilibria. For simplicity of exposition we focus on pure strategies, though in

Section [3.3| we show that our upper bounds on the PoA are also valid for mixed equilibria.

EXAMPLE 1. Consider a routing game with 2 players on the Pigou network of Figure [2] in which both
players have the same origin O and destination D, and the same p; = q. The cost function on the top link is

linear, whereas the cost function in the bottom link is constant. The profile where both players use the upper

e (z) =1
—
o~lN-O

CQ(LUQ) = 1+q

Figure 2 A Pigou network. The edges are annotated with their cost functions c. ().

path is a Bayes-Nash equilibrium, because in this case both paths have expected cost ¢ (14 ¢). An ordinary
social optimum s* is achieved by pre-assigning one path to each player, independently of the fact that they
are active or not. In this solution, when the player assigned to the upper path does not show up, the strategy

misses the possibility of re-routing the other player on this unused and cheaper path. By contrast, the prophet
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social optimum exploits this flexibility: when both players are active, they are routed on different paths; if
only one player shows up, this player is routed on the upper path. This implies

24+ 2q

OPoA(TP) =
and

2q(1+q) 242
29(1—q)+¢*2+q) 2+¢*

PPoA(I'?) =

3.1. Tight Bounds for the ordinary price of anarchy

In what follows we derive bounds for the OPoA that hold uniformly for all BCGs with probabilities p;
below a fixed threshold q.

DEFINITION 2. Given a family C of nonnegative and nondecreasing costs and ¢ € (0,1], we call
OPoA(C, q) the supremum of the ordinary price of anarchy OPoA(I'?) across all games I'? in the class
G(C,q) of Bernoulli congestion games with p; < ¢ for all i € N and ¢, € C for all e € £. We also let C?
denote the class of all functions c? defined by with c € C.

Our first main result, Theorem below, shows that the worst-case instances for OPoA(C, q) occur in the
case of homogeneous players with p; = ¢, whereas the inclusion G(C,p) C G(C, q) for p < ¢ implies that
OPoA(C, q) is nondecreasing in g. It follows that the only relevant parameter to characterize the worst-case
OPoA is the maximal probability ¢ = max; p;, from which we deduce that OPoA(C, ¢) coincides with the
bound ~(C?) for deterministic games with costs in C9, obtained by minimizing the quotient A/(1 — 1) over

all pairs (A, pt) that satisfy

kc'(1+m) < Xkci(k)+ pmci(m)
Vk,meN, Ve(-) eC. 27

Note that, although we only consider the single parameter ¢, the bound OPoA(I'?) < ~(C?) is valid for all
congestion games ' with heterogeneous probabilities p; < ¢ and costs in C. The best previously known
bound was OPoA(I'?) < ~(C), which can be derived from theorem 3.7 in Roughgarden (2015b) and is
independent of ¢, whereas our sharp bound provides the tight worst-case estimate OPoA(C, ¢) = v(C9).

Observe that coincides with (8) when ¢ = 1. In fact, (§) is stronger as it implies for all ¢. Indeed,
replacing k and m in (8) with independent variables X ~ Binomial(k,q) and X ~ Binomial(m,¢), then
taking expectation, and using Lemma [I| we obtain (27). This confirms that our bound is tighter, namely
7(C?) < ~(C). As illustrated by the green curve in Figure |1} for affine costs, the bound v(Ck) is strictly
smaller than y(C.¢r) = 5/2, except when g = 1.

We proceed to establish these previous claims, which are derived by suitably combining Theorem

Corollary E[, and theorem 5.3 of |Correa et al.|(2019)).
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THEOREM 2. For each family C of nonnegative and nondecreasing cost functions and each q € (0, 1], we
have OPoA(C, q) = v(C?). Moreover, if zero costs are allowed, i.e., 0 € C, then the supremum of OPoA(I'P)
over I'? € G(C, q) is achieved by restricting to network congestion games with homogeneous probabilities

pi=4q.

Proof.  From Corollary|l} each I'” € G(C, q) is equivalent to a Bernoulli congestion game I'; with costs
cd(-) and probabilities 7; = p; /¢, so that OPoA(I'?) = OPoA(T'7). From Correa et al.| (2019, theorem 5.3),
any (A, p)-smoothness bound for the deterministic game I', with costs ¢?( - ) remains valid for the Bernoulli
game 'Y, hence OPoA(I'P) = OPoA(T'7) < y(C?). Taking supremum over I'” we get OPoA(C, ¢) < v(C?).

Conversely, each deterministic congestion game I', € G(C9) is equivalent to a Bernoulli congestion game
I'? with p; = ¢ so that PoA(I";) = OPoA(I'?) < OPoA(C, ¢). Taking the supremum over I'; € G(C?) and
using Theorem 1| we conclude v(C?) < OPoA(C, q). This also shows that the worst case for I'? € G(C, q)
occurs with p; = ¢, and, from Roughgarden (2015a, Section 5.5), we have that such worst case can be

realized with network congestion games. [

COROLLARY 2. For each family C of nonnegative and nondecreasing cost functions, the map q — ~(C?)

is nondecreasing.

The usefulness of the previous result depends on our ability to estimate ~(C?), which is not easy in gen-
eral. For the class C, of affine costs we have C; C Cuq so that, combining Christodoulou and Koutsoupias
(2005) and Roughgarden| (2015a), we get v(C%;) < v(C.ir) = 5/2. In Section we explicitly compute
v(CZ%) and show that it is equal to 4/3 for all ¢ € [0, 1/4] and then becomes strictly increasing and reaches
the upper bound y(C.) = 5/2 at ¢ = 1.

Theorem[2|shows that the worst case for OPoA occurs when all the p,’s are equal, so that the only relevant
parameter is the maximal probability ¢ = max; p;. The following example illustrates why other parameters
such as the average or the minimum participation probabilities play no role in characterizing the worst-case

OPoA.

EXAMPLE 2. Consider a game I' with p; = 1 and OPoA(T") = 5/2. See, for example, Christodoulou and
Koutsoupias| (2005, theorem 2) or |Awerbuch et al.| (2013} theorem 10). Consider now a game I'"" having
additional dummy players who have low participation probabilities and can use only one resource with zero

cost. Then OPoA(I") remains equal to 5/2 although the minimum and average probabilities have changed.

Given that the worst case bound OPoA(C, q) is nondecreasing in ¢, a natural question is whether this
also holds for a fixed game I" so that OPoA(I") would increase with the maximal probability ¢, or even
with respect to each p; separately. The example below shows that both properties may fail. This does not
exclude the possibility that some form of component-wise monotonicity might hold when we consider the

worst-case OPoA with a fixed number of players n and variable probabilities (p;)!;.



Cominetti et al.: Ordinary and Prophet Planning under Uncertainty in Bernoulli Congestion Games
4Article submitted to Operations Research 19

EXAMPLE 3. Consider any game I" with p; < ¢ < 1 and OPoA(T") = C(5)/C(s*) > 1 (see, for instance,
Example [I)). Consider now a new instance I with one additional player n + 1, whose action set con-
sists of a single resource e that has cost c.(z) = x and is not part of any other player’s action set. Then
OPoA(I") = (C(8) + pn+1)/(C(8*) + pny1), which is decreasing in p,, 1. So, in particular, if p,. 11 > ¢,
then the OPoA(I") decreases with the maximal probability.

3.2. Tight Bounds for the prophet price of anarchy

We proceed to derive tight bounds for the PPoA that hold uniformly for all BCGs with probabilities p; below
a fixed threshold ¢. Naturally, we expect the bounds to be larger than the tight bound ~(C?) for the OPoA. To
this end, we introduce a slight modification of the smoothness concept, which we call (A, p, q)-smoothness.

For A >0, 1 €[0,1) and ¢ € (0, 1], we consider the inequality

1
gk‘cq(1+m) <AXkc(k)+pmel(m)

Vk,meN, Ve(-)€C, (28)
and we set
Yor(Co @) ZEinf{N/(1 — p): (A, ) satisfies (28)}. (29)

Because (28) holds trivially for the zero function co(-) =0 and when k = 0, we can restrict this condition

to the set
T={(c,k,m): ceC\{co},k € N,,meN}. (30)

We will show that ~,,(C, ¢) yields a tight bound for the worst-case prophet price of anarchy. Note that,
whereas the expected cost ¢( -) appears on both sides of (28), the term Ak c¢(k) on the right involves the
original cost, so that (28)) is half way between (8) and (27). Indeed, using Lemma I} by replacing m in (8]
with X ~ Binomial(m,¢) and taking expectation, it follows that (8) implies (28]); moreover, replacing k
in (28) with X ~ Binomial(k, ¢) and taking expectation, we get that (28) implies (27)). These implications

translate into the following order for these bounds.

LEMMA 2. For each family C of nonnegative and nondecreasing cost functions and each q € (0, 1] we have
Y(C?) <7er(C,q) <7(C).

Proof.  The result follows directly from the implications §) = @8) = @27). O

The inequalities in Lemma [2] can be strict. This will be illustrated in Section 4, where we prove that for
the class Cuq of affine cost functions, v, (Caf, ¢) is a tight bound for the PPoA with v(C%;) < vor(Carr, q) <
v(Car) =5/2 forall g € (0,1).

Our estimates for the PPoA exploit a special type of mixed strategies o; where each player ¢ mimics the

strategy of the prophet by sampling the other potentially active players.
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DEFINITION 3. A prophet-like strategy for player ¢ is a mixed strategy o that chooses a prophet optimal
strategy s~ for a randomly chosen subset Z of players that includes 7 with certainty, together with a sample

of the other players where each j # ¢ is included with probability p;.

Note that in these prophet-like strategies each player samples a personal random set Z, independently
of the other players. These samples need not coincide with the actual realization of the Bernoulli random
variables WW; that determine who actually takes part in the game.

Using these special mixed strategies o}, we can prove an upper bound on the prophet price of anarchy

that leverages (\, ut, ¢)-smoothness.
PROPOSITION 2. For each Bernoulli congestion game I'? € G(C, q), we have PPoA(I'?) < ~,,(C, q).

Similarly to the case of the ordinary planner, the next result shows that these bounds are tight for every

family C of nonnegative and nondecreasing cost functions and each ¢ € (0, 1].

THEOREM 3. For each family C of nonnegative and nondecreasing cost functions and each q € (0, 1], we
have PPoA(C, q) = v (C, q).

By taking ¢ = 1, Theorem [3| yields PoA(C) = ~+(C), providing an alternative proof of Roughgarden
(2015al theorem 5.8). Comparing both proofs, ours uses a compactness argument that directly reduces the
analysis to a finite subfamily of costs. Another difference between the lower bound construction of Rough-
garden| (2015a)) and Theorem [3]is that, in order to handle the case ¢ < 1, we need to give the prophet suf-
ficient flexibility so as to distribute players as equally as possible across the resources. To achieve this, our
tight examples allow a multitude of alternative strategies for the players and, as a consequence, it is unclear
whether one can find tight examples encoded in routing games, instead of general congestion games. This
is in contrast with the bound PoA(C) = ~(C) in Roughgarden| (2015a) which was shown to be attainable by

routing games, provided that the zero cost function ¢y ( - ) belongs to the class C.

