LUISS

IRIS - Luiss Guido Carli Research Institutional Repository | Catalogo istituzionale della ricerca Luiss Guido Carli

Weighted average-convexity and Shapley values

Post-print version of the following publication: | Versione post-print della seguente pubblicazione:

Original Citation/Citazione:
Skoda, A; Venel, Xavier Mathieu Raymond. (2023). Weighted average-convexity and Shapley values. GAMES AND
ECONOMIC BEHAVIOR, (ISSN: 0899-8256),140: 88-98. Doi: 10.1016/].geb.2023.02.008.

Availability/Disponibilita:
This version is available at: 11385/232858 since: 2023-10-12T07:50:40Z - Questa versione é disponibile alla pagina:
11385/232858 dal: 2023-10-12T07:50:40Z

Publisher/Casa editrice:

Published version/Pubblicato:
DOI: https://dx.doi.org/10.1016/j.geb.2023.02.008

License/Licenza: ‘
Attribution 4.0 International

Availability/Termini d'uso:

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing policy. Works
made available under a Creative Commons license can be used according to the terms and conditions of said license. For
all terms of use and more information see the publisher's website. | | termini e le condizioni relativi al riutilizzo della
presente versione della pubblicazione sono disciplinati dalla politica editoriale. Le opere messe a disposizione con
licenze Creative Commons possono essere utilizzate conformemente ai termini e alle condizioni previste da tali licenze.
Per linsieme delle condizioni di utilizzo e per ulteriori informazioni si rinvia al sito web dell’editore.

This item was downloaded from IRIS Luiss (https://iris.luiss.it/). When citing, please refer to the published
version. | Questo documento e stato scaricato da IRIS Luiss (https://iris.luiss.it/). Per la citazione, fare
riferimento alla versione pubblicata sul sito dell'editore.

(Article begins on next page | Il contributo inizia nella pagina successiva)
02 May 2026


https://dx.doi.org/10.1016/j.geb.2023.02.008
https://hdl.handle.net/11385/232858
https://hdl.handle.net/11385/232858
http://creativecommons.org/licenses/by/4.0/

Games and Economic Behavior 140 (2023) 88-98

Contents lists available at ScienceDirect

Games and Economic Behavior =

journal homepage: www.elsevier.com/locate/geb ——

. . #A\? —
Weighted average-convexity and Shapley values N
Chedcktfor
. . updiates
Alexandre Skoda?, Xavier Venel °+*
4 Université de Paris I, Centre d’Economie de la Sorbonne, 106-112 Bd de I'Hopital, 75013 Paris, France
b pipartimento di Economia e Finanza, LUISS University, Viale Romania 32, 00197 Rome, Italy
ARTICLE INFO ABSTRACT
Article history: We generalize the notion of convexity and average-convexity to the notion of weighted
Received 10 September 2022 average-convexity. We show several results on the relation between weighted average-

Available online 9 March 2023 convexity and cooperative games. Our main result is that if a game is weighted average-

convex, then the corresponding weighted Shapley value is in the core.

'Ilffjji‘g:r’f; © 2023 The Authors. Published by Elsevier Inc. This is an open access article under the CC
Convexity BY license (http://creativecommons.org/licenses/by/4.0/).

Average-convexity
Weighted Shapley value

1. Introduction

We consider a situation where a set of players N = {1, ..., n} can cooperate to generate some profit. It is usually assumed
that any coalition S € N of players is feasible and that the profit generated by the players in S can be freely distributed
among them. This kind of situation corresponds to a cooperative game with transferable utility. One of the key questions
in this framework is to allocate to each player his share of the profit generated by the grand coalition N. Any share of the
total worth of N between the n players is called a solution of the game.

