LUISS

IRIS - Luiss Guido Carli Research Institutional Repository | Catalogo istituzionale della ricerca Luiss Guido Carli

Decomposition of games: some strategic considerations

Post-print version of the following publication: | Versione post-print della seguente pubblicazione:

Original Citation/Citazione:

Abgou,Joseph; Pnevmatikos, Nikolaos; Scarsini, Marco; Venel, Xavier Mathieu Raymond.g2022). Decomposition of
games: some strategic considerations. MATHEMATICS OF OPERATIONS RESEARCH, (ISSN: 0364-765X), 47:1,176-
208. Doi:10.1287/moor.2021.1123.

Availability/Disponibilita:
This version is available at: 11385/197819 since: 2022-02-23T10:31:33Z - Questa versione & disponibile alla pagina:
11385/197819 dal: 2022-02-23T10:31:33Z

Publisher/Casa editrice:

Published version/Pubblicato:
DOI: https://dx.doi.org/10.1287/moor.2021.1123

License/Licenza:
Tutti i diritti riservati

Availability/Termini d'uso:

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing policy. Works
made available under a Creative Commons license can be used according to the terms and conditions of said license. For
all terms of use and more information see the publisher's website. | | termini e le condizioni relativi al riutilizzo della
presente versione della pubblicazione sono disciplinati dalla politica editoriale. Le opere messe a disposizione con
licenze Creative Commons possono essere utilizzate conformemente ai termini e alle condizioni previste da tali licenze.
Per linsieme delle condizioni di utilizzo e per ulteriori informazioni si rinvia al sito web dell’editore.

This item was downloaded from IRIS Luiss (https://iris.luiss.it/). When citing, please refer to the published
version. | Questo documento e stato scaricato da IRIS Luiss (https://iris.luiss.it/). Per la citazione, fare
riferimento alla versione pubblicata sul sito dell'editore.

(Article begins on next page | Il contributo inizia nella pagina successiva)
02 May 2026


https://dx.doi.org/10.1287/moor.2021.1123
https://hdl.handle.net/11385/197819
https://hdl.handle.net/11385/197819

Decomposition of games: some strategic considerations

Joseph Abdou *, Nikolaos Pnevmatikos I Marco Scarsini ¥ Xavier Venel $

Abstract

Orthogonal direct-sum decomposition of finite games into potential, harmonic and non-
strategic components exist in the literature. In this paper we study the issue of decom-
posing games that are strategically equivalent from a game-theoretical point of view, for
instance games obtained via transformations such as duplications of strategies or positive
affine mappings of the payoffs. We show the need to define classes of decompositions to
achieve commutativity of game transformations and decompositions.

Keywords: ~-potential games; duplicate strategies; gradient operator; projection operator;
decomposition of games; harmonic games.

Msc2020 Subject Classification: Primary: 91A70, secondary: 91A06
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1 Introduction

Potential games are an interesting class of games that admit pure Nash equilibria and behave
well with respect to the most common learning procedures. Some games, although they are not
potential games, are close—in a sense to be made precise—to a potential game. It is therefore
interesting to examine whether their equilibria are close to the equilibria of the potential game,
(see Candogan et al. [6]). With this in mind, in their seminal paper Candogan et al. [4] were
able to show that the class of strategic-form games having a fixed set of players and a fixed
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set of strategies for each player is a linear space that can be decomposed into the orthogonal
sum of three components, called the potential, harmonic and nonstrategic component. Games in
the harmonic component have a completely mixed equilibrium where all players mix uniformly
over their strategies; games in the nonstrategic component are such that the payoff of each
player is not affected by her own strategy, but only by other players’ strategies. To achieve this
decomposition the authors associate to each game a graph where vertices are strategy profiles
and edges connect profiles that differ only for the strategy of one player. The analysis is then
carried out by studying flows on graphs and using the Helmholtz decomposition theorem.

The decomposition of Candogan et al. [4] refers to games having all the same set of players
and the same set of strategies for each player. In their construction nothing connects the
decomposition of a specific game g with the decomposition of another game g that is obtained
from g by adding a strategy to the set S’ of player i’s feasible strategies. One may argue that
this is reasonable because the two games live in linear spaces of different dimension and the new
game with an extra strategy may have equilibria that are very different from the ones in the
original game, so, in general, the two games may have very little in common. In some situations,
though, the two games are indeed strongly related. For instance, consider the case where the
payoffs corresponding to the new strategy are just a replica of the payoffs of another strategy.
In this case, from a strategic viewpoint, the two games g and g are actually the same game
and every equilibrium in g can be mapped to an equilibrium in g. It would be reasonable to
expect the decomposition of g and g to be strongly related. Unfortunately this is not the case.
Consider for instance the matching-pennies game g

2 t2

The matching-pennies game g admits a unique Nash equilibrium where each player random-
izes uniformly between the two available strategies. This game is harmonic, so its decomposition
has the potential and nonstrategic component identically equal to zero and the harmonic com-
ponent gy equal to g.

The game g admits a continuum of equilibria where the column player mixes uniformly
and the row player mixes (1/2,2/2,(1 — z)/2) with x € [0,1]. Notice that in each of these
mixed equilibria the mixed strategy of the row player assigns probability 1/2 to ¢} U t}. The
decomposition result of Candogan et al. [4, Theorem 4.1] applied to g yields



52 12 52 12

st| 4/15  3/5 | —4/15 —-3/5 st | 16/15 —8/5 | —16/15 8/5
th| —2/15 2/10 | 2/15 —2/10 th| —8/15  4/5 8/15  —4/5
t | —2/15 2/10 | 2/15 —2/10 t| —-8/15 4/5 | 8/15  —4/5
(9)p (9)H
s? 12

st =13 0|1/3 0
th1—=1/3 0|1/3 0|,
|1 -1/3 0|1/3 0

(9)ns

where (g)p, (§)u, and (g)ns are the potential, harmonic, and nonstrategic components of g,
respectively.

We see that, although the two games g and g are strategically equivalent in the sense
described before, their decompositions are quite different. In the sequel, when considering a
game g with duplicate strategies, we will call the game where duplication of strategies has been
eliminated the reduced version of g and we will use the notation g for it.

A similar problem appears in games whose payoffs are suitable affine game transformation of
some other game’s payoffs. For instance, given a game g, consider the game g which is obtained
by multiplying the payoffs of each player in g by the same positive constant. Multiplying the
payoff of a player by a positive constant is innocuous with respect to strategic considerations.
To illustrate this, if g is the matching-pennies game, consider the game g where the payoffs of
the row player in g have been multiplied by 2.

Qe

This game admits a unique equilibrium where each player plays uniformly over her set of
strategies. The decomposition result of Candogan et al. [4] applied in g yields the following
decomposition:

s? t2 s? t2
sbl12 12 | —-1/2 —1/2 st | 32 —=3/2|-3/2 3)2
th| =12 —1/2| 1/2  1/2 tt| =32 3/2 | 3/2 32
9)p (9



Although the games g and g share the same Nash equilibrium set, they admit different de-
compositions. Notice that g and (g)y are both harmonic games and admit the same unique
mixed equilibrium because they are related by an affine game transformation that does not
affect the harmonic property: one is obtained from the other by multiplying all payoffs by the
same positive constant.

In the sequel, we will be interested in affine game transformations where payoffs are multiplied
by a positive constant that depends not only on the players but also on their strategies. We will
refer to this kind of game transformations as scalings. We illustrate this with an example. Let
g be the matching-pennies game and let g be the game where the payoffs of the row player in
g have been multiplied by 2 only in the first column.

Q|

The game g is the image of g by T, the transformation that operates on two-person 2-by-2
matrix games and multiplies the payoff of the row player on the first column by 2. This scaling
is interesting because it transforms the Nash equilibria of any game in a way that is simple to
describe.

Any Nash equilibrium of any 2-by-2 game g’ is transformed into a Nash equilibrium of T'(g’)
as follows: the strategy of the row player stays the same whereas the weight on the strategy
52 of the column player is divided by two (and then the weights are normalized). For example,
g admits a unique equilibrium where the row player plays uniformly over her set of strategies,
whereas the column player plays s? with probability 1/3 and ¢? with probability 2/3.

The decomposition of Candogan et al. [4] applied to g yields the following:

t2 t2
st 3/4  1/4 | 1/4 -1/4 st| 5/4 —5/4| —5/4 5/4
th | =3/4 —1/4|-1/4 1/4 t' | -5/4 5/4 | 5/4 —5/4
(9)p (@)n

Hence, although the games g and g are related by a simple transformation, their decompo-
sitions are quite different.

The question that we want to address in this paper is the following: Consider a game
g where the set of players is N and apply a transformation to it—such as duplication of a
strategy or scaling of payoffs—and then decompose the transformed game; now take the same
game g, first decompose it, and then apply a suitable transformation to the components of the
decomposition. Under which conditions do the two procedures produce the same result? We
saw that if we naively use the same decomposition in the two cases, then we are doomed to
fail. Therefore, we need to consider a whole class of suitably parametrized decompositions and
a class of game transformations that achieve the result. When this occurs, we say that the class



of transformations and the class of decompositions commute. To achieve our goal, we adapt the
approach of Candogan et al. [4] by introducing two parameters g and - in our decompositions.

The duplication example shows the need to introduce for every player ¢ € A’ some weights on
her own strategies. Indeed, after duplication, the weight on one strategy has to be split between
the two strategies that duplicate it. Because the duplication of a strategy of some player affects
only her own mixed strategy, for every player 4, we introduce a measure u’ on her own strategies.
We then obtain a vector p = (ui)ieN.

The scaling example, on the other hand, shows that changing the payoff of one player has an
impact on the equilibrium strategy of the others players. Hence, for a player ¢, we introduce a
positive function +*, which we call co-measure on the strategies of the other players. Aggregating
these functions into one parameter, we obtain the vector v = (7" )jen-

An equivalent way to describe what we do would be to define for every player 4, a measure
6% over the set S of strategy profiles such that for every action profile s € S, we have

0'(s) = p'(s)y' (s7).

Hence, each player has a measure on the space S.

We then use the pair (u, ) to parametrize a class of inner products that are in turn employed
to define the decompositions and we generalize the decomposition result of Candogan et al. [4]
using several metrics on the space of games induced by the pair (u, ).

Then, given a decomposition of the game g based on the pair (u,7), we show that there
exists some new pair (f1,7) where i depends only on g and % depends only on -, such that
replications of strategies and decompositions commute. The approach for scalings and other
transformations is similar.

1.1 Related Literature

In the context of noncooperative game theory, several approaches have been proposed to de-
compose a game into simpler games that admit more flexible and attractive equilibrium anal-
ysis. Sandholm [23] proposes a method to decompose n-player normal-form games into 2"
simultaneously-played component games. As a by-product, this decomposition provides a char-
acterization of normal-form potential games. Kalai and Kalai [16] introduce a novel solution
concept founded on a decomposition of two-player games into zero-sum and common-interest
games. This decomposition result is based on the fact that all matrices can be decomposed into
the sum of symmetric and antisymmetric matrices. Szabé et al. [25], in order to study evolution-
ary dynamic games, refine this dyadic decomposition by further decomposing the antisymmetric
component. In a different direction, Jessie and Saari [13] present a strategic-behavioral decom-
position of games with two strategies per player and highlight that certain solution concepts are
determined by a game’s strategic part or influenced by the behavioral portion. Their analysis
has been expanded in Jessie and Saari [14]. More recently, Hwang and Rey-Bellet [12] study the
space of games as a Hilbert space and prove several decomposition theorems for arbitrary games
identifying components such as potential games and games that are strategically equivalent—in
the sense of sharing the same Nash equilibria—to zero-sum games. They further extend their
results to games with uncountable strategy sets. Using this decomposition, they also provide an
alternative proof for the well-known characterization of potential games presented by Monderer
and Shapley [21].