COROLLARY 3. For each family C of nonnegative and nondecreasing cost functions, we have that ~y,,(C, q)

is nondecreasing in q.

REMARK 1. We highlight the fact that, for a fixed game I', PPoA(I") can decrease with the maximal
probability ¢, and even with respect to a p; separately. This can be shown using the same construction as in

Example 3]

A consequence of Theorem [3]is that, for a fixed number of players n and under a mild growth condition
on the family of costs C, the ordinary price of anarchy and prophet price of anarchy converge to 1 as the
probabilities p; tend to 0. In Section 4] we will see that this is no longer the case when the number of players

is not bounded.
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PROPOSITION 3. Let OPoA(C,n,q) and PPoA(C,n,q) denote the supremum of OPoA(I'?) and
PPoA(T'?) respectively, over all Bernoulli congestion games T'P € G(C, q) with a fixed number n of players.
Suppose that there exists a constant H such that ¢(n) < Hc(1) for all ¢ € C. Then 1 < OPoA(C,n,q) <
PPoA(C,n,q) — 1 as q— 0.

The proof, presented in Section EC.1 of the supplementary material, proceeds by showing that the
(A, 1, ¢)-smoothness condition holds with ;= 0 and a suitable A = A(g) such that A(¢) — 1 when
g — 0. The assumption ¢(n) < He(1) holds trivially when the family C is finite. This is the case when we
consider a fixed graph G with given costs c.(-) and a fixed number of players, and we study the behav-
ior of the PoA when max;c p; — 0. Another interesting case is when C is the class of all polynomials
with nonnegative coefficients a; > 0 and maximum degree d. Indeed, for such polynomials we have c(n) <

n? Z?:o a; =n’c(1) and we can set H = n¢.

3.3. Extension to Mixed and Correlated Equilibria

Although unweighted congestion games admit pure equilibria — also in the stochastic version studied in this
paper — there are good reasons for considering weaker solution concepts, such as mixed, correlated, and
coarse correlated equilibria. In particular, when agents use no-regret algorithms, the empirical distribution
of play is an approximate correlated equilibrium in the case of internal regret, and an approximate correlated
equilibrium in the case of external regret (see, e.g.,|[Hannan/1957| Foster and Vohra/1997, (Cesa-Bianchi and
Lugosi|[2006).

These solution concepts have also been studied before in congestion games. [Roughgarden| (2015a))
showed that every PoA bound based on the (A, iz)-smoothness condition (8) remains valid for mixed equi-
libria, correlated equilibria and coarse correlated equilibria. It follows directly from this that the same holds
for the estimates of the ordinary price of anarchy based on (27). Below we establish analogous bounds for
the prophet price of anarchy based on (\, x4, ¢)-smoothness.

We first recall the notions of mixed and correlated equilibria. For any probability distribution 7 € A(S),
we let C(7) = Es~,[Ci(s)] denote the expected cost of player 4, and C(7) = Es[C(8)] = >, Ci(T)
denote the expected social cost. The expected cost of a player is taken over the appropriate distribution
depending on the context, as we describe below. Examples include Bernoulli players, and Bayes-Nash
mixed or correlated equilibria.

A mixed strategy profile is a tuple o = (0;) ;e Where o; € A(S;) is a mixed strategy for player j. Each
player draws a strategy s; ~ o; independently, so that the strategy profile s € S is distributed according to
the product probability measure o = ®o ;. Note that there is a one-to-one correspondence between the tuples
o = (0;)jen and the product probabilities 0 = ®c;. A Bayes-Nash mixed equilibrium is then a probability

J = ®d; such that, for each player i and every alternative strategy o; € A(S;), we have

Ci(6:®6_;) <Ci(0: ®_;), 3D
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where 0_; = ®,.,;0; stands for the product probability of the family (0;);.;.
The weaker Bayes-Nash correlated equilibrium is a probability distribution 7 € A(S) (not necessarily of

product form) such that, for each deviating strategy s € S; by any player ¢, we have
Ci(7) =Esu:[Ci(8)] < Es,wﬂs;‘ [Ci(s],5-3)], (32)

where 7 | s7 denotes the conditional distribution of s_; given s;.
The even weaker Bayes-Nash coarse correlated equilibrium is a distribution 7 € A(S) such that for each

deviating strategy s; € S; by any player ¢ we have
Ci(7) = Esnt[Ci(8)] < Esnr[Ci(s, 5-4)]- (33)

We let NE™(I'?), NE® (I'?), and NE“*(I'?) denote the set of Bayes-Nash mixed equilibria, correlated
equilibria, and coarse correlated equilibria, respectively. The corresponding definitions of prophet price of

anarchy are similar to the one given in (26):

PPoA™(I'?) £ max {C(a) : o € NE™(T'?)} /C, (34a)
PPoA“ (I'?) &L max {C(7) : 7 € NE<(I”?)} /C,, (34b)
PPoA“®(I'?) &L max {C(7) : 7 € NE<*(I'?)} /C,. (34¢)

Notice that the maxima in (34)) are well defined. Indeed, for any fixed game I'? the maxima are attained
because the social cost function C/(-) is continuous and the sets NE™(I'?), NE“'(I'?), and NE**(I'?) are

compact.

THEOREM 4. For each Bernoulli congestion game I'? € G(C, q) we have

PPoA(T'P) < PPoA™ (I'P) < PPoA™ (I'P)
< PPoA“?(TP) <7, (C,q). (35)

Moreover, all these bounds are tight.

Proof. The order between the different prices of anarchy follows directly from the chain of inclu-
sions NE(I'?) C NE™(I'?) C NE"(I'?) C NE**(I'?), so that it suffices to establish the rightmost bound
PPoA**(T'?) < 7, (C,q). Take any coarse correlated equilibrium 7 € NE“*(I'?) and fix (A, u) satisfying
(28). Considering s} ~ o for the prophet-like strategies, and taking expectation in we get

C(r) < Z Esinor Esni[Ci(s], 5-i)]
ieN

- Eswf' Z Esz‘wa;‘ [Cl(sra S—i)] .

ieEN
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Then, proceeding as in the proof of Proposition [2] we may use the inequality derived there — see (EC.4) in

the supplementary material — to obtain
C(7) <Esnz[A Cor+ 1 C(s)]=A Cor+ 1 c(7),

so that C(7)/Cp < A/(1 — p), and we conclude by taking the infimum over (A, 1) and maximizing over
7 € NE“*(T'?). Tightness follows directly from Theorem[3] O

4. Price of Anarchy with Affine Costs

This section mostly focuses on atomic Bernoulli congestion games with nondecreasing and nonnegative

affine costs, that is, we restrict the attention to the class C,¢ of costs of the form
c(r)=a+bxr with a,b>0. (36)

Specifically, Sections [4.1] and [.2] respectively provide explicit analytic expressions for the ordinary and
prophet PoA for affine costs. Section presents some partial extensions for polynomial costs and puts

forward two conjectures.

4.1. Tight Bounds for the ordinary price of anarchy

From Theorem we know that OPoA(I'?) is maximal when all the probabilities are equal. The following
theorem is our main estimate for the OPoA with affine costs, which determines explicitly the tight bounds

OPoA(C.s, q) = v(Ck) as a function of ¢ € (0, 1], with three different regimes. See Figure [3|for the details.

THEOREM 5. Let Gy = 1/4 and let §, ~ 0.3774 be the real root of 8¢* + 4¢q* = 1. Then,

OPoA(Cutr,q) = v(Ci)

1+q¢++/a(2+q) i d<q<i
0= =~ 41,
=g+ /a2 +a) G
q o
14+qg+ —— if G, <q<1.
q 144 if g1 <q<

The proof is long and technical, especially in the intermediate range g, < ¢ < ¢;. It can be found in
Section EC.1 of the supplementary material. Here is a short sketch to illustrate the overall ideas. The proof
proceeds through a series of lemmas that characterize the optimal parameters (\, ) in for each value of
q. Even if Theorem 2] already implies the tightness of the bound (37), in Section EC.2 of the supplementary
material we present three specific examples that attain this bound in the three different ranges of g. These
examples are somewhat simpler than those proposed in |Roughgarden| (2015a) and |Gairing (2006) and,

moreover, they involve only purely linear costs of the form ¢(x) = az with a > 0.
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0.0 0.2 0.4 0.6 0.8 1.0
q

Figure 3 The upper envelope gives the tight bound on OPoA(Cafr, q) as a function of q.

4.2. Tight Bounds for the prophet price of anarchy

We now proceed to find tight bounds ~,,(C,f, ¢) for the prophet price of anarchy of Bernoulli congestion
games with affine costs in C,. We can bound +,,(C.s, ¢) from above by the lower envelope of a countable

family of functions as in Figure[d Later we will show that these bounds are tight.

PROPOSITION 4. Let

=(q) = inf&(q) (38a)
with

£(q) = €(€+1)q22£ 2090l o ai e N\ {0, (38b)
Then

PPoA(Catr, 4) = 7pr (Carr 1) < E(q). (39)

The proof proceeds by identifying, for any given ¢ > 1, some specific values of A and p that satisfy
(A, 11, ¢)-smoothness with \/(1 — u) = &(q). Note that for any fixed ¢ the bound =(q) = &,(q) is attained

for all ¢ in the following interval (see Figure f):

1 1
D — 40
) T = @0

COROLLARY 4. If q=1/{ for some £ € N\ {0}, then v, (Carr,q) <2+ q/2.

Proof. Because ¢ = 1// lies in the range (@0), by direct substitution we have =Z(q) = &,(¢) =2+ q/2.
O
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F

2.5¢ PPoA .

2.0

1.5+ s

0.0 0.2 0.4 0.6 0.8 1.0
q

Figure 4 The lower envelope Z(q) gives a tight bound for PPoA(Carr, ).

In Section EC.3 of the supplementary material we construct a specific family of Bernoulli congestion
games I'P with p; = ¢ for which PPoA(T'?) approaches =(q). This implies that in Proposition 4] holds

with equality.

THEOREM 6. PPoA(C.sr, q) = Yo (Carrs ) = Z(q) for all g € (0,1].

4.3. Extension to polynomial costs

Let P, be the class of polynomial costs ¢(x) = Zd a;x" of degree d with a; > 0. Using the raw moments

=0
of binomial random variables and Stirling numbers {;} of the second kind (see theorem 2.2 of | Knoblauch
2008), the modified cost functions for the monomials ¢;(z) & i become
(i1
(k) = I —1) - (k—7). 41
=L 0 @

Each ¢!(-) remains a polynomial in & of degree 7, but the formula becomes quite complex as i increases.

Thus, deriving analytic expressions for y(P;) and ~,. (P4, q) as a function of ¢ to compute the price of
anarchy — as done in Theorems [5|and [] for affine costs — would be even more technical than the analysis in
Section EC.1 of the supplementary material.