Lots of solution concepts have been introduced and they can be divided in two different families: single-valued solutions
and set-valued solutions. The best-known singled-valued solution in cooperative game theory is the Shapley value intro-
duced and characterized in Shapley (1953b). The Shapley value allocates to each player its average marginal contribution
and is always defined. A typical set valued solution is the core (Gillies (1959)). The core is the set of allocations that are
efficient and coalitionally rational, two particularly desirable properties in the context of cooperative games. An allocation
is efficient if it fully distributes the worth of the grand coalition N among the n players. Coalitional rationality requires that
for every coalition S the total payoff obtained by S is at least equal to the profit that it can generate by itself. Hence no
coalition can have an incentive to leave the grand coalition N. Unfortunately, the core of a game may be empty but some
properties of the game can guarantee the non-emptiness of the core and more specifically that the Shapley value lies in the
core.

Shapley (1971) introduced the class of convex games. In a convex game, the marginal contribution of a player is an
increasing function with respect to the coalition size. Shapley (1971) showed that if a game is convex, then the Shapley
value belongs to the core and therefore the core is non-empty. In fact, the convexity assumption is very strong and can be
relaxed to ensure that the Shapley value is a core element. Ifiarra and Usategui (1993) introduced a weaker notion than
convexity, called average convexity and proved that it is a sufficient condition for the Shapley value to be in the core. In the
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average convexity, one compares averages of marginal contributions instead of comparing directly marginal contributions.
More precisely, for any coalition the sum of the marginal contributions of the players belonging to this coalition has to be
less or equal to the sum of the marginal contributions of the same players in a larger coalition. Independently, Sprumont
(1990) established a result similar to the one of Iflarra and Usategui (1993) but in a different framework as he investigated
population monotonic allocation schemes (PMAS). In particular, average convexity is also a sufficient condition for the
existence of a PMAS.

By definition, the Shapley value is symmetric between the players. But many situations like for example players rep-
resenting groups of individuals or players having different bargaining powers are naturally asymmetric. Shapley (1953a)
extended the notion of Shapley value to weighted Shapley value by considering asymmetric positive weights on the players.
Even more general, Kalai and Samet (1987) introduced the notion of weight system introducing different priorities on the
players and provided an axiomatic characterization of the weighted Shapley values. Further results and characterizations of
the weighted Shapley values were proven in Hart and Mas-Colell (1989). Monderer et al. (1992) proved that if the game
is convex, then the weighted Shapley values are in the core (for any weight system). Moreover, they showed that for any
game one can obtain all the elements of the core as weighted Shapley values by varying the weight system.

The main goal of this article is to establish given a weight system a weaker sufficient condition than convexity to ensure
that the weighted Shapley value belongs to the core. To do so, we introduce the notion of weighted average-convexity
generalizing the average-convexity of Iflarra and Usategui (1993). We prove then that it is indeed a sufficient condition.

The outline of the article is the following. Section 2 provides classical definitions in cooperative game theory, including
several equivalent definitions of the Shapley value and sufficient conditions for it to be in the core. In Section 3, we first
recall the definition of the weighted Shapley value and introduce the notion of weighted average-convexity. Then we prove
our main result that weighted average-convexity is a sufficient condition to ensure that the weighted Shapley value belongs
to the core.

2. TU-games and classical Shapley value
2.1. TU-games

A TU-game is defined by a set of players N and a characteristic function v from 2N to R that satisfies v(#) = 0. An
allocation is a vector x € RN that represents the respective payoff of each player. It is said to be efficient if

> xi=v(N),
ieN

and individually rational if every player receives at least the value that he could guarantee alone
VieN, x;=zv({i}).

This last property can be extended to coalitions. An allocation is coalitionally rational if for every coalition the sum of payoffs
of its members is at least the value of the coalition
VSCN, Y xi>v(s).
ieS

The core is the set of efficient and coalitionally rational allocations. Formally,

C(v) = [x eRV, in =v(N), in >v(S),¥VSCN}.
ieN ieS
A player i in N is a null player if v(S U {i}) = v(S) for every coalition S C N\ {i}.
A game (N, v) is superadditive if, for all A, B € 2N such that ANB =, v(AUB) > v(A) + v(B).
For any given subset # = S C N, the unanimity game (N, us) is defined by

1 ifADS,
us(A) = { 0 otherwise.