The paper of Candogan et al. [4] on the decomposition of finite games into potential, har-
monic, and nonstrategic components is a milestone in the field. To achieve their decomposition,
they represent an arbitrary game with an undirected graph where nodes stand for strategy pro-
files and edges connect nodes that differ in the strategy of only one player. In our paper, we
follow the same graph representation for a given game. Liu [19] uses a different graph represen-
tation for a finite game where nodes stand for players and edges connect players whose change
of strategies influences the other player’s payoff. Given a finite game, the author investigates
necessary and sufficient conditions for the existence of a pure Nash equilibrium in terms of the
structure of its associated directed graph. The decomposition in Candogan et al. [4] is based
on the Helmholtz decomposition theorem—a fundamental tool in vector calculus—which states
that any vector field can be decomposed into a divergence-free and a curl-free components.®
Due to the ubiquitous nature of vector fields, this theorem has been applied by various research
communities to a wide range of issues. In the context of discrete vector fields, Jiang et al. [15]
provide an implementation of the Helmholtz decomposition in statistical ranking. Stern and
Tettenhorst [24] apply the Helmholtz decomposition to cooperative games and obtain a novel
characterization of the Shapley value in terms of the decomposition’s components. Various pa-
pers related to Candogan et al. [4] have appeared in the literature. For instance, Liu et al.
[20], Li et al. [18] focus on the detailed description of the decomposition subspaces by providing
some geometric and algebraic expressions and present an explicit formula for the decomposition.
More recently, Zhang [26] provides explicit polynomial expressions for the orthogonal projec-
tions onto the subspaces of potential and harmonic games, respectively. Li et al. [17] study
the compatibility of decompositions that are based on different inner products. Decompositions
have been studied for graphical games in Arditti et al. [1] and for separable games in Arditti
et al. [2].

In the terminology of Govindan and Wilson [9], two strategies of one player are equivalent if
they yield every player the same expected payoff for each profile of other players’ strategies. A
pure strategy of player i is redundant if player i has another equivalent strategy. In our paper,
we study the behavior of the proposed decomposition with respect to redundant strategies and
to suitable game transformations of payoff vectors that do not alter the strategic structure of
the game. The issue of redundant strategies has been dealt with by Govindan and Wilson
[8, 9, 11, 10] in the framework of equilibrium refinement. In particular, the authors show that
the degree of a Nash component is invariant under addition or deletion of redundant strategies.
As shown, for instance, by Osborne and Rubinstein [22], some solution concepts are not invariant
with respect to addition of redundant strategies. In the framework of decomposition of games,
Kalai and Kalai [16] show that their decomposition is invariant to redundant strategies. Cheng
et al. [7] provide a generalization of the decomposition of Candogan et al. [4] in terms of weighted
potential and weighted harmonic games. This work is close to ours but still quite different.
Precisely, Candogan et al. [4] assume that the weight of each player is equal to the number of
her strategies whereas Cheng et al. [7] relax this hypothesis by considering any possible weight.
Their approach is consistent with simple scalings like multiplication of the payoffs of some
player by a constant that depends only on the other players, but not with more general scalings.
Moreover, weighted harmonic games still admit the uniformly strategy profile as equilibrium
and therefore their class is not robust to elimination of duplicate strategies. Constant-scalings
were also implicitly used in Candogan et al. [5] when computing the closest weighted potential

1A generalization of the Helmholtz theorem is known in the literature as the Hodge decomposition theorem,
which is defined for differentiable forms on Riemannian manifolds.



game.

1.2 Structure of the Paper

In Section 2, we introduce our decomposition results for games. In Section 3, we provide a
general framework of interesting game transformations and study the commutation of our de-
compositions and some specific classes of game transformations. All proofs can be found in
Section 4. Section 5 contains a list of symbols.

2 Games Transformations and Decompositions

2.1 Notation and Definitions

We introduce some notation that will be used throughout the paper. Given a finite set A, its
cardinality is denoted by |A|. Moreover, A(A) is the set of probability distributions over A,
seen as a subset of R4 and M(A) the set of measures over A. A measure is said to be strictly
positive if every nonempty set has strictly positive measure. The set of strictly positive measures
over A is denoted by M, (A). The identity function is denoted by Id. In the whole paper, if
v e M(A) and y € A, then, for the sake of simplicity, we write v(y), instead of v({y}).

Let n = 2. A finite game (N, (S%, g%)icnr) consists of a finite set of players, denoted by
N = {1,...,n}, and, for each player i € N, a finite set of strategies S’ such that |S?| > 2 and
a payoff function ¢’ : S — R, where S = X e S’ is the space of strategy profiles s. A game
is called constant if for every i € N, ¢* is constant over S. The symbol S~* denotes the set of
strategy subprofiles that excludes player .

For fixed N and S, the game (N, (S, ¢%)icnr) is uniquely defined by its vector of payoff
functions g, which, with a slight abuse of language, we will call a game.

The space Gs of games with player set N and strategy-profile set S can be identified with
RS As a consequence, dim Gs = n [ Lien|SY- ‘

For i € N, let V' be a strictly positive measure on S§’. The product measure v on S is defined

v(s) = [ [¥'(s). (1)
eN
For every i e N, v~ is a strictly positive product measure on S~ defined as

vTi(sT) = [ V(). (2)

Jj#i

as

Given any finite measure v* on &, its normalization is defined as
o yi(si)
7'(s') = =———. (3)
Ztiesi v (tz)
For i € NV, a strictly positive finite measure 8¢ € M (S™%) is called a co-measure of player i.
The vector B = (51, . ,B”) is called a co-measure vector.
Later in this section, we will generalize the decomposition proposed by Candogan et al. [4].
To this end, we introduce the classes of games that will appear in our decomposition. Because,
in this section, the set of strategy profiles is fixed, the set of games is denoted just by G.
For every player i € N, let u* be a strictly positive finite measure on S, let 4" be a co-measure

on &, and let p = (,uz)l.eN and v = (’YZ)’L'EN.



a. A game g € G is nonstrategic if, for each i € N/, there exists a function ¢: S~* — R such that
g'(s',s7) = £(s7). (4)
The class of nonstrategic games is denoted by NSG.

b. A game g € G is p-normalized if, for each i € N and for each s~% € S~¢, we have
S i (sh)g(s 57 = 0. (5)
steSt
The class of p-normalized games is denoted by p-NoG.

c. A game g € G is y-potential if there exists ¥: S — R such that, for all i € A/, for all s*, ' € S,
and for all s™* € S~*, we have

V(TG sT) —g'(sh, s7T)) = Wt sT) — U(s' s (6)

The function V¥ is referred to as a potential function of the game. The class of ~-potential
games is denoted by «-PG.

d. A game g € G is (u,~y)-harmonic if, for all s € S, we have
D EY (s (g (s s — gt sT)) =0 (7)

ieN tieSi

The class of (u,~y)-harmonic games is denoted by (u,-y)-HG.

2.2 Potential and Harmonic Games

In the terminology of Monderer and Shapley [21], any weighted potential game is ~y-potential
and any ~-potential game is ordinal potential. An immediate consequence of this is the following
proposition.

A game g € v-PG admits a pure equilibrium.

Our definition of (u,«y)-harmonic game generalizes the definition of harmonic game given in
Candogan et al. [4]. Basically, a harmonic game satisfies Equation (7) when (u, ) is such that
pi(st) =1 for all i e N and all s° € S and 7i(s7%) =1 for all s7" e S~

Let B = (Bi)iei be a co-measure vector. The general scaling of parameter 3 is defined by

Vge G, Vie N, Vse S, (B~g)i(s) =Bi(s_i)gi(s). (8)

We call (8- g) the B-scaled game.

A strategy p' is called completely mized if pu*(s') > 0 for all s* € S'. A strategy profile is
called completely mixed if all its components are completely mixed.

Let g be a (p,7)-harmonic game. Then, the completely mixed strategy profile @z is a Nash
equilibrium of the scaled game (v - g), i.e., for all i € A" and for all vt € S, we have

D AT (s s = Y BT (st s 7). )
s—ieS—i sTles™!

When all ¢ are the uniform measure and all 4* are the uniform co-measure, we obtain the
result of Candogan et al. [4]. Notice that in Candogan et al. [4] any harmonic game admits the



uniform profile as a Nash equilibrium. This is not the case anymore in our context where there
is no immediate information on the Nash-equilibrium set of the game g, but only on the Nash-
equilibrium set of the scaled game (v - g). In particular, it is possible that two (u,~)-harmonic
games admit disjoint Nash-equilibrium sets as illustrated by the next example.

Consider the following two 3-player games where player 1 chooses the row, player 2 chooses
the column, and player 3 chooses the matrix. For i € {1,2,3}, player i has two strategies s’
and t'. In the first game g, player 3 is dummy and players 1 and 2 play a generalized matching
pennies game, where player 2 wants to match and player 1 wants to mismatch:

52 12 52 12
stl—=1 1 0] 2 =10 stl=1 1 0] 2 -1 0
tr11 -1 0|-2 1 0 t!l1 -1 0]-2 1 0
S 3

To simplify notations, we describe a strategy of a player by the probability that he is playing t.
The set of equilibria of this game is {(1/2,1/3,z), x € [0,1]}.

In the second game g¢’, player 1 is a dummy and players 2 and 3 play a generalized matching
pennies game, where player 2 wants to match and player 3 wants to mismatch:

52 12 52 12
stlo01 =110 -1 3 stl0 -1 1]0 1 =3
tr1o 1 —-1]0 -1 3 t*10 -1 1|10 1 -3

s3 3

The set of equilibria of this game is {(x,1/4,1/2), = € [0,1]}. Hence the two sets of Nash-
equilibria are disjoint.

Moreover, for all i € N, let u! be the uniform distribution over {si, ti} and let v be defined
by

i 72( i) ) = 17
e ! only depends on player 2: y!(s2,53) = y1(s2,#3) = 1 and ! (2, 53) = v 1 (¢2,#3) = 1/2,
e 73 only depends on player 2: 3(s!,s?) = v3(t!, s%) = 1 and 73(s!,12) = 3¢, %) = 1/3.

Then g and g’ are both (u,-)-harmonic.

We now introduce a class of co-measures having interesting properties when dealing with
(p,7)-harmonic games.

A co-measure vector = is called a product co-measure vector if there exists ¢ := (cj )je A

with ¢/ € M (S7) such that, for all i € A, we have

(67 = [[d) = (s, (10)

Jj#i

In this case, we say that ~ is generated by c.