However, from Cominetti et al. (2023] theorem 7) we know that the limit of (PJ) for ¢ | 0 coincides
with the nonatomic bound, which, combined with |Roughgarden| (2003)), yields

1

1—d/(d+1)@+D/d”

lim OPOA(Pd, q) =
q40

We conjecture that this is not only attained in the limit, but equality holds for all ¢ <
d/((24 —1)(d 4 1)+D/d),
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On the other hand, we have the following lower bound in the prophet case, which shows that
PPoA(P4,0") is significantly larger than the OPoA(P,,0"). The proof is in Section EC.4 of the supple-

mentary material.
PROPOSITION 5. Let By = ijo {4} be the d-th Bell number. Then PPoA(Py,07) > By
At the other extreme, when ¢ 1 1, both OPoA(P,, ¢) and PPoA(P,, q) increase monotonically to the same

deterministic atomic bound given in |Aland et al.|(2011)), that is

OPO0A(Py, 1) = PPoA(Py, 1)
(SD + 1)2d+1 _ sDci—‘,-l(s0_+_ 2)d
(p+ D™ = (p+ 2+ (p+ D — ™1

where ¢ = |2* |, with z* the unique positive solution of the equation (z + 1)¢ = z¢+1,

Moreover, as shown by [Roughgarden| (2003)) in the nonatomic case and by |Aland et al.| (2011) for deter-
ministic atomic games, the bounds in these two limit cases are dominated by the highest degree monomial
ca(x) = x¢, and the lower terms c¢;(z) = z* for i < d can be ignored. As a matter of fact, for the OPoA
this holds not only for ¢ | 0 and ¢ 1 1 but for all ¢ € (0,1] (again, the proof is in Section EC.4 of the

supplementary material).
PROPOSITION 6. Forall q € (0,1] we have OPoA(P4,q) =v({ci}).

We conjecture that a similar equality holds for the prophet PoA, namely, PPoA(P,, q) = Vo ({ca}, q)-

5. Conclusions

Our work studies atomic congestion games with stochastic demands. In the model we propose, each player
either participates in the game with an idiosyncratic probability or stays out. We contrast the ensuing equi-
libria with what can be achieved by central planners with different foresight skills. A prophet planner has
access to real-time information and can make contingent plans after learning the demand realizations; an
ordinary planner does not have access to up-to-date information and can only plan based on the demand dis-
tribution. Our main results consist of analytic expressions that describe how the PoA changes as a function
of the user-participation probabilities. We have computed these expressions explicitly for games with affine
cost functions. In a high participation regime, results tend to what is known for deterministic games. More
interestingly, for low participation, equilibria are closer to social optima because worst-case inefficiencies
arise when certain levels of congestion in the system are attained. Our results quantify the value of the addi-
tional information available to prophet planners, as mediated by the participation probabilities. We also note
that the resulting curves have various regimes and are not concave nor convex. This discussion is related to
information availability and how it affects the economics of networks for platforms such as Google maps,

Apple maps, and Waze.
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Although not a focal part of the paper, we highlight that market operators that act as a prophet planner
can better match participating users to optimal routes. This could be used to guide the system to a more effi-
cient market outcome, either through route recommendations, routing directly if cars were self-driving, or
indirectly through information transmission or pricing. Depending on implementation constraints, ordinary
planners may only charge fixed fees (e.g., network pricing in London, implemented around two decades
ago), versus modern systems with real-time information that perform dynamic pricing (e.g., highway high-
occupancy vehicle lanes).

To put the efficiency results in perspective, Roughgarden| (2015b) showed that, when dealing with games
of incomplete information, the bounds for the corresponding games of complete information are still valid
for prophet planners. His framework for incomplete information games is very robust, but requires a smooth-
ness definition that holds across different types (see Roughgarden|2015b, definition 3.1 and remark 3.2).
A result in the same spirit appears in |Correa et al. (2019), who showed that upper bounds derived from
the smoothness framework continue to hold for ordinary planners in BCGs even if the events of players
being active are not independent and identically distributed. These authors consider a class of games and an
information structure that makes these objects games of incomplete information; then they compute bounds
for the PoA of games in this class over all possible probabilities that characterize the incomplete informa-
tion. They show the remarkable result that the performance of the PoA does not decay in the presence of
incomplete information.

Our results are in a different spirit. We fix not only the class of games and the information structure, but
also the probability measure and examine the behavior of the price of anarchy as this probability varies.
In our case, when the probability is characterized by a single parameter ¢, this is tantamount to studying
the OPoA and PPoA as a univariate function of this parameter. This means that, for a fixed value of ¢, we
consider the worst-case OPoA and PPoA among all possible instances where participation probabilities of
players are bounded above by g. The main results in this respect are:

(a) For any family C of nonnegative and nondecreasing cost functions and any ¢ € (0,1] we have
OPoA(C, q) = ~(C?) and PPoA(C, q) = v (C, q). In particular, this implies that both (C?) as well as
Yor(C, ) are nondecreasing in q.

(b) For the class C,¢ of affine costs, we provide analytic expressions for the worst case bounds OPoA (C,¢, q)
and PPoA(C.¢, q) as functions of g.

(c) The presence of two kinks in the function OPoA(C,¢, ¢), which turns out to be constant and equal to
4/3 for ¢ € (0,1/4], exactly as in nonatomic congestion games with affine costs, whereas the maximum
of 5/2, which is the PoA in the atomic case, is only attained in the limit as ¢ — 1 (see Figure .

(d) The presence of countably many kinks in PPoA(C,«, ¢) and its convergence to 2 as ¢ — 0 (see Figure.

Several natural questions remain open. First, it is unclear how to adapt the current lower bound construc-

tion of PPoA(C, ¢) = 7 (C, q) to routing games.
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Second, what can be said about the price of stability (PoS), which captures the inefficiency of the best
equilibria, as first defined by |Schulz and Stier Moses| (2003)) and coined by |/Anshelevich et al.| (2008)), Kleer
and Schifer (2019, theorem 5) established a tight bound of 1 + \/m for all ¢ > 1/4 on the ordinary
price of stability. A tight bound of 4/3 for all ¢ < 1/4 on the ordinary price of stability completes this
characterization. However, how does a characterization looks like for the prophet price of stability?

Another interesting question is to consider a version of Theorem [2] where the number n of players is kept
fixed, and shed light on the efficiency of equilibria.

Finally, our model works also without the independence hypothesis, in the sense that a stochastic con-
gestion game can be defined for any joint distribution of players participation. The equilibria and optimum
of the game will depend on the whole distribution and not just on the marginals, so the game will require
a more complex description. Moreover, if the agents take part in the game in a correlated way, without any
constraint on the possible dependence structure, then the best lower and upper bounds for the OPoA and
the PPoA coincide with the bounds for the deterministic game. To wit, let the participation of the players
be comonotonic with equal marginals p, i.e., with probability p all players take part in the game and with
probability (1 — p) they are all absent. Take a deterministic game I" with social cost function C' and let §
and s* be, respectively, the worst equilibrium and an optimum of this deterministic game. Then, for any
p € (0, 1], in the stochastic congestion we have that the worst equilibrium and the optimum are the same as
in the deterministic game, both in the ordinary and prophet cases. The corresponding social costs are just
the respective social costs of the deterministic game multiplied by p. This implies that for every p € (0, 1]
the OPoA and the PPoA are equal to the PoA of the deterministic game. It is enough to choose a game I'

that achieves the worst PoA in a class to get our result.
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Endnotes

1. In the context of routing games, Nguyen and Pallottino| (1988)), Miller-Hooks| (2001}, Marcotte et al.
(2004) considered a richer set of strategies called hyperpaths in which players are allowed to update their

priors along their journey and switch to alternative routes.
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Appendix EC.1: Proofs

Proofs of Section 3

We will use the following equivalent expression for v, (C, q).

LEMMA EC.1. Let ¥(w) “ SUD (¢ o, myeT Bekm(w) denote the supremum of the affine functions

def c*(1+m) mc(m)
Bem(w) = st Tt Theh) (1-w). (EC.1)
Then
Yor(Crq) = inf W(w). (EC.2)

Proof. 1If ¢(k) =0 for some c € C\ {¢o} and k > 1, then by taking the largest such k we have c(k+1) >
0 and then for m = k we get ¢?(k) =0 < ¢?(k + 1) so that the right hand side in (28) is 0 whereas the
expression on the left is strictly positive. Hence no pair (\, 11) satisfies (28) and v,,(C, ¢) = co. Similarly,

U(w) = Bepp(w) = qu(i(z)k)w = 00, (EC.3)
so that inf,,>1 U (w) = 0o =7, (C, q).
Suppose next that ¢(k) > 0 for all ¢ € C \ {¢o} and k > 1. Then, for each u € [0,1) the smallest A that
satisfies (29) is

%kcq(l—l-m) —pumei(m)

A= sup
(c,k,m)eT kc(k)

Dividing by (1 — ) and using the change of variable w =1/(1 — p), we obtain (EC.2). O

REMARK EC.1. The objective function ¥( - ) in is a supremum of affine functions; therefore, it is
convex and lower semi-continuous. Moreover the infimum is attained at some w € [1,7,,(C,q)]. In fact, if
¢(1) > 0 for some ¢ € C then ¥ (w) > f3. 1 0(w) = w so that ¥(w) — 0o as w — oo and the minimum of V(- )
is attained. Otherwise, by the first argument in the proof of Lemma we have ¥ (w) > 7,(C,q) = o0

and every w € [1,00) is a minimizer.

Proof of Proposition LetT'? € G(C, q). If I'? does not satisfy the (A, i, ¢)-smoothness condition, then
Yor(C,q) = 0o and the statement follows trivially. So we assume the (A, i, ¢)-smoothness condition (28)).
We claim that for the prophet-like strategies o and any fixed strategy profile s € S we have

D Eurnor[Cils] 5 -)] SACh +pC(s). (EC.4)
iEN
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Indeed, let R be the sum on the left of (EC.4). When s} ~ o} we have P(s; = s) =p(Z)/pi, if i € Z, and

P(s; = s¥) =0 otherwise, so that
r=Y" 3 "ers ) (EC.5)
iEN T:HeT Pi

We now estimate C;(s?,s_;) using Corollary I Setr; =p;/q €[0,1] and NY (s) = E en Yilees;y with

Y; ~ Bernoulli(r;) independent random variables. Then, from (I9) we get

Cist,s_)=E|> cl(NY(s],5-0)) (EC.6a)
_GES%
=E|r Z c(1+NY(s-y)) (EC.6b)
663%
<rE[) (14N (s)) . (EC.6¢)
ees%

Plugging the bound in (EC.6) into (EC.3)), and using r;/p; = 1/q, we obtain

R<E ZZ chquN"( 5))
zeNIzel' 6651_1
=E Zzp sl (1+NY (s ))]
LZCN e€&

Now, we invoke (28)) for c.(-) with k = nZ(s) and m = N (s), to derive the bound

R<E

> oD Y (AnZ(s7) ce(nE(sh)) + N2 () et (NY <s)>)] .

ICN ce€
From (23)) and (20), the right hand side is precisely A Cp, + p C(s), which proves (EC.4).