Let us consider a game (N, v). For arbitrary subsets A and B of N, we define the value

Av(A,B) :=v(AUB)+Vv(ANB) —v(A) — v(B).

A game (N, v) is convex if its characteristic function v is supermodular, i.e., Av(A, B) >0 for all A,B € 2N or equivalently,
forallieNandall SCTCN withieS$

v(S) —v(S\{i}) < v(T) —v(T\ {i}).
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Shapley (1953b) proved that every cooperative game (N, v) can be written as a unique linear combination of una-
nimity games, v = ngN As(v)us, where Ag4(v) =0, and for any S # @ the coefficients As(v) € R are given by As(v) =
ZTES(—l)s‘[v(T). We refer to these coefficients As(v) as the unanimity coefficients' of v.

2.2. Shapley value

The Shapley value of (N, v) is a solution concept. In terms of the unanimity coefficients the Shapley value is given by

1
di(v) = —As(V),
i(v) Z s ()
SCN:ieS
for all i € N. It is equivalent to say that the Shapley value associated to a game (N, v) is a linear function and that the
allocation associated to the unanimity game of set S is

l . .
5 ifies,

Xj = .
0  otherwise.

Hence, the agents in S share the utility of 1 in equal shares.

Another definition is based on the following story. Consider that all the players are in the room. At every stage, one
player is chosen uniformly among the remaining players and leaves the room. When leaving, he obtains as payoff its
marginal contribution between when he was present and when he was not anymore. The Shapley value is its expected
payoff. Formally, let £ be the set of ordered sequences, then define U/ to be the uniform distribution over £. Then

@i(v) =Ey (v({L =1} —v({L > i})),

where {L > i} (resp. {L > i}) is the set of agents (resp. strictly) after i in the list L, i.e. {j € N, L(j) > L(i)} (resp. {j € N, L(j) >
L@}).

Let us justify this alternative definition. First, the right-hand side is indeed a linear function of v. Second, let us consider
the unanimity game (N, us). Given an order L, we define the pivot of S the first occurence of an element of S. Formally, it
is the element i of S such that L(i) is minimal. By definition of us, the marginal contribution of an agent is equal to 1 if
and only if this agent is a pivot. Hence

1
Ey (us({L > i}) —us({L > i})) = Py (i is pivot of S) = 5
By symmetry of U/, the probability for i to be the pivot of S is % giving the result.
Shapley (1953b) showed that the Shapley value of a convex game belongs to the core. Looking for a weaker condition

insuring that the Shapley value of a game lies in the core, Ifiarra and Usategui (1993) relaxed the convexity assumption by
introducing the notion of average convexity.

Definition 1. The game (N, v) is average convex if for every SC T C N,

D WS = vS\ (i) <) ((T) = v(T\ {i}).

ieS ieS
They obtained the following result.
Proposition 1 (Ifiarra and Usategui (1993); Sprumont (1990)). If the game is average convex then the Shapley value is in the core.

3. Weighted Shapley value and weighted convexity
3.1. Weighted Shapley value

The notion of Shapley value was then extended in Shapley (1953a) and in Kalai and Samet (1987) to weighted Shapley
value. In the first one, the weight of each player is strictly positive whereas in the second one, a player may have a null

weight. It is then necessary to define a weight system to describe how the players with a zero weight would share their
contributions when only them are present.

1 The As’s are also called Harsanyi dividends in cooperative game theory (Harsanyi, 1963).
2 Sprumont (1990) established the same result. Average convex games are called quasiconvex in Sprumont’s work.
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Formally, a weight system is a pair (w, ¥) where w € RLL and X = (N1, ..., Np) is an ordered partition of N. It is
called simple if X is equal to the singleton N. m will be the size of the partition. Given an element i in N, we define its
priority denoted by p(i) as the unique integer such that i € Np;). Given a set S, we define the priority of S, denoted by
p(S), as the largest k € {1,---,m} such that N, NS # @. Notice that this coincides with the previous definition if S is a
singleton. Moreover, priority is a nondecreasing mapping. We also define S as the elements in S with the highest priority,
ie,S={ieS, pi)=p©S)).