Define now, for any i € N, o R
(e)'(s') = p'(s")c*(s") (11)
and let 7i¢’ be its normalized version, as in Equation (3).
Let g be a (p,~y)-harmonic game such that = is a co-measure vector generated by c¢. Then

the completely mixed strategy profile ze is a Nash equilibrium of the game g, i.e., for all : € N/
and for all 7, ' € S*, we have

> [ d't s = Y [ (s)g'(t,s7. (12)
s—ieS—t j#i s—ieS—t j#i

It follows that all (u,y)-harmonic games share a common Nash equilibrium.

Again, the framework of Candogan et al. [4] is obtained when, for each i € N, i’ is the
uniform measure and +° is the uniform co-measure.

As mentioned before, constant co-measures are a particular case of product co-measures. As
a consequence, applying Corollary 2.2, we can show that, in this specific case, we have fic' = 7'
Hence, the completely mixed strategy profile @ is a Nash equilibrium of g.

2.3 A First Decomposition Result

Our first decomposition states that any game can be written as the sum of a p-normalized
game and a nonstrategic game. The proof follows Candogan et al. [4] apart from the fact that
we choose p-normalized games instead of the particular case of uniform p?. In the context of
games with continuous strategy sets, a similar decomposition result was proved by Hwang and
Rey-Bellet [12], who view the set of all games as a Hilbert space.

To present our decomposition results, we first define the space Cy := {h : S — R} endowed
with the following inner product:

Vh, f e Co, <hyfyo =) n(s)h(s)f(s). (13)
seS
Notice that ¢° € Cy, for all i € N therefore G =~ Cy". Given a function h € Cy and a
co-measure v, v'h denotes the function in Cy defined as
(V'h)(s) =7 (s7)h(s). (14)
In particular, given a game g, we have
(v-9)" =('g").
Our next step is to endow the space of games with a suitable inner product. For any
91,992 € G, using Equation (13), we define

91 9unr = O 1 (SN 917 ghyo (15)
N
and @~ will denote the direct orthogonal sum with respect to the above inner product.
The space of games G is the direct orthogonal-sum of the p-normalized and nonstrategic

subspaces, i.e.,
G = u-NoG@, 4 NSG. (16)

The decomposition of Candogan et al. [4] can be obtained by choosing for u’ the uniform
measure and for 7* the uniform co-measure.

10



2.4 (p,~v)-Decomposition

In this section we show that any game can be decomposed into the direct sum of three com-
ponent games: a «-potential p-normalized game, a (u,-y)-harmonic p-normalized game, and a
nonstrategic game. Moreover, this decomposition is orthogonal for the inner product in Equa-
tion (15).

The space of games is the direct orthogonal-sum of the p-normalized ~-potential, g-normalized
(p,~)-harmonic and nonstrategic subspaces, i.e.,

G = (1-NoG Ny -PG) @y~ (11-NoG N (p1,7)-HG) @4 NSG. (17)

As before, choosing i’ to be the uniform measure and +* to be the uniform co-measure gives
the decomposition of Candogan et al. [4].

Theorem 2.4 guarantees that, given a game g, and a pair (u,7), we can decompose this
game into three components: a nonstrategic game, a ~y-potential pg-normalized game, and a
(p,7v)-harmonic p-normalized game. The nonstrategic game will be denoted by g(,, ,).ns, the
v-potential p-normalized game by g, 4).p, and the (p,7y)-harmonic p-normalized game by
9(u,~)-H- Hence, we obtain

9 =9y NS T G(umy)-P T I(puy)-H (18)

For the sake of simplicity, when there is no risk of confusion, we omit the indication of (u, ).

We emphasize the fact that the set of nonstrategic games does not depend on (u, ), but
the nonstrategic component in the (u,~y)-decomposition does depend on (p, ). Similarly, the
set of 4-potential games does not depend on p, but the «-potential component in the (g, ~y)-
decomposition does depend on (p, 7).

The key point in the proof of Theorem 2.4 is to associate a given game to a flow on a suitable
graph, as it is done in Candogan et al. [4]. We then characterize «y-potential games, nonstrategic
games, and (u, «)-harmonic games in terms of their induced flows. Any flow generated by a game
can be decomposed into two particular flows using linear algebra tools. From this decomposition
result, we can obtain a decomposition in terms of games. The definition of the flow and the
decomposition result are built on the gradient operator and the inner product, respectively.
Hence, the decomposition is implicitly related to some notion of metric induced in the space of
games. Candogan et al. [4] use the same metric to define both the flow generated by a game and
the corresponding decomposition. We generalize their approach in the following ways: first, we
deal with families of metrics instead of a unique one and, second, we consider different metrics
for the definition of the flow generated by a game and the decomposition.

To prove our decomposition result, we use the Moore-Penrose pseudo-inverse of the gradient
operator (see, e.g., Ben-Israel and Greville [3]). Because the components of the decomposition
are orthogonal, the pseudo-inverse operator allows us to determine the closest «y-potential game
to an arbitrary game with respect to the induced distance in the space of games. Candogan
et al. [4] provide in fact two approaches to obtain their decomposition result. The first approach
relies on the Helmholtz decomposition tool, which becomes a degenerate case when applied to
flows induced by games.? The second one relies on the Moore-Penrose pseudo-inverse operator.

2According to the graph representation of games, curl flows in games are generated only by consecutive
deviations of the same player and hence, they are mapped to 0. As a consequence, the divergence-free component
of the Helmholtz decomposition tool is reduced to harmonic flows.
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We choose the second approach because we find it better suited to study the relation between
duplicate strategies and decomposition.

Our result states that, given a pair (u, ), the decomposition into g-normalized ~y-potential,
p-normalized (p,-y)-harmonic, and nonstrategic games is unique. The map that associates to a
given game its components will be referred to as the (u,~)-decomposition map.

The reason for using two parameters (u,~y), rather than one will be clear once we introduce
game transformations in Section 3, in particular duplications of strategies and scalings, which
are radically different game transformations. One way to see this difference is that duplicating
a strategy of some player affects only her own equilibrium strategy, whereas scaling of some
player’s payoffs changes the equilibrium strategies of all the other players, but not her own. As
a natural consequence, for every player i we have a parameter u’, which is a measure on S?, and
a second parameter +*, which is a measure on S~%. As we will see, the family of decompositions
that we obtain also commutes with other game transformations, such as permutations.

Nevertheless, there is some redundancy by having two parameters. This gives rise to the fol-
lowing question: what is the set of parameters (u,-y) that induce the same (u, y)-decomposition
map?

Let u, 1t be two strictly positive measure vectors and let ~,% be two co-measure vectors.
Then, the (u,~)-decomposition map is identical to the (f,-y)-decomposition map if and only if
there exist 7,6 > 0 such that, for all i e N

2.5 Closest Potential Game and Approximate Equilibria

Our decomposition is also related to Candogan et al. [5], who develop a theory on how to asso-
ciate to an arbitrary game its closest weighted potential game and then deduce e-approximate
equilibria. The set of weighted potential games is not convex, but given a vector w = (wl) of
weights, the set of w-weighted potential games is convex. The authors first compute the closest
w-weighted potential game with respect to a metric that depends on w. Then, to find the
closest weighted potential game, they optimize over w. The choice of the metric ensures that
this second optimization is a convex problem.

In fact, if we take for every i € N and every s' € &, p'(s’) = 1 and for all s7% € S,
7%(s7") = w’, then the metric induced by (-, - ), ~ coincides with the metric used in Candogan
et al. [5] associated to the weights (w');cnr. As a consequence, the closest w-potential game in
the sense of Candogan et al. [5] is in fact equal to the sum of the potential component and the
nonstrategic component of our decomposition. Candogan et al. [5] explain how to extend their
techniques to ordinal potential games. Because a ~-potential game is ordinal, it is, therefore,
possible to apply these techniques to compute the closest y-potential game and then to optimize

on .
Then, it is possible to relate the Nash-equilibira of the closest ~-potential game to the
approximate Nash-equilibria of the original game. Formally, let || - ||~ be the norm induced by

the inner product (-, -), ~ introduced in Equation (15). The distance between a game g and
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its closest y-potential game gp is then given by

lg = gplls =<9 = 9p:9 — gpury = D, ()G —7'9k7"9" =70

ieN
= D) Y (7 (57) (o' (s) — gb(s))”
1eN seS

Let g be a game, and gp be its closest potential game. Define d := ||g — QPH;L,»y- Then, every
equilibrium of gp is an e-equilibrium of g for some

d
€ < 2max max (19)

JEN s—ieS—i fyj(s_j% /Mj (S]) '
In principle, in Equation (19) it is possible to optimize over the parameters g and ~. The
optimization over - is similar to the one described in Candogan et al. [5]. The properties of an
optimization over p are not clear.

3 Compatibility Between Decompositions and Game Transfor-
mations

We are interested in how decompositions and game transformations interact. As shown by
the examples in the Introduction, applying a (u,«y)-decomposition and then transforming each
component may lead to a different result than first transforming the game and then applying the
(p, v)-decomposition to each component. That is, in general these operations do not commute.
Therefore, we will look at a notion where, instead of focusing on two specific maps, we consider
a family of decompositions and a family of game transformations. The following definitions will
be needed for the rest of the analysis.

Let S and 8’ be two sets of strategy profiles and let X < Gs. A map T: X — Gg is called
a game transformation (GT).

A 3-decomposition map (3-DM) (s is a map from Gs to gf’; such that for every g € Gg,

g = (¢s(g)1 + (Cs(g))2 + (Cs(9))3 (20)

Let Z be a family of 3-DMs and let 7 be a family of GTs. We say that the two families
commute if, for every 3-DM ( € Z defined on Gs and every GT T € T from Gs to Gg/, there
exists a decomposition ¢/ € Z defined on Gs/ and a triple (71, T, T3) € T2 of GTs from Gs to
G such that

(Ty, T5,T3) o ¢ = (' o T, (21)

where (11,72, T3) o ((g) = (T1(¢(9)1), T2(¢(9)2), T5(¢(9)3))-

Equivalently, Z and T commute if the diagram in Figure 1 is commutative.

As highlighted in the Introduction, restricting to ¢’ = ¢ would prevent us from comparing
games with different spaces of strategies, like in the duplication framework. Moreover, even
when S = &', it would be impossible to obtain a commutative diagram for the constant scaling.
So, even if some meaningful results could be obtained also under the restriction 77 = Th = T3, to
obtain the full spectrum of results in the sequel, we need to deal with the general case where the
three GTs may differ. This is why we chose to introduce this notion of commutation between
two families.
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Us > Gs x Gs x Gs
T T |1y |15
CI
gS’ - gs/ X gS/ X gs/

Figure 1: Commutativity of Z and 7.

3.1 Internal Game Transformations

In this section, we are interested in comparing games which share the same strategy space.
Because § = &', the corresponding space of games will be denoted just by G. We will investigate
three types of GTs: permuting the strategies of one player, adding a nonstrategic game and
scaling the payoff by a co-measure. We will see that these families of transformations commute
with the family of (u,~y)-decomposition maps.

3.1.1 Permutations

First, we look at the relabeling of the sets of strategies. Without loss of generality we focus on
relabeling the strategies of player i. The result can then be extended to relabeling the strategies
of several players simultaneously by composing the results players by players.