Let s € NE(I'?) be a Bayes-Nash equilibrium and fix (), u1) satisfying (28)). For each s} we have C;(s) <
Ci(s;,8:), so that Cy(s) < Eex o [Ci(s7, 5-4)], and then (EC.4) implies

= ZC,»(S) <ACp +pC(s).
ieN

Thus, C(s)/Cp < A/(1 — u) and we conclude by taking the infimum over (A, 1) and maximizing over all
seNE(T?). O

Proof of Theorem[3]  From Proposition[2] we have PPoA(C, q) < 7, (C, ), so we only need to show that

this bound is tight. We distinguish two cases.

CASE 1. ¢(k) =0 for some c€C\{co} and k > 1.
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As observed in proof of Lemma[EC.1] this is a degenerate case where no pair (), i) satisfies (28), so that
Yor(C, q) = 0o. We will build a Bernoulli congestion game I'P with n players and homogeneous probabilities
p; = q, such that PPoA(I'?) = occ.

By increasing k& we may assume that ¢(k) =0 < ¢(k + 1), and therefore ¢?(k) =0 < ¢?(k + 1). Consider
a game with n players and resource set composed of two disjoint cycles £ = & U &; of n resources each

with costs ¢( - ) (see Figure [EC.1). Every player ¢ has only two possible strategies:

(blue) s; ={ait1,-- s ipry U{big1,. -, bigrir1}s

(red) 3; = {ai+k+17 cee 7ai+2k} U {bi+k+27 cee 7bi+2k+1}7

with the convention i + j =i+ j —n when i + j > n. We take n > 2k + 1 so that the strategies s; and s} do

not overlap.

as »O\ a bg »O\ bl
- X e N
O Q O Q
7 \ / \
ar (5} b7 bz
[ Y [ ¥
O & O O & O
A / A I
ag as be bs
\ o O/ \ o O/
w 7 AS b b 7
as \O*(u 5\04, 4
Figure EC.1 The set £ = &1 U & with two cycles of n = 8 resources each. The strategies s; and s for player 1 are shown in

blue and red, with k = 2. For subsequent players these strategies are turned clockwise.

If all the players choose the blue strategy s;, then the a;’s have a load k and the b;’s a load k£ + 1. Because
c?(k) = 0, the expected cost for each player ¢ is just (k + 1) ¢?(k + 1). Now, deviating to the red strategy s/
yields a larger cost k ¢?(k+ 1)+ k ¢?(k+2), so that all players choosing s; is an equilibrium with social cost
n(k+1)c?(k+ 1) > 0. On the other hand, if the prophet assigns s/ to every player, then all the resources

have a load & and the social cost is 0. Therefore, this game has PPoA(I'?) = oo as required.

CASE 2. ¢(k)>0forallceC\{c}and k> 1.

We will use the alternative formula for v, (C, q) to show that for each M < ~,,(C, q) there exists
some game I'? with homogeneous probabilities p; = ¢ such that PPoA(T'?) > M.

We note that for each ¢ € C \ {¢p} we have ¥ (w) > (.1 0(w) = w for all w € R, whereas for w € [0,1)
we have U(w) > lim,;, 0 Be,1,m(w) = 00. Thus ¥(w) > v, (C,q) > M for all w > 0. It follows that the sets

{w: Bem(w) > M} with (¢, k,m) € T are an open cover of the compact interval [0, M]. Let us extract a
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finite subcover F C 7 and assume, without loss of generality, that (¢, 1,0) € F for some ¢ € C\ {¢o}. Then,

the piece-wise affine function

U (w) = omaxfegon(@) (EC.7)

satisfies ¥ r(w) > M for all w € [0, M], and also ¥ x(w) > B.1,0(w) = w for all w > 0. It follows that the
minimum ~,, (F) <= min, o ¥ #(w) is strictly larger than M and is attained at some @ > 0. To construct [P

we distinguish two sub-cases.

Sub-case 2.1: w = 0.
In this case there exists a triple (¢, k,m) € F such that (. x ,,(0) = v, (F) and 5., ,,,(0) > 0, that is,

c,k,m

mc?(m)

1
T(k):’ypr(]:) and gkcq(l—i-m)zmcq(m). (EC.8)

Consider a rational approximation ¢ = (/v ~ ¢ with {,v € N and ¢ < ¢, so that
vkc'(1+m)>(mcl(m). (EC.9)

We build a sequence of Bernoulli congestion games I'? with n players with homogeneous probabilities
p; = ¢, such that PPoA(I'?) > M for n large. The resource set is composed of h = n disjoint cycles
&1,...,&, of nresources each with costs ¢( - ) (see Figure [EC.2).

/08*0\01\ /as»O\alx /GB*O\GI\
@) Q @) Q @) Q
7 \ 7 \ 7 \
ar s ar Qs a7 [P
[ ¥ [ v [ ¥
@) & @) @) & O O &3 ©)
A / g / t /
ag as ag as Qg as
\ 0 O/ \ O O/ \ o O/
AN 7 w e A S e
as \O«(l_/; as \O«(l4 as \O«u4
Figure EC.2 The resource set for h = 3 cycles with n = 8 resources each. The strategy s; for player 1 with m = 3 is shown in

blue. For subsequent players this strategy is turned clockwise.

Each player ¢ € {1,...,n} has one equilibrium strategy and multiple alternative strategies. Player i’s
equilibrium strategy s; picks the resources a; 1, ..., a;+,, from each and every cycle (the blue resources in
Figure [EC.2)), with the identification ¢ + j =i+ j —n when i + j > n. The alternative strategies consist of
picking an arbitrary set containing x = n v k resources, excluding those in s; (i.e., only black resources can
be chosen). If each player plays the strategy s;, then the load on every resource is m and the expected cost

for each player ¢ is hm c¢?(m), whereas a unilateral deviation to any of the alternative strategy produces
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the cost x¢?(1 + m). From (EC.9) it follows that the strategy profile in which all players choose s; is an

equilibrium, with expected social cost
C(s)=nhmcl(m). (EC.10)

Now, the prophet observes the demand N ~ Binomial(n,q) and tries to minimize the expected cost
by distributing the players as uniformly as possible across the resources using the alternative strategies.
Recall however that the resources in s; are forbidden in player ¢’s alternative strategies. So we consider the
following upper bound on the optimal prophet cost.

Assume that instead of picking « resources, the prophet uses the following greedy procedure to allocate
k = K + mj resources to each player (with 5 € N to be fixed later), including mj redundant resources
that can be dropped later. Starting from the first cycle £; consider sequentially each one of the IV players
assigning & contiguous resources, and continuing from there with the next player. Once the resources of a
given cycle are exhausted the process jumps to the next cycle, and after reaching the end of the last cycle
&y, it jumps back to £, continuing the process until all players have been assigned & resources.

The K resources allocated to a given player ¢ may include some forbidden resources in s;. However,
these & resources span at most [%/n] cycles and therefore the number of such forbidden links for i is at
most m [k/n]. If we choose j such that mj > m [k/n], we may then remove m;j resources eliminating
the forbidden links to obtain feasible strategies for every player <. This can be accomplished by choosing
Jj > R/n, thatis nj > k+mj, so it suffices to take j = [k/(n —m)].

The social cost for this feasible strategy profile is smaller than the cost of the greedy allocation including
the redundant resources, which then provides an upper bound for the optimal cost achievable by the prophet.
To compute this upper bound we observe that the greedy procedure yields an average load of X = N &/nh
on each resource, with some resources having a load [X'| and the others | X |. More explicitly, because
NE=nh|X|+wvwith 0 <v < nh, there will be v resources with a load [ X | and (n h —v) resources with
aload | X |. Observing that v =nh (X — | X |) and defining

Q(x) = (w—z)) [] e([2]) + (1 =z + |2]) ] e(|2)), (EC.11)
the corresponding social cost can be expressed as
v[X]e([X])+ (nh—v) | X]e(|X])=nhQ(X). (EC.12)

Combining this upper bound for the prophet optimal cost with (EC.10), we obtain a lower bound for the

prophet price of anarchy, that is,

nhmci(m)  mc’(m)
= WhEQ(X)]  EIQ(X)] (FCID

PPoA(I'®)
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Now, for n — oo we have that the number of redundant resources mj = m[nvk/(n — m)] remains

bounded, so that &/h converges to v k/( = k/q, and therefore

NE as -
X ="""2%0k/q.
o /q

Because X is bounded and Q°(-) is continuous, the portmanteau theorem implies that E[Q°(X)] —
Q°(qk/q) as n — oco. By taking ¢ — g, the latter converges to Q°(k) = k c(k) and, because

mci(m)
Thek) Yor (F) > M, (EC.14)

we may choose n large enough and ¢ ~ ¢ such that the right hand side of (EC.13) is larger than M. It

follows that PPoA(I'®) > M, as was to be proved.

Sub-case 2.2: 0 >0

From optimality we have 0 € OV () so we can find two affine functions ¢y, co with B., x, m, (@) =

Bes kg .ms (@) = Yor (F) such that By kg my (w)<0< Broy iy (@), that is,
61] oy (14 m)@ + iy () (1= @) = 7o (F) b e (), (EC.15)
; ey (1 4+ 112)@ + i () (1 — @) = or (F) iy ca(k2), (EC.16)
;klc‘f(l—i—ml)—mlc‘f(ml) < 0 < ik203(1+m2)—mgcg(m2). (EC.17)

The latter implies that 0 can be expressed as an average of the left and right expressions, so there exists

n € [0, 1] such that
q q 1 q 1 q
nmy ci(my) + (1 —n)mgcd(my) = ngkl A(l4+my)+(1—n) p ko ci(1+mo). (EC.18)

We will construct a sequence of Bernoulli congestion games with costs ¢; () and ¢,( - ) and n homoge-
neous players with probabilities p; = ¢, such that for large n the prophet price of anarchy approaches 7, (F)
and therefore can be made larger than M as required.

Firstly, we take rational approximations
n=0/T~n and ¢=(/v~gq (EC.19)
with §,7,(,v €N, and ¢ < ¢, in such a way that in (EC.18) we preserve an inequality, namely
OCmyci(my)+ (1 —0)(maci(ma) <Ovkici(1+my)+ (17— 0)vkycd(1+ms). (EC.20)
Define

hi=0(n, hy=(1—0)Cn, kK1=0vnk,, and ky=(T—0)vnk,. (EC.21)
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The resource set is composed of h = hy + hy disjoint cycles &1, ..., &, with n resources ag, ..., a, each,
as in Figure The resources in the cycles &, ..., &y, all have cost function ¢; (- ), and the resources in
Eny+1,- -+ Eny+n, all have cost function cy( - ).

Each player ¢ € {1,...,n} has one equilibrium strategy and multiple alternative strategies. Player i’s
equilibrium strategy s; is as follows: from each &;,. .., &y, pick resources a;1,. .., a4+, and from each
Eny+1y -+ >Eny+hy PICK TESOUICES A1, - - ., Qigm,. As before, the indices 7 + j are interpreted modulo 7, so
that i + 7 =¢ + j — n when ¢ + j > n. Each of the alternative strategies consists of picking an arbitrary set
of k4 resources from & U---U&},, and k4 resources from £, 41 U+ - - UEp, 1p,, excluding the resources that
are part of s;.