Definition 2. The weighted Shapley value with weight system (w, X) is the unique function from the set of TU-games to
allocation such that

e it is linear,
e the allocation of the unanimity game on the set S is defined as follows: for all i € N,
wj ap e =
-, ifies,
X = D ies i
0 otherwise.

In the previous definition, it is interesting to distinguish three sets of agents: S, S—S and N — S. In the unanimity game
with set S,

e agents in N — S are not contributing to obtain a positive payoff, hence they obtain 0,

e agents in S — S are contributing to obtain a positive payoff but they have low priority, hence they obtain 0,

e agents in S are contributing to obtain a positive payoff and have the highest priority inside S, hence they share the
total value of 1.

It is convenient for the following results to define the relative weight of the agents in the unanimity game on S. Given a
set S, one defines for alli e N

wiifies,
®! =10ifieS\S,
0ifi¢s.
We also define @° as the sum for all i € S of Eis. Notice that it is equal to the sum of the weights of elements in S.
Moreover, the unanimity games on S and S lead to the same allocation vector.
Using the decomposition of a game into unanimity games, we obtain that the (w, ¥)-weighted Shapley value ®® of a
game (N, v) is defined for all i € N by
—S
w; ;i
W)= Yy = Y w—;ks(v)-

SCN:ieS SCN:ieS

The interesting case is if i is in S and not in S. It means that the priority of i is too low hence, he does not obtain a
contribution.

Similarly to the classical Shapley value, a third interpretation can be given to the weighted Shapley value. Recall that £
is the set of ordered sequences on N. Let [P be a probability over £, one can define an allocation as follows: let

WP (v) = Ep (v({L > i) —v((L > i})).

When P is the uniform distribution, one obtains the classical Shapley value.
Let us now define a probability distribution P, 5 generating the (w, ¥)-weighted Shapley value. We define it by induc-
tion:

e Let N be the set of agents with highest priority in N.

e Then L(1) is equal to i with probability EgV/EN. In particular, it is strictly positive if and only if i has highest priority
or equivalently i € N,

e Given L(1) fixed, (L(2), ....,L(N)) are defined following the distribution associated to the projection of (w, ) to N\
{L(D}.

In particular by construction, if i, j € N such that p(i) > p(j) then the probability under P of an order L where j appears
before i in the order is equal to 0.

Proposition 2. Given N and Py, 5, then WFo.=(v) is equal to the (w, £)-weighted Shapley value ®®.
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Proof. Proof in Appendix A. O
3.2. Weighted-convexity
We now extend the notion of average convexity by introducing weights.

Definition 3. Let (w, ) be a weight system, we say that the game is (w, X)-convex if for every SC T C N,
(Z@T (V(T)—V(T\{i})—v(5)+v(5\{i}))) 20 (1)
ieS

In particular, notice that if p(S) < p(T), then for every i € S, @T =0 and the corresponding inequality is satisfied by any
game. If £ ={N} and if all weights are equal, then (w, ¥)-convexity corresponds to average-convexity.

Remark 1. Let us comment the link between convexity and (w, X)-convexity. It is clear that if a game is convex then it
is (w, X)-convex for any weight system (w, ¥). Moreover, one can observe that the converse is true. Let us consider a
game that is (w, X)-convex for any weight system (w, X). For every i € N, Equation (1) applied with w ={1,...,1} and
¥ = (N\ {i}, {i}) yields

(v(T) = v(T\{i}) —v(S) +v(S\{i}) >0,

for every S C T C N with i € S. This corresponds to the definition of convexity.

It is well known that average-convexity implies superadditivity (Iflarra and Usategui (1993)). We prove that (w, X)-
convexity also implies superadditivity for any weight system.