Given a permutation o of the set S¢ of strategies of player i, we define the o-relabeling
transformation 7': Gs — Ggs as,

VseS, VjeN, (T(g))(s',s7) = ¢/ (o(s'),s7%). (22)

The image of the game g by o-relabeling transformation is denoted by g, .
Given a measure p* on §*, the permuted measure ! is defined as

Vs € 81, il (s') = i ((s). (23)

We obtain the following proposition.
Let o be a permutation of the strategies of player ¢. Then, for every game g, we have

a. (go>(ua,7(,)—NS = (g(u,'y)—NS)m
b. (gcr)(um%)-P = (g(u,‘v)-P)U’

C. (Qa)(ua%)-H = (g(uﬂ)-H)"’

i.e., permutations of strategies and decompositions commute.

In the decomposition of Candogan et al. [4], the weights on every profile of strategies are all
equal. In particular p, = p and =, = ~. It follows that the decomposition of Candogan et al.
[4] commutes, as a singleton, with permutations.
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3.1.2 Pseudo-Translations

We now look at translations of the payoffs by a function that depends on the strategies of the
other players.

We show that, similar to Candogan et al. [4], there is a natural relation between the (u,7)-
decomposition of a game g and the (u, v)-decomposition of the translated game.

A GT T is called a pseudo-translation if there exists an affine mapping h: G — NSG, such
that

VgeG, VieN, VseS, (T(g))(s)=g'(s)+h(g)(s™). (24)

Reciprocally, g + h(g) denotes the image of the game g by the pseudo-translation of parameter
h.

The following results already appears in Candogan et al. [5].

Let h be a game transformation from G to NSG. Then, for every game g, the (u,~)-
decompositions of g and g + h(g) are related as follows:

a. (g +1(9)) () NS = I(uqy)-ns + 1(G),
b. (g + h(9) (um)-P = G(uy)-P>
c. (g+ h(g))(u,'y)—H = 9(u~)-H

i.e., pseudo-translations and decompositions commute.

The result of Proposition 3.1.2 can be represented by the diagram in Figure 2. Notice that,
as mentioned in Remark 3, the three maps 11,75, T3 may be different. In this case T3 is a
translation and the remaining two are the identity.

g (p, 7y)-decomposition

Y

NSG x (v-PG np-NoG) x ((p,v) -HG ne -NoG)

* 4+ h(x) ‘*+h(*) ‘Id ‘Id

NSG x (v-PG npe-NoG) x ((pt,v) -HG npe-NoG)

Y

g —
(p,y)-decomposition

Figure 2: (u,~)-decompositions of g and g + h(g).

3.1.3 Scaling

We now turn to scaling by a positive nonstrategic game, as defined in Definition 2.2. Given two
co-measures v and 3, we define the co-measure v/3 = <('y/ ﬁ)l>' " as follows:
1€,

Vie N, VsieS, <g> (s77) = ;E‘:_g (25)

Let 8 be a co-measure. Then, for every g € Gs, we have
(B 9u~)Ns) = (B 9)(un~/8)-Ns
(B 9(uy-p) = (B 9)(u/8)-p
(B~ 9(u)-1) = (B~ 9) (/)
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i.e., scalings and decompositions commute.
The result of Theorem 3.1.3 is represented by the diagram in Figure 3.

(p,y)-decomposition

» NSG x (v-PGnp-NoG) x ((m,7)-HGnp-NoG)

(8- %) (8- %) (8- %) (8- %)

> NSG -PG -NoG _HG “NoG
(p,v/B)-decomposition x (v/B Np-NoG) x ((p,v/B) N -NoG)

Figure 3: Commutativity of scaling and decomposition.

Two cases are of particular interest. First, if v and 3 are both product co-measures, then
~/B is also a product co-measures. Hence, one can apply Corollary 2.2 to the harmonic com-
ponent obtained in the decomposition of the scaled game (3 - g). The second case concerns the
von Neumann-Morgenstern representation of preferences. Preference over lotteries that satisfy
the four rationality axioms (completeness, transitivity, independence of irrelevant alternatives,
and continuity) are represented by expected utility. This representation is unique, modulo affine
transformations. That is, if one utility function is an affine transformation of another, then
they both represent the same preferences. Given that game theory is based on von Neumann-
Morgenstern axioms and payoffs are expressed in utils, two games based on different represen-
tations of the same preferences should be strategically equivalent. Translated in the language
used in this paper, a family of decompositions is compatible with expected utility theory if it
commutes with pseudo-translation by a constant nonstrategic game and with positive constant
scaling.

It follows that the smallest family of decompositions containing the decomposition of Can-
dogan et al. [4] and compatible with the expected utility theory is then described by parameters
such that both p’ and 4° are uniform. If we restrict to these sets of parameters, the class of
~-potential games coincides with the class of weighted potential games. Moreover, the class
of (w,~y)-harmonic games coincides with the class of weighted harmonic games introduced in
Cheng et al. [7]. Hence, our decomposition result can be seen as a generalization of the de-
composition result into weighted potential game and weighted harmonic game proven in Cheng
et al. [7]. Finally, as previously noticed, constant nonstrategic games are product nonstrategic
games; hence they are a special case of the games considered in Corollary 2.2.

We now provide one example of product-scaling that depends on the strategies of the other
player and we show how mixed Nash equilibria vary in the transformed game.

Let u! = u?2 = v' = +2 = (1,1) and let B be generated by b in a way that ' = b> = (2,1)
and 8% = b! = (1,3). Consider the p-normalized game g (on the left) and its B-scaling (3 - g)
(on the right):

-4 0] 3 0 -8 0] 3 0
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The (u,~)-decomposition of g is given by

tl

2

1

—2

-2

g(lJ’v'Y) -P

tl

I(u)-H

In view of the (u,~)-decomposition of g, the B-scaling of 9(un~)-p and g, ).y are

s? t2 s? t2
st 4 1| -1 -1 st 4 —2-2 2
-4 -6 1 6 tt{ -4 6|2 -6
(B 9un~y)-p) (B 9u~y)-H)

Let ' = (1,1/3) and 32 = (1/2,1). It is easy to check that (3 - 9(u~)-P) 18 a -potential game
and that (8-g(, ~)-n) is a (4, ¥)-harmonic game. Notice that g(,, »).p and (8-g(, ~)-p) share the
same pure Nash equilibria, however the mixed Nash equilibrium of 9(un)-P has been transformed,
according to Lemma 4.3, into the mixed strategy profile (z!,2?), where z! = (6/7,1/7) and
2? = (1/5,4/5), which is a mixed Nash equilibrium in (8- g(, ) p). Likewise, the mixed Nash
equilibrium of g, .y has been transformed into the mixed strategy profile (2!, 2%), where
ol = (3/4,1/4) and 2 = (2/3,1/3), which is the unique mixed Nash equilibrium in (B9 () -H)-

In the following example, we show that, if we restrict ourselves to uniform ~, we cannot
deal with scaling transformations by using only the measure vector u.

Consider the following 3-player game where player 1 chooses the row, player 2 chooses the
column, and player 3 chooses the matrix. For i € {1,2,3}, player i has two strategies s’ and t'.
This game follows from three matching-pennies games played simultaneously where each player
wants to match with one among the others and mismatch with the other one. Precisely, player
1 wants to match with player 2 but not with player 3, player 2 wants to match with player 3
but not with player 1 and player 3 wants to match with player 1 but not with player 2.

52 12 52 t2
st 0| -2 0 2 st 2 -2 0]0 2 =2
¢t 212 =20 th!1—=2 0 210 0 O
s3 3

This game is (u,~)-harmonic for uniform p* and ~%. Consider now the following scaled version
of this game where we have multiplied the payoffs of player 1 by 2 when the other players choose
(%, 5%).
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52 12 52 2

sslo0 0 0 ]|—-4 0 2 st 2 =2 0]0 2 =2
trlo 2 =21 4 =2 0 th!1—=2 0 210 0 O
s3 3

Assume that the scaled game is (fi,~) harmonic where all 4* are uniform. In doing so we obtain
the following conditions on fi:

It follows that fi'(s!) = 0 which is a contradiction because p is strictly positive.

3.2 Games with Duplicate Strategies

In this section, we investigate whether duplications and (u,«)-decompositions commute. After
establishing the result concerning the duplications, we will investigate the reciprocal result where
the original game has a duplicate strategy that we wish to eliminate. Finally, we will see that
the result can be partially extended to the notion of redundant strategy introduced by Govindan
and Wilson [10].

Without loss of generality, in the sequel we will duplicate the strategy si € S° of player i
into two strategies s} ¢ S* and si. Given a game g, one can either first decompose it and then
duplicate it or vice versa. Each procedure yields a different decomposition. Nevertheless, our
notion of (u,y)-decomposition allows us to obtain a relation between the two approaches, which
is described by the commutativity diagram in Figure 4.

The extended strategy set of player 4 is denoted by Si=8y {sh} and

§:§x<xsﬁ
J#

stands for the extended set of strategy profiles. The extended game is denoted by g = (§j)je/\/,
where §/ : S — R is such that ' .
VseS, #(s) = ¢(s),

Vs eSS, §(sp,8 ") =g’(s1,87").

The extending map will be denoted by T.
We say that f1 is an extension of p if it satisfies the following equations:

i. for every player j # i, we have [i’(s7) = p/(s7),
ii. for player i, we have Ji‘(s}) + fi'(s%) = p'(s!), and fi’(s*) = pi(s’) for any s* € SN\{s}, s }.
We say that ¥ is an extension of « if it satisfies the following equations:

i. for player i, we have ¥¢(s7%) = v~#(s7%),
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ii. for any player j # i, we have ¥/ (s}, s~ 00)) 4 (st 57 09)) = 49 (s, s7(9)), and 37 (s77) =
77/ (s77) for any s/ € S77 such that s* ¢ {s{, s} }.
Notice that there exist infinitely many extensions of g and of ~.

We then obtain the following relation between a game g in Gs and the extended game g in

Gs.

(p, v)-decomposition

Gs > NSG x(v-PGnp-NoG) x ((p,7v)-HG np-NoG)
T T T T
Gs » NSG x(¥-PGnfi-NoG) x (f1,%)-HG nfi-NoG)

(ft, %y)-decomposition
Figure 4: Commutativity of decomposition and duplication

Let g € Gs, let 1 be an extension of u, and let 4 be the extension of 4. Then
i. if g is y-potential, then g is 4-potential,
ii. if g is nonstrategic, then g is nonstrategic,
iii. if g is p-normalized, then g is fi-normalized,
iv. if g is (p,~y)-harmonic, then g is (f,~)-harmonic.

The following theorem is an immediate consequence of the previous lemma by uniqueness of
the (f1,7)-decomposition.

Let g € Gs, let 1 be an extended product measure of p and let 4 be the extended nonstrategic
game of . Then

9(uy)-Ns = (9)(a5)-Ns>
Iy P = (@) @5)-p
Y-+ = (9) @5+

i.e., extensions and decompositions commute.

We now turn to the reduction of games with duplicate strategies. Notice that in Theorem 3.2,
the nonstrategic game ~ is changed into % by also duplicating the strategy st. Hence, we will
restrict v to have the same duplicate strategy as g. To study how our decomposition behaves
in games with duplicate strategies, we first provide an example of a (u,~)-harmonic game with
some duplicate strategies, whose reduction is not (p,~y)-harmonic. We will then focus on the
elimination of one duplicate strategy. There are games, such as the one in Example 3.2, where
several players have duplicate strategies—possibly more than one. In these cases, it is possible
to eliminate duplicate strategies one by one. At each iteration of the procedure, one duplicate
strategy is eliminated and the underlying measure is updated. The order of elimination does
not influence the measure and the game obtained at the end of the iterated procedure.