If every player plays the strategy s;, the expected cost for each player ¢ is hy my ¢} (my) + hama cd(ms),
whereas a unilateral deviation to any of the alternative strategies produces the cost x; ¢f (1+m;y) + ko ch(1+
ms). It follows from that the profile where all players choose s, is an equilibrium with correspond-

ing expected social cost
C(s) =nhymyci(my) +nhymayci(ms). (EC.22)

Consider next the cost for the prophet when dealing with N ~ Binomial(n, ¢) players. By applying the
same greedy procedure as in sub-case 2.1, separately for the first h; cycles and the second h, cycles, we
obtain an upper bound on the prophet optimal costs. That is, in the first h; cycles the greedy procedure
assigns Ky = k1 + my [k1/(n — my)] resources per player, and in the second h, cycle it assigns <y =
Ko + Mgy [Ka/(n — my)] resources per player. Repeating the analysis of sub-case 2.1 we obtain an upper

bound for the optimal prophet cost of
nhy QN (X1) +nhy Q?(Xs), (EC.23)

where X; = N&;/nh; and Xy = Nky/nhs. Hence

nhymy cf(my) +nhymsci(ms)

nhy E[Q(X1)] +nhy E[Qe2(X5)]
When n — oo we have X; 2% qk; /¢ and X, =5 gk, /4, so that, using the portmanteau theorem, the right
hand side in (EC.24) converges to

PPoA(T?) >

(EC.24)

Omyci(my) + (T —0)maci(me)  fmaci(my) + (1 —7)maci(ms)

po —~ == = = —. (EC.25)
0Q(qk:/q)+ (1 —0)Q2(qk2/q)  1Q*(qk1/q)+ (1 —1)Q2(qk2/q)
Moreover, letting ¢ — ¢q and i — 7, the latter quotient converges to
q _ q q _ q
nmyci(my) + (1 —n)mycs(ma)  nmyci(my) + (1 —n)mgcs(my) o (F), (EC.26)

nQe (k) +(1—n)Q2(ka)  nkici(kr)+(1—n)kocako)
where the last equality follows by averaging (EC.15)) and (EC.16) with weights n and (1 — 7)) respectively,
and using (EC.I8). Finally, because v, (F) > M, we may choose ¢ ~ ¢, 7 ~ n, and n large, so that the right
hand side in (EC.24)) is strictly larger than M. This completes the proof. [J
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Proof of Proposition By arguing as in the proof of Proposition it suffices to show that the (X, i, q)-
smoothness condition (28) holds with p = 0 and some A = A(g) such that A(¢) — 1 when ¢ — 0, namely

1
gkcq(l—i-m)g)\kc(k) Vk>1,m>0, VeeC. (EC.27)

Clearly, this is equivalent to ¢?(1+m) < Aqc(k), and it is most restrictive when k£ = 1. On the other hand,
because the number of players n is fixed, in any strategy profile the load of any given resource is at most
n. Thus, one can always modify the costs ¢(k) to be constant for k > n, without affecting the equilibria
nor the social costs. Therefore it suffices to have the previous inequality for £ =1 and m = n. Now, taking

X ~ Binomial(n, q) we have

c(14+n)=qE[c(X)]=¢P(X=0)c(1)+¢P(X >0)E[c(X)| X > 0]
<gP(X =0)c(1) + qP(X > 0)He(1)
=q¢(1) [P(X =0)+ (1 -P(X =0))H],

and because P(X =0) = (1—q)", holds with A\(¢) =(1—¢)"+(1—(1—¢)")H — 1. O
Proofs of Section[4]
Theorem [5is a direct consequence of Theorem [2]and the following Proposition[EC.I] which determines the

optimal parameters (\, u) for which the class of games G(CY%) is (\, )-smooth.

PROPOSITION EC.1. Let gy = 1/4 and let §, ~ 0.3774 be the real root of 8¢> + 4q*> = 1. The optimal

parameters (\, j) that attain the tight bounds v(Ck;) are given by

1
1)4> lf0<QS(jO7
I1+qg++/a2+q) 1+q¢—+/q(2+¢q o _
(A p) = 5 ( ), 5 ( ) if Go<q<da, (EC.28)
14 2q+2¢>
Rl - if @i <q<l.
L 1+2¢ 1+2¢q

We split the proof of Proposition [EC.1| into three technical lemmas and three propositions, each one
dealing with one of the three subintervals of [0, 1] determined by g, and §;.

A sketch of the proof goes as follows. For each fixed ¢ we proceed to minimize A/(1 — p) over all (A, u)-
smoothness parameters satisfying (27). The latter is simplified as in condition below, which still
provides the optimal parameters for the tight bounds (CZ;). We next reduce the optimization over (\, z1) to
the minimization of a one dimensional convex function v, (y) over the region y > 0. This auxiliary function
1,(-) is an upper envelope of a countable family of affine functions, and for each ¢ it has a minimizer

4> Which takes different values, depending on where ¢ is located with respect to g, and ¢;. This optimal
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solution yields the three alternative expressions for v(Ck), with the corresponding optimal smoothness
parameters (\, ().

Our starting point is the following simple observation.

LEMMA EC.2. A pair (A, ) with A > 0 and p € [0, 1) satisfies 7)) for the class C.g iff
k(1+mq) <Ak(1—q+qk)+pm(l—q+qgm) Vk,meN. (EC.29)

Proof.  For an affine function ¢(x) = ax + b, we have ¢?(z) = ¢la (1 — ¢ + qx) + b]. It follows that
(EC29) is just the special case of (27) with @ = 1 and b = 0. Conversely, starting from (EC.29) and taking
k=1and m =0 we get A\ > 1, so that multiplying by a > 0 and adding kb > 0 on both sides we readily get

@7) for ci(-). O
From Lemma it follows that

y(CL) =inf{\/(1— p) : (\, p) satisfies (EC.29)} (EC.30)

which can be reduced to a one-dimensional problem. Indeed, condition (EC.29) is trivially satisfied for
k = 0 so we may restrict to the set P of all pairs (k,m) € N? with k£ > 1. Then, for any given € [0, 1), the
smallest possible value of A compatible with (EC.29) is

k(14 gm) —pm(l —q+qm)

A= su
i o k(1 —q+qk)
k:(1+qm)—m(1—q+qm)] L+gm
= sup +(1—p)—
e k(1 —q+qk) ( M)l—q+qk
from which it follows that
1 —m(l— 1
v(Cl¢) = inf A inf  sup = {k( *qm) =m(1—q+qm) +am .
Ao L= pel0) (kmyep 1 — 1 k(1 —q+ qk) 1—q+qk
Defining
g e 10,00) (EC.31)
I—p
and introducing the functions
kE(1+gm) —m(1—q+qm) 1+qm
k() = : EC.32
i) =y k(1 —q+qk) 1—q+qk (BC.32)
Yo(y)= sup 9y (y), (EC.33)
(k,m)eP

we obtain the following equivalent expression for the optimal bound in (EC.30):

7(Cl) = inf ¢y (y). (EC.34)
y>0
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If this infimum is attained at a certain y,, then we get v(C%;) = ¢,(y,) together with the corresponding

optimal parameters

Yq q ¢q(yq)
= d A=(1- =7
Y 1+, an ( M)’Y(Cafr) 1+,

To proceed, we need the auxiliary function v, (y) defined in the next lemma.

LEMMA EC.3. Forall g > 0 and y > 0 the following limit is well defined and does not depend on q

Voo(y) = lim sup ™ (y) = M-

k—o0 m>0 4y

(EC.35)

This function is strictly decreasing for y € (0,1) and strictly increasing for y € (1,00).
Proof. Fix y > 0and ¢ € (0,1]. The maximum of %™ (y) for m € N is attained at the integer 77 that is
closest to the unconstrained (real) maximizer (because Qpé“’m(y) is quadratic in m)

(y+1)gk—y(l—q)

(EC.36)
2yq

m=

For a large k, we have im > 0 and we may find f € (—31, 1] such that i = m + f. Then,

sup ((y+1)gk —y(1 — q))m — yqm? = yq(2m — m)m

yq(m+ f)(m— f)
yq(m? — f?)
(y+1)gk —y(1—q))?

= —yqf?,
4yq

from which it follows that

. 4yq
o = 1 =
Ve (y) s k(1 —q+qk) 4y

(y+ Dk -+ - ((y-+ Dk — (1~ 0))* ~ ya? (v+1)?

The monotonicity claims follow at once by computing the derivative ¢/, (y) = (y* —1)/(4y*). O
The following lemma gathers some basic facts about the function ), : [0, 00) — R and shows in particular

that its infimum is attained.

LEMMA EC.4. For each q > 0 the function 1,( - ) is convex and finite over (0,00), with 1, (y) — oo both

when y — 0 and y — oo. In particular, the minimum of \,( - ) is attained at a point y, > 0.

Proof.  Convexity is obvious as 1, ( - ) is a supremum of affine functions. The infinite limits at 0 and co
follow by noting that v, (y) > 1 (y) for y > 0, together with the fact that ,(0) = co which results from
letting m — oo in the inequality 1, (0) > )™ (0) = 1+ gm — oc.

To show that ¢, (y) < oo for y € (0, 00), we rewrite the expression of 1, (y) as

1 2
Yaly) =sup g~ | DE 45w [((y+ Dk —y(1 = g))m —ygm?] | (EC.37)
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Relaxing the inner supremum and considering the maximum with m € R we get

1 (y+1)gk—y(1—q))?
- |(y+Dk+
o k(1— g+ qk) w+1) 4yq

Pe(y) <

The latter is a quotient of two quadratics in k so it remains bounded and the supremum is finite.

Because 1, ( - ) is convex and finite on (0, c0), it is continuous. Moreover, because it goes to oo at 0 and
00, it is inf-compact and therefore its minimum is attained. [

Our next step is to find the exact expression for the optimal solution y, for all ¢ € [0, 1]. We will show
that, for ¢ large, the minimum of ,(-) is attained at a point y, for which the supremum in is

reached with k£ = 1 and simultaneously for m =1 and m = 2, that is,

wq(yq) = w;l(yq) = QP;’Q(yq)-

For smaller values of ¢ the supremum is still reached at k¥ =1 with either m =1 or m = 0, but also for &k

and m tending to co. This suggests to consider the solutions of the equations

def

Voo () =0 (y) = Y=y, —1/3 (EC.38)
1,1 def 1

oo (y) =y =y, = EC.39

DIy =P (y) = y=ge, L (EC.40)

1+q
Note that these three solutions belong to (0,1). Let also gy = 1/4 be the point at which v, , = y1 4, and
q1 ~ 0.3774 the point where y; , = y» , Which is the unique real root of 8¢® 4+ 4¢*> = 1.

PROPOSITION EC.2. The minimum of 1,( -) is attained at vy, , if and only if g € (0, o).