Proposition 3. Let (w, X) be a weight system. Let (N, v) be an (w, X)-convex game, then v is superadditive.
Proof. Proof in Appendix B. O
3.3. Results
One obtains the following theorem which extends the result of Ifiarra and Usategui (1993).
Theorem 1. Let (w, ¥) be a weight system. If the game is (w, X)-convex then its (w, X)-weighted Shapley value is in the core.

Let us insist that the previous theorem is only stating a sufficient condition. It is even possible as shown in the next
example that a game is (w, X)-convex for some weight system, is not (', X")-convex for another weight system while both
corresponding weighted Shapley values are in the core.

Example 1. We consider the following game (N, v) where N = {1, 2, 3} and

2 if S=N,
3/2 ifS=1{1,2},
1 if S ={2, 3},
0 otherwise.

v(S) =

One can check that this game is average convex and therefore the Shapley value is in the core. On the contrary, let (w, X)
be equal to ((8,1, 1), (N)). The game is not (w, ¥)-convex. Indeed, if one considers the sets {1,2} C N, then

8(v(N) —v({2,3}) —v({1,2D) + v({2})) + (v(N) — v({1,3}) — v({1,2}) + v({1})),
=8x(2—-1-3/240)+(2—-0—-3/2+0),
=—-4+1/2<0.

Hence Equation (1) is not statisfied and the game is not (w, ¥)-average convex. Nevertheless, the (w, ¥)-weighted Shapley
value is such that
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@Y (v) = 56/60,
@Y (v) =37/60,
DY (v) =27/60,
and, therefore, the (w, X)-weighted Shapley value is in the core.
The first part of the proof is inspired from (Sprumont, 1990). Let (N, v) be a given game. For any non-empty coalition

T C N, we denote by vT the subgame of v induced by T, ie., vI(S) = v(S) for any S C T. Let ®®(vT) be the (w, T)-
weighted Shapley value of the subgame v'. Define the vector W® = (W)ier, TeP (N Tecursively by

w aIT : a)] 0
Wit = = (v(D) = VT \ (i) + > =R
JjeT\{i}

forallieT, T € P(N), and setting W{) =0 for all i € N.
Proposition 4. For all T € P(N), (W4)jer = @2 (v7).
Proof. Proof in Appendix C. 0O

As a consequence, one obtains the following result.

Proposition 5. Let us denote by ®F the (w, X)-weighted Shapley value of vT. We have

w aIT : a; w
i = —F V(1) = v(T\ i) + > =R
JeT\{i}

forallieT.
Let us now prove the main result.
Proof of Theorem 1. We do a proof by induction. If n = 1, the result is true. Let n > 1 and assume that for all (w, X)-convex

games of size n — 1, the result is true. Let us consider an (w, X)-convex game v of size n. We check the condition for ®%
to be in the core. Let T be a subset of N. By Proposition 4 and by definition of ¥®, we get

DR = Wi,

ieT ieT
—N —N
w:; 3 w
=Y | @M —vIN\ID + D = |
ieT keN, k#i
1 _ ) _
=— | Do) —viN\ I+ Y @y [ Y ] |- (2)
ieT keN i#k,ieT

By Proposition 4, we have ®®(vN\k) = (\II?I)\J\k)iEN\k and by the induction assumption, ®©(vN\¥) belongs to the core of vN\k,

We distinguish two cases for the sum Zi#,md \IJ?I)\,\,(:

e If k€T, then one sum for all i € T \ k and by induction assumption
D R = v(T\ k. 3)
i#k,ieT

Let us note that (3) is satisfied at equality for T = N.
e If k¢ T, then one sum for all i € T and by induction assumption

DR = v(T). (4)
ik, icT

93



A. Skoda and X. Venel Games and Economic Behavior 140 (2023) 88-98

If T =N, then (2) and (3) imply > ;.y ®’(v) = v(N). Let now T be a strict subset of N. By (2), (3), and (4), one obtains