Without loss of generality, in the sequel we only consider games where player i has two
duplicate strategies 56 and si and we will study the elimination of the strategy 56. Duplicate
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strategies remain duplicate in the components of the decomposition result. That is, given a game
with some duplicate strategy, the components of the (u,~)-decomposition contain the same
duplicate strategy. It follows that, when considering a game with some duplicate strategies, one
can either first decompose it and then reduce it or vice versa. Each procedure yields a different
decomposition. Nevertheless, our notion of (u,~y)-decomposition allows us to obtain a relation
between the two approaches, which is described by the commutativity diagram in Figure 5.

(p, 7y)-decomposition

ggup » NSG x(v-PGnp-NoG) x ((p,v)-HG npe-NoG)
T T T T
Gs » NSG x(7-PGnp-NoG) x (,4)-HG npr-NoG)

(1, 7)-decomposition

Figure 5: Commutativity of decomposition and reduction

The strategy s is a duplicate strategy of si in the game g € G if for every j € A" and every
s~ e 87, we have: ¢’(sf,s™") = ¢’(s],s7"). The set of games such that s, is a duplicate

strategy of s is denoted by gg“P.

A co-measure vector v is called coherent with gf,j.“" if for every j € NM\{i} and every s~* € S,
we have: 7 (s}, s~ (09)) = ~J (s}, 87 (09)),
The reduced strategy set of player i is denoted by S* = S'\{s}} and

S=38"x <>< 5]’)
Jj#i

stands for the reduced strategy profile set. The reduced game is denoted by g = (§7);enr, where

3 : 8§ > Ris such that 3’ (8) = ¢’(8). The reducing map will be denoted by T'. If p is a measure
vector on S, we also define the reduced measure vector p as follows:

i. for every player j # i, we have i’ (s7) = p/(s7),

ii. for player i, we have fi’(s%) = p'(s}) + p'(s!), and fi’(s*) = pi(s?) for any s* # si.

Let u' = 2 = (1,1,1) and let v = 1. Let g be the following game:

The game g is (p, y)-harmonic and admits the uniform profile as equilibrium. By eliminating
the duplicate strategy of the row player, we obtain the reduced game g:
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thl—4 4|2 =22 =2

The reduced game g admits the profile ((2/3,1/3),(1/3,1/3,1/3)) as unique equilibrium. Let
ot = (2,1), 5% = p? = (1,1,1), 3 = (1,1) and A% = (1,1,1). Then, g is a (f,~)-harmonic
game.

It is possible to further eliminate the duplicate strategy of the column player. We then
obtain the reduced game f]:

Q»| =

Let ot = (2,1), 42 = (1,2), 4* = (1,1) and 4% = (1,1). It follows that g is a (fi,%)-harmonic
game.

Notice that the mapping T is the right-inverse of T. Therefore, the following theorem is an
immediate consequence of Theorem 3.2.

Let g€ quP and let v be coherent with gf',;”". Then

9 Ns = (9)(aA)-Nss
I~y P = @ @s)-p

I -H = (@) @A)+

i.e., reductions with respect to duplication and decompositions commute.

Finally, Theorem 3.2 can be extended to the notion of redundant strategy introduced by
Govindan and Wilson [10] when ~ is uniform.

Given a € A(S'\{s}}), the strategy s is a-redundant in the game g € G if for every j € N
and every s~' € S, we have:

Pl = Y als)gishs),
steSN\{sh}

The set of games such that s} is a-redundant is denoted by ng‘md.
The reduced strategy set, the reduced game and the reducing map are defined as before.
If, for i e N, pi* € M (S?), we define the a-reduced measure vector ¥ as follows:

i. for every player j # i, we have 7 (s7) = p?(s7),

ii. for player i and for every s' € S\{s}}, we have p’(s%) = p'(s%) + as")u(sh).
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Let g € Qg"red and let v be a uniform co-measure vector. Then

I Ns = (@) (uz.5)-ns:

Iy P = (@) a5-p

i.e., reductions with respect to redundancy and decompositions commute.

The proof of theorem Theorem 3.2 is omitted.

In the sequel, we provide two illustrating examples combining scaling and duplication. First,
the given game is a (u,«y)-harmonic game where the row player has a redundant strategy and the
goal is to investigate how the two parameters are transformed after eliminating the redundant
strategy and applying a 3 scaling in the 3-scaling game (3 - g).

Let u! = (1 —6,1,0), with 6 € (0,1), u> =1 and let v be such that 4! =1 and ? = 1/2.
Let g € gg-fed be the game where the strategy r! of the row player is a a-redundant, with
a=(60,1-20).

52 12
st 1 —2 -1 2
rl120—-1 2(1-20)|1-20 2(20—1)
] -1 2 1 -2
g

The game g is (u,«y)-harmonic and admits an infinite set of equilibria, given by

., %—x %,1—% %—1‘ % , %% c2e(0,1/2), 0 %,1—:5 (26)
(= =

By eliminating the redundant strategy of the row player, we obtain the reduced game g:

Q)

Let ot = (ﬁl, ,aQ) be the reduced product measure over S defined by

at = (u'(sh)/alth),n' (th)/a(sh) = (1,1) (27)

and i = p?. Then, g is a (fi,7)-harmonic game, where 7 is the restriction of 4 over the reduced
strategy space S. In the sequel, let 3 be such that 3! = 1 and 2 = 1/2. Then, consider the

B-scaling game (3 - g):
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-1 1 1 -1

Notice that (83 - g) is the matching-pennies game, which is (1,1)-harmonic game and admits
the uniform strategy profile as Nash equilibrium. This is due to the fact that (3 -g) is a
(&t, 4/B)-harmonic game where (@, 5/8) = (1,1).

We now provide a final example combining scaling and duplication. Here, we deal with
a duplicate strategy instead of a redundant. We investigate how the decomposition of the
duplicated and scaled game (3 - g) is related to the decomposition of the reduced game g.

Let ut = p?2 = 4t =~% = (1,1), ' = (2,1) and 8% = (1,3). Consider the following -
normalized game g (on the left) and let (3 - g) (on the right) be its B-scaling where, moreover,
the strategy s' is duplicate:

t!1—=4 013 0

In view of the (u,~)-decomposition of g (see Example 3.1.3), if we apply the same pair of game
transformations to 9(uqy)-P and 9(uqy)-Hs We get

52 t? s? t?
ss| 4 1| -1 -1 ss| 4 —-20-2 2
st 4 1 |-1 -1 skl 4 —-20-2 2
-4 -6| 1 6 tl—-4 6|2 -6
(B 9(u~y)-p) (B 9u~y)-1)

Let ﬁé =(1,1,1/3), 'Vy% = (1/2,1), /\Zb =(a,1—a,1),a € (0,1) and ﬁ% = (1,1). Tt is easy to check
that (8- g(u)-p) is a Yg-potential game and (8- g(,~)-n) is a (fig, ¥g)-harmonic game. Notice
that the mixed Nash equilibrium of g(, ,y.p has been transformed, according to Lemma 4.3,
into the mixed strategy profile (z!,z?), where ' = (3/7,3/7,1/7) and 2% = (1/5,4/5), which
is a mixed Nash equilibrium in (8- g, ~).p). Likewise, the mixed Nash equilibrium of g, -
has been transformed into the mixed strategy profile (z!,2?), where 2! = (3/8,3/8,1/4) and
x? = (2/3,1/3), which is a mixed Nash equilibrium in (3 - G(py)-H)-

Another possibility to take into consideration the existence of duplicate strategies would be
to associate to a game a canonical reduced form, decompose the game and, then expand the new
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game to come back to the original strategy space. The question of coherence of decompositions
is not solved by such an approach. Indeed, if we use on every space of games the decomposition
of Candogan et al. [4], then this new decomposition is not continuous as shown by the following
example:

s? t2 52 t2
st 1 —1]-1 1 1 -1 —1 1
thl-1 1|1 -1 —1 1 1 —1
Hi-1 1] 1 -1 —14+e 1—e|1—¢/2 —1+¢/2
g1 92(¢)

The game g; is a game with duplicate strategies tj and t}. If we remove the duplicate
strategy, we are led to the well-known matching-pennies game which is a harmonic normalized
game and therefore in its decomposition the potential and nonstrategic component would be zero.
The game g,(c) is “almost” a game with duplicate strategies, i.e., lim._,0gs(¢) = g;, however
it cannot be reduced. Indeed, there are no duplicate and no redundant strategy. Applying the
decomposition result in Candogan et al. [4] to g,(g), which is neither normalized nor a game
with duplicate strategies, leads to the following normalized and nonstrategic components:

[\

2

52 12 S t
1 4 € 4 £ 1 1 € 1 €
s'| 375 1 |—3+% 1 ss|—3t3 0 13—-5 0
1 2 £ 2 € 1 1 € 1 €
to| —3—3 3156 —1 to| 3t 0 ]3—-§5 0
1 2 2e 3e 2 2e 3e 1 1 € £ 1 € €
ti|—3+t% 1-9]35-% —1+7% ti]l—-3t35 —3|3-6 1

g27No(E) 92,Ns(€)

Hence, the decomposition map is not continuous because, at the limit, we obtain two nonzero
components instead of one:

52 12 52 12
1 4 4 1 1
1 2 2 1 1
o -3 1 5 —1 t -3 0 5 0
th| -2 1] 2 -1 ti|—-3 03 0

4 Proofs

To prove the equilibrium characterization in (g, «y)-harmonic game (Theorem 2.2), we need some
notation that is naturally introduced in the proof of the decomposition result. Hence, the proofs
of Section 2.2 are postponed after the proofs of Sections 2.3 and 2.4. We remind the reader that
1 indicates the product measure of (/Li)l.e e
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4.1 Proofs of Section 2.3

We prove Proposition 2.3 by describing NoG and NSG through orthogonal projection operators.
The notation Id4 stands for the identity operator over a set A. First, we define for any i € NV,
the linear operators A’ : Cyp — Cy and II": Cy — Cy as follows:

A(gh(s' s = D, m (g (s, (28a)
tieSt
' = Ildg, —A". (28b)

We call NSG! © () the set of functions h for which there exists £: S~% — R such that
Vs'e S’ Vs e S, h(s',s7") = L(s7Y). (29)
We call NoG* « Cj the set of functions h such that

Vs te ST, Z pt(sHh(st, 87 = 0. (30)

sieSt
For A and II defined as in Equation (28), the following properties hold:
a. II* and A? are projections onto Cj.

b. For every hyer € Ker(A?) and for every Ay, € Im(A?),
<7ihKer77ihlm>0 = 0.

c. We have NoG" = Ker(A?) and NSG' = Im(A?).

Proof.
a. In view of Equation (28), we have

Ker(TI') = Im(A?) and  Ker(A") = Im(IT"). (31)
Thus, we only need to prove that A’ o A = A?. Indeed,

Ao N (R)(s',s7) = ST () (A) () (¢, s77)

tieS?