Proof. 'We will prove that

Vq(Y0.0) = Voo (Wo.q) = Vg " (Wo.0)  iff ¢ <o (EC.41)

Assuming this, because both ¢,°(-) and 1) (-) are minorants of ¢,(-), their slopes (¢2°) (yo,4) = 1
and ¢ (yo,,) = —2 are subgradients of ,(-) at yo,. Hence 0 € [—2,1] C 9,(yo,,) and yo , is indeed a
minimizer, as claimed.

To prove (EC.41)), we observe that the second part of this equality stems from the definition of yo , in
(EC.38). To establish the first equality, we note that ¢, (- ) < 1),(-), so it suffices to show that ¥, (v, ,) <

Yoo (Yo,4)» Which is equivalent to

k(1+gm)—m(1l—q+qm) I+gm _ (14 yo,)?

V(k,m)eP iff ¢q<g,. (EC42
yO,q k(]. _q+qk) 1 _q+qk — 4y0’q ( m) qd>4qo ( )

Substituting yo , = 1/3, the left inequality can be written equivalently as

0<q(2k—m—1)*>+m(1-3q)—q V(k,m)eP.
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This holds trivially for m = 0 so we just consider m > 1. Now, for k = m = 1 this requires ¢ < 1/4.

Conversely, if ¢ < 1/4 we have 1 — 3¢ > 0 and therefore m (1 — 3¢) increases with m so that
q2k—m—1?+m(1—-3¢) —q¢>m(1—-3q) —q>1—-4¢g>0. O

PROPOSITION EC.3. The minimum of 1,( ) is attained at y, , if and only if q € [Go, G-

Proof. 'We will prove that

Va(Y1,0) = Voo (Y1,4) = 7/};71(91@) iff g€ qo,q] (EC.43)

Assuming this, it follows that

(W) () =¢ and @ =9 (y1,) (EC.44)

are subgradients of ¢, (- ) at y; ,. Now, because y; , < 1, by Lemma[EC.3] we have o < 0'so that 0 € [a, ] C
0v,(y1,4) and therefore y; , is a minimizer.

To prove (EC.43), we observe that the second equality stems from the definition of y; , in (EC.39). To
establish the first equality, we note that 1o (-) < 9,(-), so it suffices to show that ¢, (y1 ) < Voo (Y1,4),
which is equivalent to

. k(14 gm) —m(1—q+qm) Ttgm _ (1441,
b k(1 —q+qk) l—q+qk = 4y,

V(k,m)eP, iffq€qo,q] (EC.45)
Dividing by ¥, 4 and letting

1+
z= Tyyl"’ =1+q¢+va(2+q), (EC.46)
L.q

the left inequality becomes

{k(l—i—qm)—m(l—q#—qm)] 1+gm

22 —1) < 22
k(1—q+ qk) 1—q—i—qkz(z )<z

Multiplying by k(1 — g + ¢k) and factorizing, this can be rewritten as

def

oy (s 02

(1-q)z—2)
7 W D272 5

ECA4
4q >0, (EC47)

2
) -0z 1-am-
so that, the left inequality of (EC.45)) is equivalent to Q,(k, m) > 0 for all (k, m) € P. We observe that

Q,(1,0) >0 = 2>2<=q>q (EC.48)

Q,(1,2)>0 =8¢ +4¢> —1<0 —=q<q (EC.49)

so that ¢ € [go, 1] is a necessary condition for (EC.43)). We now show that it is also sufficient.
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CASE 3. m = 0: The inequality Q,(k,0) > 0 is equivalent to z(1 — g + gk) > 2 so that the most stringent
condition is for k£ = 1, which holds for all ¢ > g, as already noted in (EC.48).

CASE 4. m = 1: From the very definition of y; , we have that holds with equality for (k,m) =
(1,1), so that Q,(1,1) = 0. Because Q,(k, 1) is quadratic in k, in order to have @), (k,1) >0 for all £ > 1,
it suffices to check that ),(2,1) > 0. The latter can be factorized as

Q,(2,1)=2(14+¢q)z(z —2) +1,
so that, substituting z and simplifying, the resulting inequality becomes

49(14+q)\/q(2+q) +4¢* +8¢° +2¢ — 1> 0.
The conclusion follows because this expression increases with ¢ and the inequality holds for ¢ = 1/4.

CASE 5. m = 2: As noted in (EC.49) we have Q,(1,2) > 0 for all ¢ < g;. On the other hand, because
z > 1 we have that Q,(k, 2) increases for k > 2, so that it suffices to show that ,(2,2) > 0. Now, Q,(2,2)

can be factorized as

Qq(2,2)=2(1+¢)(z - 1)* —4gz

and substituting z we get

Q4(2,2) =4¢°(1+q+q(2+¢q)) > 0.

CASE 6. m > 3: Let a« = (1 — ¢)z — 1 — g be the slope of the linear term in Q,(k,m). Neglecting the

quadratic part we have

(1-q)z—2)

Q,(k,m)>am— 1q

(EC.50)

and therefore it suffices to show that the latter linear expression is nonnegative. We claim that for all ¢ < ¢,

we have o > 0. Indeed, substituting z we get

a=(1-qa2+q) —q1+q),

so that « > 0 if and only if (1 — ¢)*(2 + q) > ¢q(1 + ¢q)* which simplifies as ¢> + 2¢ < 1 and holds for
q¢ <+/2 — 1, and in particular for ¢ < ¢;. Thus, the right hand side in (EC.50) increases with m, so what

remains to be shown is that it is nonnegative for m = 3. The latter amounts to

(1-q)z—2)?

3a>
a> 1q ,

which is equivalent to

2060 +1+¢*)(1—q)\V/q(2+q) >1+2q+11¢* +12¢° + 2¢*

and can be seen to hold for all ¢ € [go,q1]. O
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PROPOSITION EC.4. The minimum of 1,( -) is attained at ys , if and only if q € [q1, 1].

Proof. Fory =1y, ,and k = 1 the unconstrained maximizer in (EC.36)) is m = 3/2 so that the supremum

SUP,, >0 Ya " (Y2,¢) is attained at 7 = 1 and m = 2. The slopes of the corresponding terms are

q ifm=1,
(™) (y) :{ .
-1 ifm=2.

If the outer supremum sup, -, in is attained for k£ = 1 it follows that 0 € [—1, ¢] C 9%,(y,,) and,
as a consequence, ¥s , is a minimizer.

Considering the expression in (EC.37), and substituting the value of y» , and using the fact that for k = 1
the sup,,,~o ¥, "™ (y2,q) is attained at m = 1, it follows that sup, -, is attained at k£ = 1 if and only if

(1+2g)k+sup [(1+29)k — (1 —q))gm —¢m?] <[(1+¢)*+¢*|k(1—q+qk) VEk>2. (ECS5])
meN

We claim that this holds if and only if ¢ € [g1, 1]. To this end, we note that for all £ > 1 the unconstrained
maximum of the quadratic ((1+2¢)k — (1 — q))gm — ¢*m? is attained at

(14+29)k—(1-9q)

> 1.
2q

m=

Proceeding as in the proof of Lemma we may find an integer 2 > 1 and f € (—3, 1] such that m =

m + f. Hence, the supremum for m € N is attained at 777 and

- 1
su[R)I[((l +2q)k — (1 —q))gm — ¢®>m?] = ¢*(Mm* — f?) = Z((1 +29)k— (1—¢q))* —¢f%  (EC.52)
me

Replacing this expression into (EC.51)) and after simplification, the condition becomes

0<[8¢° +4¢> —1]k* +[2—2¢ —4¢> — 8¢° |k +4¢°f> — (1 —q)* Vk>2. (EC.53)

It follows that a necessary condition is 8¢> + 4¢*> — 1 > 0 which amounts to ¢ > ;. It remains to be shown
that, once ¢ > ¢, the inequality (EC.53) holds automatically. Consider first the case k > 3. Ignore the

nonnegative term 4¢> f* and define

Q(z) = [8¢* +4¢* —1]2° +[2 — 2q — 4¢° — 8¢°]x — (1 — q)*. (EC.54)
For ¢ > g this is quadratic and convex in x and we have

Q'(3)=40¢" +20¢* =2 —4>0 Yq=qu.
Hence ()() is increasing for = € [3, c0) and then holds for all £ > 3 because

Q(x)>Q(3)=48¢° +23¢° —4q—4>0 Vq>q.
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For k = 2 it is not always the case that Q(2) > 0 so we must consider also the role of the fractional residual

4q*y*. The inequality to be proved is

2(1+2q) + sup (1 +5q)gm — ¢*m? < [(1+q)* + ¢*]2(1 + q).
meN

The supremum for m € N is attained at the integer closest to

which can be either m = 3 or m = 4 depending on whether ¢ is larger or smaller than 1/2. Now, for these

values of m, the inequalities to be checked are

2(1+2q) + (1+5¢)3¢ — 9¢*> < [(1+¢)* + ¢*]2(1 + q),
2(1+2q) + (14 5¢)4q — 16¢> < [(1+q)* + ¢*]12(1 + q),

which reduce, respectively, to

0<4¢°+2¢° —q,

0< 4q3 +4q2 —2q,

and are easily seen to hold for all ¢ € [g;,1]. O

With all the previous ingredients the proof of our main result is straightforward.

Proof of Proposition[EC.]}  Substituting the expressions for the optimal solution y, derived in Propo-
sitions [EC.2] [EC.3] and [EC.4] we get the optimal bound (C%) = 1,(y,) which gives (37), as well as the

optimal parameters

— yq and )\ wq (yq)
L+y,

1+vy,’
which are shown in (EC.28). O

Proof of Proposition We observe that for the purely linear cost c.(z) = z, condition (28) reduces to

7

E(1+qgm)<Ak>+pumq(l+q(m—1)) (Vk,meN). (EC.55)

If we find a value for A and p with A > 1, then this guarantees that (28) holds automatically for all affine
costs ¢.(x) = a. x + b, with a, > 0,b. > 0. Indeed, we have ¢(x) = ¢(a. (1 + g(x — 1)) + b.) and because
A>1 we get

1

;kcg(ler) =ack(l+qm)+b.k
<Xa k* +bk+pumagac(1+q(m—1))
<Akc.(k)+pmci(m).
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Let € N\ {0}. We now show that, with

+1)g*+20g+1 1
(A, p) = (1) ;
20qg+1 20g+1

(EC.56)

(EC.55) holds for all k,m € N. For k = 0 this holds because ;> 0 and ¢ < 1. If k = 1, then (EC.53)) can be
reduced to (£ —m) (¢ + 1 —m)q* > 0, which clearly holds for all m € N. Finally, for k£ > 2 we note that the
expression A - k? +p-q-m(1+q-(m —1)) — k(1 +m - q) is quadratic in m. Its miminizer for m € R is

. k+q+20kg—1
m =
2q

and its minimum value is

(k4 1)(k—1) + k(k—2) +2g(1 —q) +4lg(1 T k(k =D+ (k—a)* _
4(20q+1) =

This implies (EC.55) for all £ > 2 and m € N, from which it follows that v, (C.s, q) < &¢(q). The proof is
then completed by taking the infimum over £ € N\ {0}. O

Appendix EC.2: Routing Games with Linear Costs are Tight for OPoA(C.«, q)

The following examples show that the upper bounds for the OPoA in Theorem [5] are tight and are in fact
attained (at least asymptotically) by network routing games with purely linear costs and homogeneous
players. We proceed in order with three examples that address the three regimes (0, ¢o|, [Go, ¢1], [¢1, 1], for
go =1/4 and g, ~ 0.3774. These examples are inspired by the minimization problems that define v(C%)
subject to the constraints (27).