1
Zcbf”(v»ﬁ > @ (v(N) = v(N\ (i) + Y @ v(T\k+ > @ v(T)

ieT ieT keT keN, k¢T
Finally, the assumption of (w, ¥)-convexity implies
1 _ . _ —
Y oWz — [ D@ (M) =T\ (i) + ) @v(T\b+ > @y v(T)
ieT w ieT keT keN,k¢T
We now see that the terms v(T \ {i}) are compensated by v(T \ {k}), whereas the terms v(T) are accumulated with a total
weight of w", hence
Y oPw)=v(T). o
ieT
Declaration of competing interest
We have no conflict of interest to declare.
Data availability

No data was used for the research described in the article.

Appendix A. Proof of Proposition 2

Proof. Let us check that this definition is indeed coherent with the first definition of the weighted Shapley value. Since it
is defined through the expectation of v under the probability distribution P, 5, it is clearly a linear mapping of v.
Fix the unanimity game on the set S, then

e A player not in S will never have a positive marginal contribution, hence his value is 0.

e A player i in S only has a positive marginal contribution, if S € {L > i} and i is the pivotal element, hence the first
element of S in L. What is the probability of this event? If i is not in S, then this probability is 0, hence he obtains 0.
If i is in S, then its probability is exactly 6,5 /55 . The key argument is that the probability of the first element of S to

appear to be i conditionally on the fact that an element of S is picked at the current stage is exactly equal to 515 /ES .
Letie S. Forany t € {1,...,n}, we set L¢; = {L(u), u < t}. Formally, we have

Py, 5 (i pivot of S)
n—1

=Y Y Pos(te+n=ita=T),

n—1
- ¥ Pw,z(L(tH)es, Lgt=T)Pw,;(L(r+1):i|L(t+1)es, L<[=T),

t=0TCN-S,
IT|=t
nt Pox((LE+ D =i N{LE+ 1 eSIN{Ler =T})
=3 > Pus(le+Des La=T) :
=TS Py s(ULE+ D eS)N (L =T})

=E > IP’w,z(L(tJrl)es, LSt:T)P“’*EO(t‘H):iILgt=T>

t=0 T%_[\‘I—S, Pw,z(L(t-H) € S|Lgt =T>
=t
n—1 E:\FT
=NT
=3 Y Pus(le+Des La=T) [ =T
— _ J
s yes e

By assumption T C N — S, hence N — T is a superset of S and therefore p(N — T) is greater or equal to p(S). We
distinguish two different cases,

94



A. Skoda and X. Venel Games and Economic Behavior 140 (2023) 88-98

- if p(N—=T) > p(S), then P(L(t) €S, Yu<t, L(u) ¢ S) =0, since any element of S has still a too low priority.

- if p(N = T) = p(S), then for every i € S, @' | = w; whereas for i € S — S, one has @} ' =0.
Hence,
n—1 w
Pos(Scitzi)=Y 3 Pos(le+es fwu<n=T)="2—,
t=0 TCN—S,|T|=t D jes @i
65

n—1
:—_{5 Z Z Pw,Z(L(t+])€S,{L(u),ugt}:']")7

@7\ =0 TcN=s,|T|=t

—sS /n—1
@i
== <Z;Pw,):(l~(t+ Des. vust, L) ¢ S})> ,
t=
=S
% g
65

Appendix B. Proof of Proposition 3
Proposition 3. Let (w, X) be a weight system. Let (N, v) be an (w, X)-convex game, then v is superadditive.
The proof of the proposition relies on the following lemma.

Lemma 1. Let (N, v) be an (w, X)-convex game. Let us consider S, T, U C N suchthat SNT =%, U C T andforalls € S, p(s) > p(U)
and p(s) > p(T) then

V(SUT) —v(T) = v(SUU) — v(U). (5)

Proof. The proof is by induction on |S|. If |S| =1, then we set S = {i} and (w, X)-convexity applied to S'={i}jUU C T’ =
{i} UT implies

@ (v({i}UT) —v(T) > @] (v({i}UU) — v(U)).