_ 2 ﬁz(tz) Z ﬁl(TZ)hZ(Tl,S_Z>
tieSt rieSt

> W)(Z m<ti>>h"<ras-i>
rieSt tieSt

= 3 AR (s,
rieSt

where the last equality stems from the fact that 7i* is probability distribution. Hence, A’ is a
projection operator.
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b. Let hker € Ker(A?) and Ay, € Inj(Ai). By definition of A?, any function in Im(A?) does
not depend on s', i.e., Im(A?) = NSG'. Hence, there exists /: S~° — R such that £(s™%) =
Rim(s’, 87%). Therefore,

<’yihKer>7ihlm>0 = Z :U'(S)(’Yi(sii))2hKer(S)hlm(s)

seS
:mw>§qu5w¢Wﬂwwﬂ(Zu%%mwsﬂ>
s—ieS—i seSt
=0,

because hyer € Ker(AY).
c. In view of Equations (30) and (28a), we have

EM%%wﬁ@=w%<2me%sﬂ:ﬁ@m%w»
sieS? sieSi

Hence, we have Ker(A?) = NoG'. We saw in the proof of (b) that Im(A?) = NSG'. Reciprocally,
a function h € NSG' does not depend on s’ and an immediate computation yields h = A’(h).
Therefore h € Im(A?) and we obtain Im(A?) = NSG.

We now define A : Cy" — Cy" and I1 : Cy"™ — Cy™ as

A(h) = (AY(RY), ..., A™(h™)), (32)
(k) = (ITY(RY), ..., TI"(R")), (33)
with h = (h)jen
a. We have
NoG = {ge G :Vie N,g' € NoG'} = Ker(A), (34)
NSG = {geG:VieN,g' e NSG'} = Im(A). (35)

b. IT and A are orthogonal projections onto G for (-, - ), ~.

Proof. a. This follows immediately from Lemma 4.1(c).

b. We have Ker(A) = NoG and Im(A) = NSG, where A is defined as in Equation (32). Let
INoG € NoG and gnsg € NSG. Then, using the definition of the scalar product of Equation (15)
and Lemma 4.1(b), we obtain

(INoGs INSG 1y = Z 1 (8 gNos» 1 INsG ) = 05
ieN

because gy, € Ker(A?) and gisg € Im(A?) for every i € N.
Proof of Proposition 2.3. This is an immediate corollary of Lemma 4.1. We showed that

NoG and NSG are orthogonal subspaces and further that any game g can be decomposed into
A(g) € NSG and (ldg —A)(g) € NoG.
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4.2 Proofs of Section 2.4

We first give the definition of flow associated to a game and then, in Proposition 4.2, we char-
acterize the different classes of games introduced in Definition 2.1. Then, from these character-
izations and from the properties of the Moore-Penrose pseudo-inverse, we deduce the proof of
Theorem 2.4.
Let

C; ={X:8 xS — Rsuch that X(s,t) = —X(t,s),Vs,t € S} (36)

be the set of flows. We endow C; with the following inner product:
1

VXY e, (X.)Y) =3 DT u(s)ut)X (s, )Y (s, ). (37)
8,teS

To any game g, we associate an undirected graph as follows. Given a pair of strategy profiles
(s,t) € S x S, if there exists a unique i € N, such that s # ¢ then (s, t) will be referred to as an
i-comparable profile pair. The set of i-comparable profile pairs will be denoted by E* < S x S.
For any two different players i and j we have: E' n E7 = ¢J. We call E the set of comparable
profile pairs, i.e., E = UjenrE*. Following Candogan et al. [4], for any given game g, we associate
to player i an undirected graph defined as I'" := (S, E*) and we further associate to the game g
the disjoint union of the graphs I'¥, denoted by T' := (S, E).

For any i € N, let W?: S x S — R be the nonnegative symmetric function defined as

4 — if (s,t) € E',
Wis,t) = { Vi i(s7) (38)
0 otherwise.
Recalling that any pair of strategy profiles cannot be comparable for more than one player, we

have ' ‘
W'(s,t)W/(s,t) =0, forall j+#iands,teS. (39)

To any player i, we associate the partial gradient operator §' : Co — C4, defined for any
h € Cy as follows: ‘ ‘
6'(h)(s,t) = W'(s,t)(h(t) — h(s)). (40)

The gradient operator § on I is defined as § = >, 6"
We now introduce the adjoint operators. Recall that in Equation (13) we have considered
the following inner product on Cjy:

W h,feCo, <hyfro= ). u(s)h(s)f(s).

seS
The adjoint of §%, denoted by §**: C; — Cj is the unique linear operator satisfying:
(8"h, X )1 = (h, 6™ X, (41)

for any h € Cy, X € Ci. By linearity of dual operations, we obtain that the dual of ¢ satisfies
&* = D 0. Moreover, we have the following explicit expression for §°*.
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The adjoint §°* of the gradient operator §' satisfies for any X € Cy:

VseS, §*X(s Zu YWi(s, t) X (s, t) (42)
teS
== D HENWET(sT)X(s,0). (43)
t:(s,t)EE!

Proof. We introduce the basis (e;)res of Cp, defined as

1
if s=r,
er(s) = { A/ u(r) (44)
0

otherwise.

This basis is orthonormal with respect to the inner product in Equation (13). For any X € (1,
we have

§*X = > {en, 6% X ) er

resS
and, thus,

. 1 )
5% X (80) = ———(e4g, 6™ X 0.
(80)

By using the relation between §* and §° in Equation (41) and then the definition of § in
Equation (40), we get

, 1
0" X (s0) = ——=—={(0esy, X ),

1(s0)
=3 \/Tos%s t)(0es,) (s, ) X (s,t)

1 i P
e (s;SM(S)M(t)W (5. t)es, (D)X (s.1) - S§Su<s>u<t>w <s,t>830<s>x<s,t>) .

Using the definition of €4, in Equation (44), we obtain

5i*X(So) =

1
24/11(80) (seg 1(s0) Py 11(s0)

- Q(mes,so (8,80) = 2, mBW'(s0, (30’”)
sS€S teS
:—% u(s)W'(s0,8)X (s0, 5) —fZM JW! (50, £)X (50, 1)
seS teS
= = 3 plt)Wi(so,t) X (50, ),
teS

where the third equality is due to the skew-symmetric structure of X and the last equality is
simply obtained by merging the two sums.
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To I' we associate the joint embedding operator D: Cy™ — 1. The operator D maps a game
g into a flow D(g). It is defined for any g € Cy" as

D(g) = ), 6'(v'g"). (45)
ieN
The following properties hold:
a. For all i # j, we have o
567 = 0. (46)
b. For all g € Cy"*, we have o
5*D(g) = Y, 6™5'(v'g"). (47)
ieN
c. For all h € Cy, we have S o
5"*0' (v'h) = ~'6"*6" (h). (48)

Proof.
a. Let h € Cy. By Equation (42), for all s € S, we have

5% (8h)(s) = — 3 p(O)W (s, 0)(5h)(s.1)

teS

= = D )W (s, t)W (s, t)(h(t) — h(s))

teS
= (),

because, for i # j, we have W¥(s,t)W7(s,t) = 0.
b. Let g € G. We then get

e ( ¥ wgn) Y )
N JEN ieEN

because, by a, all cross-products are equal to 0.
c. Let h e Cy. We have, for all s € S,

§* (01 h)(s) = — D p(t)W'i(s, £)(5'y h) (s, )
teS
= = > ult’, sTYW(s, (¢, 7)) W (s, (1, s7))y (s (h(s', s7F) — h(t', s7))
tieSt
=7'(s7") (— Dot sTHW (s, (H,87)) W (s, (t,57%)) (h(s', s77) — h(ti,s‘i))>
tieSt

=7'(s7)8™(8'h)(s).

At this point, we can relate the classes of games introduced in Definition 2.1 to the previously
defined operators.
We have:
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a. NSG = {ge G: D(g) = 0}.
b. v-PG ={ge G: D(g) € Imé} = (D)~ (Im(4)).
c. (pu,v)-HG={geG: D(g) € Kero*}.

Proof.
a. Let g € G. Equation (45) implies that D(g) € 0 if and only if, for all i € A/ and for all
s,t € S, we have ' - -
Wi(s,t)(v'(s7")g'(s) =7 (s7)g'(t)) = 0. (49)
Because W(s, t) is strictly positive on E' and ~* is strictly positive, Equation (49) holds if and
only if, for all i € A/, for all s~ € S7, and for all s*,t’ € S?, we have

g'(s',s7) —g'(t',s7") = 0.

Hence g' does not depend on player i’s strategy, which, by Definition 2.1(a), means that the
game is nonstrategic.

b. Let g € G. Then, by Equation (45), D(g) € Im(0) if and only if there exists ¢ € Cy such
that for every i € N, and s,t € S, we have

W' (s,t)(v'(s7)g'(s) = ' (s7)g'(t)) = W'(s,t)(0(s) — o(t)).

We equivalently have, for any s°,t' € S and any s~/ € S,
(s’ 87) — (', s7) = (s7)(g'(s", s7) — g'(t,s7)).

Hence, the result follows from Definition 2.1(c).

c. Let g be a (u,v)-harmonic game. In view of (b), we can write the condition in terms of
gradient and adjoint operator. By replacing them with their explicit expression, we obtain that,
for any s € S,

8*(D(9))(s) = D 6™ (+'g")(s)

ieN

=, <— D W (s, )W (s,8)((v'g")(s) — (vzg’)(t))>
ieN teS
== 3l ) () (s
iEN tieS?
== D> HEN (s (s 8T — g (H, s 7)),
ieN tieSi
and the result follows from Definition 2.1(d).

The aim of the next results is to prove that the space of games is the orthogonal sum of
~-potential p-normalized games, (p,-y)-harmonic p-normalized games, and nonstrategic games.
We first introduce the Moore-Penrose pseudo-inverse. Then, we prove several results leading
to the above-mentioned orthogonality. Finally, we prove that any game can be decomposed in
such a triple by providing an explicit formula that uses the pseudo-inverse. These results yield
Theorem 2.4.

Let 6% : C; — Cj be defined as follows:

30



e On Im(8%), 6T is the inverse of the restriction of §* on NoG', i.e.,
it L= [si 17!
o flm(&l) - [5 FNoGZ] .
e on Im(¢")+, 6T = 0.
e on C4, 6 is defined linearly, i.e.,
5ZT(X) = 5“(le + XIJr_n) = 67;T(X|m>7
where X, € Im(57).

The operator ¢°f is in fact the Moore-Penrose pseudo-inverse of 8. In particular, §*7§% is the
orthogonal projection onto NoG* and thus,

6§t = I, (50)

Moreover, §:6°7§" = §*. Furthermore, (Id¢, —6%16%) is the orthogonal projection onto NSG!
and thus, (Idg, —0'16?) = A’. Moreover, §'6°" is the orthogonal projection onto Im(¢%) and
(Idg, —66°T) is the orthogonal projection onto Ker(5%).

We further define 67 : C; — Cj as the pseudo-inverse of 6.