EXAMPLE EC.1. Let k£ € N and consider a routing game with n = 2k players on the bypass network B,
shown in Figure Assume that p; = ¢ > 0 for all : € N Players i = 1,...,k have two strategies, s;
and §;, to travel from origin O; to destination D;. Strategy s; consists of an exclusive direct link e; with cost

¢;(x) = x, whereas the bypass strategy s; uses a faster shared link & with cost

o) = 1
R T i
connected to O; and D, by zero cost links (dashed). The remaining players i = k+1, ..., 2k have a common

origin O and destination D with a unique strategy 3; using the shared link &.

We claim that for each player i = 1,. ..,k the bypass §; is a strictly dominant strategy. Indeed, in every

strategy profile there are at most 2k players on €, and thus, forall 8" , € S_;,

. (1+(2k—1)q) (EC.57a)
<q=0Ci(s;,8";). (EC.57b)
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Figure EC.3 The bypass network 5. Dashed links have zero cost.

Hence, in the unique BNE all players use §;, whereas in the optimal profile s* players ¢ =1, ..., k use their
exclusive route s; = s; and players ¢ = k + 1,...,2k use their only available strategy s} = 5;. This yields

the lower bound

2kq - -(1+(2k—1)q)

1+ 2kq
(14 (k—1)q) +kq

_ 4kq+2-2q
- 3kq+2-¢q°

O POA(Cafﬁ q) Z

kg —— .
T 1 2kyg

This quantity increases towards 4/3 as k grows to oo. In particular, it follows that for ¢ € (0, 1/4], the bound
of Theorem [3]is tight.

EXAMPLE EC.2. Consider a pair of integers m >k > 1 and set n = m + k. We build a graph Gy,

consisting of a roundabout with n edges of the form (A;, B;), with linear costs h;(z) = yx, where

y= a (EC.58)

- m(l—q+gm)—k(1+qm)’

connected by zero-cost links (B;, 4;.1) (modulo n). Notice that v > 0. Additionally there are n exit edges
(B;, F;) with costs g;(x) = x. Figure illustrates the roundabout network G5 4.

Consider players ¢ = 1,...,n with p; = ¢ > 0. Players have origin nodes O;, each of which has two
outgoing links connecting to the roundabout at the nodes A; and A, (modulo n). Similarly, players have
destination nodes D;, each of which can be reached from the exit nodes F;,; ; and F} x,,,—1 (modulo
n). Each player ¢ has two undominated strategies that consist of entering the roundabout through one of
the two available entrances and proceeding clockwise to the closest exit leading to D;: (1) the short route
si ={hi,...,hiyk—1,9i+x—1}, which uses k resources of type h; and only one g;, and (2) the long route
Si=A{Pisks-- s Nitktm—1,YGitk+m—1}> Which uses m resources of type h; and only one g;.

If all players choose the long route s;, then each h; has a load of m players and each g, a load of 1, so

that every player experiences the same cost

q[my(1 —q+qm)+1].
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g O
J 5

Figure EC.4  The roundabout network G 4. For clarity only the origin and destination for player ¢ = 1 are shown. The corre-
sponding strategies are s7 = {h1, ha, g2} and s1 = {hs, ha, hs, he, g6 }. Dashed links have zero cost.
Shifting individually to the short route s} implies the cost
glky(14gm)+ 1+,

so that, by the choice of 7, all players using s; constitutes an equilibrium. The social cost of this equilibrium
is

C(s) =ng[m~y(1 —q+qm)+1].

Now, the feasible routing where all players use the short route s} gives an upper bound for the optimal social

cost. In this case the loads are £ on each h; and again 1 on each g;, so that
C(s") <nglky(1—q+qk) +1],

which yields the following lower bound for the PoA

(1+g)m(l —gq+gm)—k(1+gm)
OPoA(C.s,q) > .
(Cam @) 2 T+ )+ m(1— g+ m) — K(L+ qm)
Take z =1+ ¢+ +/q(2+ ¢) and m = | zk|. Then m > k for k large enough. In fact,

i — 2z, ask— oo.

With this choice of m both the numerator and denominator in grow quadratically with k, so that

dividing by k? and letting k — oo we get the asymptotic lower bound

OPoA(Cyrr, q) > (+gei-z l+a+vae2+a) (EC.60)
YT g+ -z 1-q+/4(2+9)

(EC.59)
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In particular, it follows that for ¢ € [y, ¢1], the bound of Theorem [3|is tight.

ExAMPLE EC.3. Consider the network congestion game of Figure The game contains 3 players, 6
costly resources {hy, ha, hs3, g1, g2, g3}, and 15 connecting links (the dashed links). Assume that p; = ¢ >0
for all ¢ € N. The cost functions are c.(z) = q - x for e € {hy,hy,h3} and c.(z) = x for e € {g1, 92,93},

whereas the dashed links have zero cost. Ignoring the dashed links, each player ¢ has two pure strategies

{hi,9;} and {h;_1,h;,1,g;11} (all indices are modulo 3).

Figure EC.5  The triangle network. The pure strategies {h;, g;} and {h;—1,hi11,g:+1} for player ¢ = 1 are highlighted in red

and blue respectively. Dashed links have zero cost.

A strategy profile s is a BNE if s, = {h;_1,h; 1, g:+1} for all i € N/, because
29(q+1)+1<q(2¢+1)+ (¢+1).
The corresponding expected total costs are
C(s)=3(¢*-4q+2q(1—q) - q) +3q.
Second, the strategy profile s* in which s; = {h;, g;} yields an expected total cost of
C(s") =3(¢* +q).

Therefore,

3q(1 +2g+ 2q° 2
q1+2q+2¢7) 4, 4
3q(1+q) 1+¢q

In particular, it follows that for ¢ € [gy, 1], the bound of Theorem [3]is tight.

OPoA(C.s,q) >
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Appendix EC.3: Congestion Games with Linear Costs are Tight for PPoA(C.s, q)

The following example, which is a variation of the congestion game in (Christodoulou and Koutsoupias
(2005)), will show that the bound of Theorem [6] is tight. Let ¢ € (0,1] and select ¢ such that @0) holds.
We will construct a sequence of Bernoulli congestion games with purely linear costs and n homogeneous

players with probabilities p; = ¢, such that, as n — oo, the prophet price of anarchy approaches &,(q) =

=(q)-

The resource set is composed of m disjoint buckets &, ..., &, where each &£, contains (’Z) + (411)

resources (see Figure below). Specifically, for every subset I C {1,...n} of cardinality |I| = ¢ we
include in &, a resource a, with linear cost o, , and for each J C {1,...n} with |J| = £+ 1 a resource b}
with cost apz. Each player i € {1,...,n} has m + 1 strategies: either choose a single bucket &, with all
the resources in it, or select a player-specific strategy s; that contains all the resources a}, and b} (across all

buckets &) whose label sets I and J include player s.

& &

w (@O (@@ O
- @) \@EC)

Figure EC.6  Example with n = 3 players, m = 2 buckets, and £ = 1. The m + 1 strategies of player i = 1 are either £; or &,

or the player specific strategy s; shown in blue.

We will fix oy, ap so that the profile where each player i selects her player-specific strategy s; turns out

to be a (pure) Nash equilibrium. For this profile, the expected cost for every player ¢ is

Cilsis i) =mg ((Z:D (14 (0= Dq)as + (”2 1) (1 +£q)a2>,

whereas a unilateral deviation to any of the alternative strategies £, produces the cost
n—1
s =a () )a+ -1
n—1
("5 ar) o
n—1
+q << ’ )(1+£q)

4 (Z; 11> (1+(+ 1)q)> .
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The equilibrium conditions impose C;(s;,s_;) = C; (&, s_;), which simplifies to

(m(f+1)=n)(1+Lq)+(€+1—n)q o (n—ml)(1+4q)+ (m—1)lq o

{41 n—2~

and can be achieved by setting

(m(l+1)—n)(1+Lg)+ (£+1—n)q

o s 7 (EC.61)
o — (n—me)(1+ Eq); (m—1)tq (EC.62)
e

For the costs to be nondecreasing, the slopes «;, as must be nonnegative, which translates into

m _ (1+4q)+q(1—42)
> > n
A R S (EY 7

_ 1
m _ 1+lq(1—7)

> -
@20 = n — 14+4q—q)

(EC.63)

. (EC.64)

To compute the social cost for this equilibrium we observe that the load of the resources a§ and bj are
distributed as Binomial(¢, ¢) and Binomial(¢ + 1, q), respectively. Letting p; = ¢q(1 + (£ — 1)q) and p =
(¢4 1)q(1 4+ ¢q) denote their corresponding second moments, we get

n n
serﬁé%(p) C(s)> m(<€) aypr + <€+ 1>a2p2>. (EC.65)

Now, the prophet observes the demand N ~ Binomial(n, ¢) and, among all the possible rules, can choose
to distribute the players as uniformly as possible over the strategies £;: when the number of players present
in the game is N =m [N/m| + j with 0 < j <m, put a load [N/m] on j buckets and a load [ [N/m | on

the remaining m — j buckets, which entails the social cost

(2] o= 2 ) (o (o))

Introducing the function L : R — [0, 1/4] defined as

L(x) = (¢ — |z))([z] — @), (EC.66)
and defining M = N/m so that j = m(M — | M |), we can simplify the expression

(3T/m1? + (m = ) LN/m)?) = (m \M >+ 5 (TMT° = |MJ?) )

o (L0 + - 1)) (72— 1))
:m(M2+L(M))

where this last identity is readily checked by considering the cases M =k and k < M < k+ 1 with k € N.

Hence, with N ~ Binomial(n, q), the expected social cost for the prophet is at most

Co <mE[(N/m)? + L(N/m)] ((Z) ar + <£Z 1)a2>,
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which combined with (EC.63) implies

pons 1 Darpr £ (s EC.67
O = B =B[N /m)? + L(N/m)] <("g)a1 + (611)%) ( )

Now, allowing m and n to increase to infinity subject to (EC.63)-(EC.64), the quotients m /n can approx-

imate any element of the interval

1+4q+q 1+ (g
(0+1)(1+4q) ¢(1+Lg—q) ]
We note that ¢ lies in this interval if and only if it satisfies (0), which holds because of our choice of ¢. So,

let us consider a sequence of instances with m, n tending to co with m/n — ¢. Then

and, because L( -) is continuous and bounded with L(1) = 0, the portmanteau theorem implies that the term
E[(N/m)*+ L(N/m)] in the denominator of R,,, converges to 1. The remaining terms in the quotient
R, can be simplified as

5 def (?)alpl + (411)0‘2@ (U 1)arpr+ (n—L)asps

Rm" - n n -
’ (M) ou + (Hl)aQ (l+1Da;+(n—40)as

Dividing numerator and denominator by n, and noting that (EC.61))-(EC.62) yield
(+1ay/n— Ll +1)¢* -1,
(n—0ay/n—1—L0l—1)¢°,

it follows that

[ IR (L(l+1)g* —1)p1+ (1 —L(L —1)g%) ps
T 204> '

Substituting the values of p; and p,, and simplifying the resulting expression, we conclude

0+ 1)g® +20g+1
24q

PPoA(Cu¢,q) > lim R,, ,, =lim R,,, ,, = =&(q) =Z(q).