By assumption on the priorities, we have p(i) = p(T’) hence EIT, > 0 and one can divide the inequality by EIT/ > 0. We
obtain that (5) is satisfied for |S| =1.

Let k be a given integer with k > 1. Let us assume (5) satisfied for any triple S, T, U € N such that SNT =¢, U € T, and
forall se S, p(s) > p(U), p(s) = p(T), and |S| =k. Let us consider S, T,U € N such that SNT =@, UCT, and for all s S,
p(s) > p(U), p(s) > p(T), and |S| =k + 1. Let us set wlo.g. S={1,2,...,k+ 1}. (w, ¥)-convexity applied to SUUCSUT
implies

k+1 k+1

Y @B WSUT) —v((S\{(HhuT) =D @] * (v(SUU) = v((S\ {iHuU)). (6)

i=1 i=1
We do not need to consider other element in SUU since all elements of U have too low priorities. By induction hypothesis,
we have

v(S\{HUT) —v(T) 2 v((S\{ihUU) —v(),
for alli e ({1,2,...,k+ 1}. Multiplying each inequality by E,TUS and adding them to (6), we get

k+1 k+1
Y@ U —vT) =Y @ P ul) - vU)). )
i=1 i=1

This implies (5) and proves the result at the next step of the induction. By the principle of induction, the result is true for
every set S. O

Proof of Proposition 3. Let us consider S, T € N such that SN T = @. We have to prove
v(SUT) —v(T) > v(S) —v(®). (8)
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The proof is by induction on |S|.
Let us first assume |S| =1. We set S = {i}. If p(i) = p(T U {i}), then (w, X)-convexity applied to {i} C {i} U T implies

v{{iuT) —v(T) =2 v({ih — v(®), 9)
and (8) is satisfied. Otherwise, we necessarily have p(i) < p(T U {i}). Let us consider the subset T*={j € T, p(j) > p(i)}.
As p(i) > p(T\ T*), (w, X)-convexity applied to {i} < {i} U (T \ T*) implies

v} UTA\T) = v(T\T") > v({i}) — v(®), (10)
As p(j) > p(@i) = p(T\ T*) for any j in T*, Proposition 1 applied with T* and T \ T* C {i} U (T \ T*) implies

v UT) = v{ifU(T\T%) 2 v(T) = v(T\ T"). (11)

(10) and (11) imply (9) and therefore (8) is still satisfied.

Let k be a given integer with k > 1. Let us assume (8) satisfied for any pair S, T € N with SNT =¥ and |S| =k. Let us
consider S,T € N with SNT =¢ and |S| =k + 1. Let us first assume p(S) = p(SUT). Then (w, X)-convexity applied with
S C SUT implies

S w;r(SUT) = v(S\ THUT) = Y ) (v($) = v(S \ [j})). (12)
jes jes

By induction hypothesis, we have

vS\NHUT) Zv(S\{jh +v(T), Vjes. (13)
Multiplying each inequality by w; for all j in S and adding them to (12), we get

Y wv(SUT) =Y wj(v(S) + v(T). (14)

jes jes

This implies (8).
Let us now assume p(S) < p(SUT). Let us consider the subset T* ={j e T, p(j) > p(S)}. As p(S) > p(T\ T*), (w, X)-
convexity applied to S € SU (T \ T*) implies

Y wj(SUT\T) = v((S\GHUT\T)) =Y 0;(v($) = v(S\ {j}). (15)
jes jes
As p(k) > p(S) = p(T \ T*) for any k in T*, Proposition 1 applied with T* and (S\ {j}HUT\ T* C SU(T \ T*) implies
VSUT) = v(SU(T\T") Zv((S\{FHUT) = v((S\ {JHU(T\T"), VjeSs. (16)
By induction hypothesis, (13) is also satisfied. (13) and (16) imply
VSUT) = v(SU(T\T*) Zv(S\ {jh +v(T) = v((S\ {jHU(T\T?), VjeSs. (17)
Finally, multiplying each inequality by w; for all j in S and adding them to (15), we get (14) and this implies (8). O

Appendix C. Proof of Proposition 4

We first establish a formula for the (w, X)-weighted Shapley value in terms of the marginal contributions.