Let ¢ € NoG’ and @ € Cy and assume that 6’ = 6°®. Then, for all 1) € NoG' we have:

(@, )0 = (s ¥)0-

Proof. Because ¢ € NoG’ and 6°7¢? is the identity operator on NoG’, we have:
(o, Y = (8780, by, = (616'5, v,

where the last equality follows from the initial assumption. Using the fact that 518t is self-
adjoint, that the operator 616 is the identity on NoG’, and that 1) € NoG’, we get

{00 = <P, 5iT5i1/1>0 = (B, %)
For any i € N, we have
5% 0 6t = ' (SHIT. (51)

Proof. Using Equation (42) and replacing W* with its value, for all h € Cp and all s € S, we
have

(67 (5'h)) (s) = 3 (&) W' (s, )W (s, 8) ((s) — h(t))

teS

= 3 W) (s, 57 — h(t,57).

t'eSt
By introducing the probability distribution & associated to p, we obtain

(5 (5)) () = 1'(ST) 3 B ) (hls', 7)) = h(t!,57))

tieSt

= /(S (I'(h)) (s),
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which concludes the proof.
A game g is a p-normalized (u,~y)-harmonic game if and only if

D (8¢ =0 and Ti(g) =g.
ieN
Proof. Let g € NoG. By Lemma 4.1(c), this holds if and only if A(g) = 0, which is equivalent
to II(g) = g. Therefore, for all s € S, we get

DL H(S) (s7)g (s) = X 1S )Y (57O (g)(s)
ieN N
= 3y (s (s)
€N
=D, 078 (7'g")(s)
ieN

= 0*(D(9))(s),

where the second equality follows from Lemma 4.2, the third from Lemma 4.2(c), and the last
from Lemma 4.2(b). This, together with Proposition 4.2(c), completes the proof.

The sets of games NoG n(u,7)-HG, NoG nv-PG, and NSG are orthogonal with respect to
the inner product in Equation (15).

Proof. We know by Proposition 2.3 that NoG and NSG are orthogonal spaces. It is sufficient
to prove that NoG n(u,~)-HG and NoG n+ -PG are also orthogonal spaces.

To prove orthogonality between p-normalized potential games and p-normalized (p,~y)-
harmonic games, let gp € NoG Ny -PG and gy € NoG n(u,y)-HG.

In view of Equation (15), we get

(P Gy = O, 1SV 9B, 7 g1,
ieN

= Y Vg, 1SNV gl
ieN

Because gp € NoG N -PG, there exists ¢ such that for any i € N, §°(v'g5) = 6'¢. Hence using
first Lemma 4.2 and then Proposition 4.2, we obtain

(P GH)p~ = Z<90’ (8") 7zglz-l>o
iEN

3 ui(Si)vigh>
ieN 0
= <§07 0>0

= 0.

The following lemma states that the flow induced by a game g and the flow induced by its
projection II(g) on normalized games are equal.
Let g € G, then D(Il(g)) = D(g).
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Proof. The proof relies on two properties of the pseudo-inverse. Let g € G. By Equation (50),
we have §'7§* = II*. Hence,
D(Il(g)) = Y. 6" (y'II'(g"))

eN

ieN

ieN
By definition of the pseudo-inverse, §°6°76° = §%, hence we can simplify the right-hand side to
obtain

D(Il(g)) = >, +'¢'g" = ), 6'(+'g") = D(g).

ieN ieN
Given a game g, let gp, gy, gnsg be the games defined as follows:
gp =1I(h), gy=1(g—h), gnsc=Ag), (52)
where
h = ((1/7"3'D(g), ..., (1/7")s' D(g)). (53)
Then,
g =9p T 9gu t gnsc, (54)

where gp is y-potential p-normalized, gy is (u,y)-harmonic p-normalized, and gygg is non-
strategic. Hence, gp, gy, and gysg are the components of the (u,«y)-decomposition of g.
Proof. It is clear that gp + gy +9gnsg = 9- By Lemma 4.1, we know that gysg is nonstrategic
whereas gp and gy are p-normalized. Then, we need to verify that gp and gy are potential and
harmonic, respectively.
Let p: S — R be such that ¢ = §TD(g). We start with the ~-potential component. By
using Lemma 4.2, we obtain
D(gp) = D(Il(h)) = D(h).
It follows from Equation (45) that
1
Dige) = ¥ 5(+')
ieN v
=) 6(p)
ieN
= 3(p)-
We get for the (u,-y)-harmonic component the same simplification of II:
0*(D(gn)) = 6*(D(Il(g — h)))
= 6*(D(g) — D(h))
=% D(g) - )] 5" 59" D(g)
ieN
— §%(Idc,, —85") D(g)
=0,
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where the third equality is obtained by replacing h with its definition, as in Equation (53), and
the last one is due to the fact that (Idc, —067) is the orthogonal projection onto Ker(d*).

Proof of Theorem 2.4. This is a consequence of Proposition 4.2 and Lemma 4.2.

We now characterize the set of measures which yield the same (g, «y)-decomposition.

Proof of Proposition 2.4. Let 1,0 > 0. For every i € N, let u% = nu' and yg = 0~'. Clearly,
(ftn,vg) vields the same decomposition as (u,7). We now check that there is no other pair of
measure and nonstrategic game which induces the same decomposition.

Let u, ft be two product measures and let «y, 4 be two positive nonstrategic games such that
the (w,~y)-decomposition and the (f1,~)-decomposition coincide. Equivalently, the particular
classes of games that appear as components of each decomposition are the same: any «y-potential
game is y-potential, any p-normalized game is also fi-normalized, and any (u,«)-harmonic game
is also (ft,~)-harmonic.

We now consider suitable games to obtain the relation between w, ft,«y, and +. We first focus
on p-normalized games. Fix i € A" and t*,r% € S and consider the game g € G such that, for all
steS,

gt s7h = .1 — and ¢'(r,s7Y) = — .1 ,
’ pi(t) ’ pi(rt)
Let the payoffs for every other player and the payoffs of player ¢ in any other profile be equal to
0. The game g is p-normalized and therefore, it is also gi-normalized:

and thus,

() i)

pit) ()’
By changing the game, it follows that all the quotients are equal to some positive real number
and thus, for every i € A/, there exists n; > 0 such that i = n;u’.

We now consider ~-potential games. We construct a game where we focus only on two

players and two strategies for each player. Let i, j € N, t' € S* and t/ € S/. Define the potential
function ¥ on S as follows:

1 ifs' =t and s/ = ¢/,
Vse S, U(s) = )

0 otherwise,
Fix s~ ) € §=(d), Let r* # ' and 77 # t/. We focus on the profiles (1,77, -), (ri,t/, -),
(t',t7, -) and (¢,77, -) where - is a short notation for s~(»7). The following matrices represent
the potential function ¥ and a «y-potential game g associated to WU:

oyl t rJ
tl1 0 tt 0 010 —1/99(s, )
rilo 0 r| =140, ) 010 0

v g
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Player i chooses the row and her payoff is the first coordinate whereas player j chooses the
column and her payoff is the second coordinate.
By assumption, g is a 4-potential game and so we have

’V(tja ’ )(gl(rl7t]7 ) - gl(tzvtja ’ )) + f)o/j(ri7 ' )(gj(rlv rja ) - gj(rivtj7 ' ))
Replacing the corresponding payoff in g, we get:

58, )(—7(;) - o> AT, 0= 0) £ 3, ) (0 — 0) + 3 (F) -)(0 4 1> iy

Hence, for every strategy t* € S¢ and every strategy t/ € S7, we obtain

%/i(tjv ) %j(tiv )

’Vi(tj’ ) - ’Yj(tiv )
By changing the game, we obtain that the equality is true for every pair of players and for every
pair of strategies. In particular, it is also true for two strategies of a player because they have
to be equal to the same quotient for another player. It follows that there exists 6 > 0, such that
for every i e N, 4% = 0+,

Finally, we consider (u,~)-harmonic games. Let i,j € A, t' € S and #/ € S7. We construct

a particular (u,~)-harmonic game g. The payoff of player i € N is defined as follows:

0 if ¢ = ¢,
1—p (8 o o
g'(s) = ,72(/;_(1)) if s #t" and s/ =t/
— I (# ' ' ' '
fyﬁ(bs(—)) if s # ¢" and s’ ¢/,
Likewise, for player j € N, we have
0 if 7 =/,
1 — (¢ o o
‘ ﬂ if s #t) and s' =t',
g'(8) = (s79)
i(4i o -
?((—3‘) if s # ¢/ and 5" # t".
i (s

The payoff of all the other players is assumed to be 0.

This game could be reduced to a game with two strategies for each player, where a player
chooses either her strategy labeled by t or any other strategy. This yields the following repre-
sentation:

t7 s # I
t 0 0 0 —(1 — pf(t%))
st | (1=p/(¥) 0] —p/(V) p(t)
vig® (left) and /¢’ (right)
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One can check that g is indeed (m,~y)-harmonic. Therefore, g is also (ft,~)-harmonic. We
have seen previously that 4 is a multiple of 4, hence g is also (fi,~)-harmonic. Let r® # ¢,
ri # ¢7 and s~ € §=(13) | Because all strategies different from ¢ (resp. /) are duplicate, the
(f1,7)-harmonicity of g at (r’,77, ) yields, by Definition 2.1(d),

/(lj(tj)fyj(rla : )(g](rz7 tj7 : ) - gj(riv Tja : )) + ﬁz(tz)q/z(rja : ) (gl(tlv Tj? : ) - gi(ri7 rjv : )) = 07
where - is a short notation for s~(%J). Replacing v'¢* and ?¢/ with their definitions, we obtain
@ (F)(0 = p' (1) + 1 (¢)(0 — (=i (#7))) = 0

and, as a consequence, o o

) i)

wE) ~ w(E)
By changing the game, we obtain that the equality is true for every pair of players and for every
pair of strategies. It follows that there exists a unique n > 0, such that for every i € N, ji* = nu’.

4.3 Proofs of Section 2.2

The following lemma states that the global flow around a set ) S only depends on the flow
on V¢ := S\ because the flows inside ) compensate one another.
Let X € C7 and Y = S. Then,

3 M (et X (s,8) = 3 3 ul)u®)X(s,1).

se) teS se) teye

Proof. We have:

S N uleuX(s,t) = X N pe)u®)X(s.t) + 31 Y uls)u(t)X (s, 1)

se) teS se) tey se) teyc

and due to the skew-symmetric structure of Y for any s,t € S, X(s,t) + X(¢t,s) = 0 and thus
the first term of the right-hand side is equal to 0.