This, combined with Proposition 4] completes the proof.

Appendix EC.4: Congestion Games with Polynomial Costs

In this section we prove Propositions 5| and [6]
Proof of Proposition5} By considering only the monomial ¢;(x) = 2% € P, and letting P denote the

set of all pairs (k,m) € N? with k > 1, we get the following lower bound

kci(m+1)—pmqcl(m)
PPoA(P4,q) > ~v({ca},q) = inf su d d .
(P27l a) = Inf ()P k(1 —p)q
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Taking ¢ = 1/n and choosing k = 1 and m = n, we can further minorize

1/n 1/n

Y{ea)1/n) > inf = ("al) )7;‘1 ), (EC.68)

Because ¢,/ " (n+ 1) > ¢i/"(n), the infimum in (EC68) is attained at 1 = 0. Therefore,
y({ea}, 1/n) 2 ney/ " (n+1) =E[(1+Y,)7),

with Y,, ~ Binomial(n, 1/n). Letting n — oo, we have that Y,, converges weakly towards a random variable
Y ~ Poisson(1). Therefore,

PPoA(P,;,0%) > lim E[(1+ Y)Y =E[(1+Y)4.

n—oo

The latter can be computed as

—1

(k+1 d+17=EYd+1,
kZ_: G BV

(1+Y)? ik—i—l
k=0

which is known to be the (d 4 1)-th Bell number B, (see Dobinski| 1877, Touchard|1939). O

To prove Proposition [6] we will exploit the following property.

LEMMA EC.5. Let h: N? — R such that h(i,j) + h(j,i) =0 forall i,j €N, and h(i,j) > 0 if i > j. Let
Y ~ Binomial(n,p) and Z ~ Binomial(m, p) be two independent Bernoulli variables. Then, E[h(Y,Z)] =0
ifn=mand E[L(Y,Z)] >0 if n>m.

Proof. The case n = m follows because E[h(Y, Z)] =E[h(Z,Y)] and E[A(Y, Z) 4+ h(Z,Y )] = 0. Sup-
pose next that n > m and let p; ,, = (7;) p'(1 — p)"~* denote the Binomial probabilities. Then,

m

ZZM J) PinDim

=0 7=0
> Zzh(i’j)pi,npj,m
=0 j=0

- Z [h(Z ])pZ”me+h(]a )pjnpzm]

0<j<i<m

Z h(Z,]) [pi,npj,'rn - pj,npi,m]a

0<j<i<m

where the inequality is a consequence of the assumption h(i,5) > 0 for ¢ > j and the last equality follows
from h(j,i) = —h(i,7). The conclusion E[h(Y,Z)] > 0 follows by using again the fact that h(i,j) > 0
combined with p; ;, ;.m > Pj,n Pi,m» Where the latter follows itself from the inequality (") (’J”) > (’;) (") for
alli>jandn>m. O
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Proof of Proposition[6] It suffices to show that any (A, ut)-smoothness parameter which is valid for ¢( - )
is also valid for all ¢f(-) with j < d. Now, for any fixed degree d and probability g, the smallest feasible

as a function of € [0,1) is

of kct(14+m) —pumci(m
Niu)= sup @, (d), where B, (d,) %L Balltm) Zpumey(m)
(k,m)es kci(k)

so that it suffices to prove that \%(y) increases with d.

For m = 0 we have @, (d, 1) = cj(1)/cj(k) whose maximum is 1 (attained for k = 1), whereas for k >
m > 1 we have @], (d, ) < cj(1+m)/cj(k) < 1. Therefore, in the supremum that gives A} (1) it suffices
to consider 1 < k < m plus the special case (k,m) = (1,0). Moreover, for x fixed the supremum can be
further restricted to those pairs (k,m) such that @}  (d, 1) > 0. Altogether, to establish the monotonicity of
Ag(pe) with respect to d, it suffices to show that for 1 <k <m with @} _(d,u) > 0 the quotient @} | (d, 1)
increases with d. To prove this, we will show that &  (d, ) > 0 implies 94(®{. ,, (d, u)] > 0.

Let us fix 1 <k < m with ®;  (d,u) > 0. Take independent variables Y ~ Binomial(m,q), Z ~

Binomial(m — 1,¢), and X ~ Binomial(k — 1, ¢), so that

_RE4+Y) —pm E[(1+2)]

Plom (12 kE[(T+X)1]

Differentiating with respect to d, and denoting f(i) = (1+4)? and g(i) = (14 4)?In(1 + 1), it follows that
04]®} ,,,(d, )] > 0 is equivalent to

(k E[g(Y)] — pm E[g(Z)]) E[f(X)] = (k E[f(Y)] — pm E[f(Z)]) E[g(X)].

Thus, using the independence, we deduce that 94[®7 ,,(d, )] > 0 if and only if

kE[g(YV)f(X) = f(Y)g(X)] = um Elg(Z) f(X) = f(Z)g(X)]. (EC.69)

Now, for k = m this inequality follows directly by applying Lemma [EC.3| with

h(i,j) = g(i) f(G) — F(D)g(j) = <1+z‘>d<1+j>”“<i L)

which shows that the right hand side of (EC.69) is 0 whereas the expression on the left is strictly positive.
Similarly, for £ < m the right hand side of (EC.69) is strictly positive, and the inequality can be rewritten as

pm_ E[g(Y) f(X) = F(Y)g(X)]
kT Elg(2)f(X) = F(Z2)9(X))

Given that the assumption ®}  (d, 1) > 0 translates into

pm
k

<
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it remains to show that

This is equivalent to

E[f(Y)]Elg(2)f(X) — f(2)9(X)] <E[g(Y)f(X) — f(YV)g(X)]E[f(Z)]

which further simplifies to

Elg(Y)f(2) = F(Y)g(2)] E[f(X)] = 0.

The latter follows again from Lemma which gives E[A(Y, Z)] > 0. Thus @, (d,u) > 0 implies
04[®7 . (d, )] > 0, as was to be proved. [

k,m

Appendix EC.5: List of Symbols

28T EIIENTFTQQONTNC O
8

slope of the affine cost function, defined in (36)
constant of the affine cost function, defined in (36)
d-th Bell number, defined in Proposition

bypass network, shown in Figure

cost of using resource e, introduced in (1))

expected social cost, defined in @), (ITb), and 21))
cost function of player ¢, defined in (I) and
ordinary social optimum expected cost, defined in (22))
prophet social optimum expected cost, defined in
class of cost functions

class of cost functions derived by the Bernoulli game, defined in Definition
class of affine cost functions, defined in (36)

degree of Bureau of Public Roads (BPR) functions
destination

resource

resource bucket, defined in the proof of Theorem |§]
difference between maximizer and its closest integer
finite subcover of [0, M|

class of games

graph

number of buckets of type 1

number of buckets of type 2

player

subset of players

(z— |z])([x] — x), defined in (EC.66)
unconstrained maximizer, defined in (EC.36))

closest integer

constant strictly smaller than ~,,(C, q)

number of players

number of players who use resource e, defined in
set of players
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N, random number of players who use resource e, defined in (10)
N7 random number of players different from ¢ who use resource e, defined in (10)
NY(s) > jen Yiliees;y, defined in Corollary

NE®? set of coarse correlated equilibria

NE“" set of correlated equilibria

NE set of Bayes-Nash pure equilibria

NE™> set of Bayes-Nash mixed equilibria

OPoA ordinary price of anarchy, defined in

o) origin

Di probability that player i is active

p vector of probabilities of being active

Pa class of polynomials of degree d with nonnegative coefficients
PoA(T) price of anarchy of game I, defined in (6]

PoA(C) price of anarchy of class C, defined in

PPoA prophet price of anarchy, defined in (26))

PPoA“* prophet price of anarchy for coarse correlated equilibria, defined in (34c)
PPoA~” prophet price of anarchy for correlated equilibria, defined in (34b)
PPoA™ prophet price of anarchy for mixed equilibria, defined in (344a))

q upper bound for p;, i € N

do = 1/4, defined in Theorem

¢ ~ 0.3774, unique real root of 8¢ + 4¢*> = 1, defined in Theorem

(/v=q

defined in (EC.54)

(x—|z]) [z] c([2]) + (1 =z + [z]) [z] ¢(|z]), defined in (EC-IT)
defined in (EC.47)

pi/q, defined in Corollary

> ien Estnor [Ci(s], 8-4)], defined in (EC.5)

20
£l

s strategy profile
] equilibrium strategy profile, defined in (3)
s* ordinary optimum strategy profile
) set of strategy profiles
Si strategy of player ¢
S; strategy set of player ¢
st optimal strategy profile when the realized player set is Z, defined in (24)
T {(c,k,m): ceC\{co},k € N;,m e N}, defined in (30)
Wi indicator of player 7 being active
T, number of players who choose resource e
X random variable ~ Binomial(k — 1, ¢), defined in (I8)
X. random load on resource e
y /(1 — p), defined in (EC.31)
Y Y, defined in Lemma
Y; random variable ~ Bernoulli(r;), defined in Lemmam
z (14 91.,4)/2y1 4. defined in (EC.46)
Z; random variable ~ Bernoulli(¢), defined in Lemma
o subgradient of ), defined in
1
Benm(w) L™y U (1 ), defined in
~(C) bound for the price of anarchy for the class C, defined in (9)
Yor(C, q) bound for the prophet price of anarchy, defined in (29)
r game

re Bernoulli congestion game
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¢ integer such that ¢ = (/v ~ ¢, defined in (EC.19)
n constant in [0, 1] defined in (EC.18))

0 integer such that 7j = 6 /7 & ), defined in (EC.19)
K nvk

K K+mj

A parameter of (\, u1)-smoothness, defined in (8)

1 parameter of (A, u)-smoothness, defined in (8]

v integer such that ¢ = (/v ~ ¢, defined in
&(q) Z(Hl)q;#, defined in (38)

=(q) infy>1 &(q), defined in (38)

T integer such that 7 = 6 /7 & 1), defined in (EC.19)
o potential, defined in (16)

¥, defined in (EC.33)

Yrm defined in

Voo defined in (EC.35)

U(w) defined in Lemma

Uern(-) defined in (EC.7)

w 1/(1—p)

{C.l} Stirling number of the second kind
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