Lemma 2. The (w, X)-weighted Shapley value can be defined as follows

POW) =Yy (v(S) = v(S\ {ih)
SCN
ieS

where
> (—1)f—5% ifies,

Nw _ TCN:
Vs.i = T2S,p(T)=p(S)

0 ifieS\S,
forall S € N with S # 0.
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Proof. By definition, we have

LHOEEDY ‘xs<v>— )OI ‘v(T)

SgN:ieS SCN:ieSTCS
We get
S
OP(W)= Y | Y (DT —w(T\ (i) | =
SCN:ieS | TCS:ieT
S
= Y PG et —5 | V(D = v(T\{i}) (18)

TCN:ieT | SCN:SOT

For any pair S, T occurring in (18) we have i € T € S and thus p(i) < p(T) < p(S). As Eis = wj (resp. Eis =0)foralliesS
with p(i) = p(S) (resp. p(i) # p(S)), we get the result. O

Let ®“(vT) be the (w, £)-weighted Shapley value of the subgame vT. We have

(v ="y P (v(S) — v(S\ {iD). (19)
SCT
ieS

Define the vector W = (WV{})icr, TeP(v) Tecursively by

o7 o]
\vi‘;=a—;<v(T)—v(T\{r})>+ P AP
JjeT\{i}

forallieT, T € P(N) and setting ¥} =0 for all i € N.
We recall Proposition 4.

Proposition 4. For all T € P(N), (W4))jer = ®“(v7).
In order to prove Proposition 4, we first establish the following lemma.
Lemma 3. Forall S,T e P(N) with# £ S C T,and foralli €S
—T
@j T\
Z ET Ys.i Vs i
jeT\S
Proof. Let us consider SC T C N and i € S. We have
—T. T\{jl,o _ —T r—s Wi
Yapdiesyel| Y cud

jeT\S JET\S RCT\{j}:
R2S, p(R)=p(S)

DU DL

RCT:R2S, jeT\R
p(R)=p(S)
_ _ rfsﬁ —T _
= Y ()@ —wp). (20)
RCT:R2S, w
p(R)=p(S)

If p(T) # p(S), then any R C T with p(R) = p(S) satisfies EITQ =0 and (20) is equivalent to
J— T _ J—
Z T)/SI\ o _ 5T Z -1" sa —U)TVST,w-

JET\S RCT:RDS,
p(R)=p(S)

If p(T) =p(S), then any R C T with R D S satisfies p(R) = p(S) and @ ok = a)R and (20) is equivalent to
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—T.  T\{jlo — —s @i - -
D D M P

JeT\S RCT:RDS, RCT:R2S
p(R)=p(S)
t—s—1
— T —
=0y —wi | (DT + Y (=D, (21)
k=0

Finally, as Y45 Ck_(—=1)k = (1 = 1)'=* — (=1)'%, (21) implies the result. O

Proof of Proposition 4. If t = 1, then the result is satisfied. Let us consider T € P(N) with t > 1 and i € T. We assume
W¢ = &@(vS) for all S € P(N) with s =t — 1. We get
W = SL(@) — v\ i)+ Y. =P\
@ JeT\{i}
21 @; T\{j}
. o .
=M=V + ) =5 D) s WS v\ i)
JjeT\{i} SgT}{j}
1€

ol w; .
_ %(V(T) —vAI + 3 3 s OwE) - v Vi), (22)

SCT jeT\S
ieS

Then, (22) and Lemma 3 imply

ol
Wip = %(vm —v(T\ (i) + Y 75 (v(S) = v(S\ {iD). (23)
ScT
ieS

—T
As yTT’i‘“ = % (23) implies the result. O
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