Proof of Theorem 2.2. Let g be a (u,~y)-harmonic game. Then, 6*D(g)(s) =0 for all s € S.
Let i € AN and r’ € S*. Call ) the subset of strategy profiles {(ri,s_i): sTle S‘i}. Then,
multiplying by pu(r*, s7*) and summing over s~ € S we get

0= ) u(' s )5*D(g)(r',s™)
sTieS—
== D ulr) ] 0 (Vg (r)

rey JEN

D1 um)(s) Y Wir,8)d7 (v ) (r, s).

re) seS JEN

36



Thus, in view of Lemma 4.3, we can eliminate some terms of the summation and then notice
that s € Y and t € )¢ are not j-comparable if j # ¢, hence

0= > ur)u(s) D, W(r,s)5 (7 g)(r,s)

re)) se)°< JeEN

=3 3 <Wz(r 8)6'(v'g") (s, t) + ZWj(r,S)y('ngj)(sat))
re) seY° J#i

= Z Z s)Wi(r,8)8 (v'g") (r, s) + 0.
re) seyc

We can now replace §* and W* with their definitions to obtain
0= > ulr)u(s)Wir,s)*((vg")(s) - (vg)(r))
= XX ) s (7)) — () ()

sTieSTi sieSt
AR Mi(si)( DT E(s) (Vg s — (vig")(sivsi)))
s~ieS—t sieSt

Dividing by u*(r?), which is strictly positive, we obtain

0= Z u—i(s—i)< Z Mi(si)((,_yigi)(ri,s—i) o (,yigi)(si7s—i)>>_

s—teS? steS?
It follows that, for all r* € S,
s Y MG s = Y w ) Y )0 s,
s—ieS—1 steSt sieS—1 steSt
and thus, equivalently,
( ) w‘@) M s = Y a5 Y (s s 7).
steS? s~ieS1 s~ieS1 seSt
Then, dividing by u*(S?), we have
D, B ST (s s = Y m T X B (s (s 7).
s—ieS1 s—ieS—t steSt

Notice that the right-hand side is independent of 7. This concludes the proof because r’ is
arbitrary.
In order to prove Corollary 2.2, we first prove the following lemma. Let 8 be a product co-
measure vector generated by b. If Es(g) is the Nash-equilibrium set of the game g, then the
Nash-equilibrium set of (3 - g) is given by

E5(89) = { e +4'(5) = ) and (e € Esto) . (55)



In particular, when 3 is a product-scaling, if & is a pure Nash equilibrium of g then « is also
a pure Nash equilibrium of (3-g). Knowing the set of equilibria of some game g, it is possible to
compute the set of equilibria of (3 - g) without knowing g. In particular, when, for every i € N,
b'(s") does not depend on s’, we obtain constant scaling, and the Nash equilibrium sets of both
games coincide. Notice that, a scaling that is not a product-scaling nevertheless preserves the
set of pure Nash-equilibria.

Proof of Lemma 4.3. Let g € G and let & = ( Hienr be a Nash equilibrium of g. Let
supp(2?) = {s' € §*: (s ) > 0}. By definition of 3%, we have that supp(z?) = supp(y %). Then,
for any i € A and any s’,t' € supp(z?), we have x7/(s7%)g'(s?,s7%) = 27 (s V)¢’ (¢, s7). By
Definition 2.2 and Equatlon (2), we get

(57

TL.5(s) (B-9)'(s',s7)

Yy (sT)(B-g)(s"sTh) =
(s (s', 57
l(s—z)gz(tl’ S—i)
D) (5 gy )
[1,..:bi(s)
=y (sTH(B-g)(t,s7h).

Let s° € supp(z?) and t* ¢ supp(«?). Then,

&
A
»
|
<.
\_/

y_z(s_l)(ﬁ ’ 9)2(5278—1) H] bj(SJ)

>z (s7")g"’
) CaVi(t s~
- i bj(Sj) (/6 g) (t ’ )

=y (s7)(B-9) (' sT).

The same equality holds for the normalized strategy 7* and it thus follows that £ = (7),6 A is a
Nash equilibrium.
Proof of Corollary 2.2. By Theorem 2.2, @ is a Nash equilibrium in ~ - g. We have that

;-(%g):g,

where % is the co-measure vector defined as follows:

Vie N,Vs te S, <i> (s7") = w’(ii)‘ (56)

By Lemma 4.3, we get that @y = @~y is a Nash equilibrium in g.
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4.4 Proofs of Section 2.5

Proof of Proposition 2.5. According to the definition of the induced norm, for any ¢ € AV and
for all s € S we have

lg°(s) — gb(s)] < ! d

< max max . (57)

e o Pl < BB S )

Let s € S be an equilibrium in gp and consider ¢ € S such that s* # t* for some i € N and
s} = tJ for any j # i. Then we have

9'(t) — g'(s) < g'(t) — g'(s) — (9p(t) — 9p(s))

< 2max max —
JEN s—icS—i ’)/J(S J) M](SJ)

where the first inequality follows from the fact that s € S is an equilibrium in gp and the second
one is due to Equation (57).

4.5 Proofs of Section 3.1

Proof of Proposition 3.1.2. Given Equation (24), it is clear that g, ,).ns + h(g) is nonstrategic
whereas g, »).p is p-normalized v-potential, and g, ).y is p-normalized (u,~y)-potential. By
uniqueness of the decomposition in Theorem 2.4, we obtain the result.

Proof of Theorem 3.1.3. Let p be a positive measure on §. Let v and 3 be two co-
measure vectors. By Theorem 2.4, there exist a ~y-potential p-normalized game g, ,).p, a
(p,7v)-harmonic p-normalized game 9(u~)-H- and a nonstrategic game g, »)_.ns such that

9= 9(ur) NS T I(uy)-P T I(uy)-H- (58)
For any i e N, s',t' € S’ and s~% € S7, we have:
U(t, 87— U(s,57) = 7' (87 )Gy p (' 57) = 7 (57)gh sy p (s 87,

therefore,

Wt 57) - w(st s~ = D (B gl ) p 57 — B gl (s 57)

= L (B Gy (' 57) = (B gy p) (' 570).

Hence (B - g(u~)-p) is v/B-potential. Furthermore, one can check easily that (8 - g(,~).p) is
p-normalized.
Moreover, we have

0= 3 # (7) (Ghpy 57 = Gy i 57))

ieN tieSi

— Z Z 1 ( ’; 5 )(ﬂi(s—i)gz‘“ﬁ)_H(Si,s—i) _ Bi(s—i)géuﬂ)_H(ti,s—i))
ieN tieSi

- Z Z ; ((ﬁ g ) (tiv Sii) - (/8 : g(u,'y)-H)i(sl’VSii))'
ieN tieSi

One can also check easily that (,6' “G(un~)-H) is p-normalized. Because (8-g) = (B g(uq)-p) +
g H) t(O-g _ns ), the result follows from uniqueness of the (u,v/3)-decomposition.
B 9G(u)-H B G(uq)-ns)s th It foll f; i f the (u,~/0)-d i
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4.6 Proofs of Section 3.2

To prove Theorem 3.2, it is sufficient to establish Lemma 3.2. Uniqueness of the decomposition
then implies the theorem.

Proof of Lemma 3.2.

i. Assume that g is ~-potential. By Proposition 4.2, there exists W: S — R such that

Deﬁne v the extension of the potential ¥ to S by
Vse S U(sh, s7) = W(sh, s7).

Then \\I// is a potential function for g and hence g is 4-potential.

. Assume now that g is nonstrategic. We know that D(g) = 0. Clearly, the flow induced
by g is identical to the flow induced by g over the strategy profile set S. Moreover, the flow in
g between the strategy profile (s{, s~%) and another profile is equal to the flow between (si, s7%)
and another profile. Therefore, D(g) = 0 and g is nonstrategic.

iii. For the rest, assume that g is p-normalized. By definition, we know that for all j € N
and for all s™7 € S,
S i (s9)g? (57, 579) = 0.

sieSI
We need to distinguish two cases. If j # 4, then, for all s77 ¢ Sics —J, we have
Y, ()il 57) = 3 W)l (57, 57) = 0.
sieSi s7eSi

If j = i, then, for all 7% € 8¢, we have

D, A g (s 87 = B (s0)g (st 87 + A (s (s1 87+ YL H(sN)g (s sT)

sieSt s'eS"\{s1}
= @' (s)g'(sts7) + Y, p(sDg' (s sT)
steSi\{st}
— Y ()
sieS?

Therefore, g is fi-normalized.

iv. Finally, assume that g is (g, y)-harmonic. Let s = (s7) enr and for all j € A" and ¢/ € &7,
put gij(s) = ¢/(s7,877) — ¢’(t/,577). Then, because g is assumed to be (g,~)-harmonic, for
any s € S, we have

5*D(g)(s) = >, >, WE ) (s77)gl,(s)
JEN tieSi
= 3 W (sTgi(s) + D D W () (s7)g)i (s)
tieSt J#itieSI
= 0.
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In the extended game g = (§/)jen at any s € S we get:

F*D@)(s) = >, B (s™)F(s) + >, > ()T (s, (s)
tieSi J#itIeSI
A (s0)7 (s (s) + Ji (51)7 (5774 (s)

+ ) BN (TG + Y D BN (s (s).

#1eS%\{si,st } J#itiess

Notice that ¥ = +* and, for any j # 4, we have
P (shy8~0)) = (s}, 5769) = 53 (s}, 5709,
By Definition 3.2 and because 5; (s) = \g';l (s), it follows that
0 1
6*D(g)(s) = (' (s6) + F'(s1))7 (s )gls (8)+ 35 2 (s (tD)gii(s)+) 5 D5 7/ (7w (#)g],(s) = 0.
tistsh st JFitieSI

Because p'(st) = fit(sf) + fi'(sh), it follows that §* D(g)(s) = 6*D(g)(s) = 0 and we obtain that
g is (f1,%)-harmonic.
Proof of Theorem 3.2. Let g € QduP and let v be coherent with Qd“p. Then, we see that

g= g, v = ‘y and p is an extension of fi. By applying Theorem 3.2 to the (f,4)-decomposition
of the game g and, by uniqueness of the decomposition, we obtain

After simplification of the notation and applying one more time f, we get

@) (@.3)-P = () -P-

A similar computation yields the result concerning the (u,-y)-harmonic component and the
nonstrategic component.

5 List of Symbols

The following table contains the symbols that we have used throughout the paper.

c generator of the positive product-strategic game ~

Co vector space of functions h: S — R

Ch set of flows, defined in Equation (36)

D joint embedding operator

Es Nash-equilibrium correspondence

g game

g reduced game where duplication of strategies has been eliminated
J extended game, defined in Definition 3.2

9(u~)-Ns  Donstrategic game
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~-potential p-normalized game

(p,y)-harmonic p-normalized game

payoff function of player i

space of games with strategy-profile set &

space of games with one duplicate strategy

set of games with an a-redundant strategy, defined in Definition 3.2
identity function

nonstrategic game

set of measures over A

set of positive measures over A

finite set of players

class of nonstrategic games

strategy of player ¢

strategy profile

set of strategy profiles

extended set of strategy profiles, defined in Definition 3.2
reduced set of strategy profiles, defined in Definition 3.2
strategy set of player 7

extended strategy set of player ¢, defined in Definition 3.2
reduced strategy set of player ¢, defined in Definition 3.2
set of strategy subprofiles that exclude player @

map from Gg to Gg

extending map, defined in Definition 3.2

reducing map, defined in Definition 3.2

set of game transformations

symmetric function, defined in Equation (38)

family of 3-decomposition maps

function from S~ to R

nonstrategic game

nonstrategic game

class of y-potential games

3-decomposition map, defined in Equation (20)

gradient operator

partial gradient operator

Zie/\/ o )

adjoint of §"

function in Cp, defined in Equation (14)

measure on S

permutation of S

reduced measure vector, defined in Definition 3.2
measure on S, defined in Equation (11)

class of p-normalized games

class of (p,~y)-harmonic games

product measure on &

measure on S°
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<.

v product measure on S~

P normalized measure

v potential function

A(A) set of probability distributions over A

o inner product of Cy

(-, Ju~ inner product of Gs

B~y direct orthogonal sum with respect to (-, - ), ~-
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